
Relationship between corotating vortex-pair equilibria and a single vortex
in an external deformation field

Uwe Ehrensteina�

Laboratoire J.-A. Dieudonné, Université de Nice - Sophia Antipolis, Parc Valrose, F-06108 Nice Cedex 02,
France

Stéphane Le Dizès
Institut de Recherche sur les Phénomènes Hors Équilibre, UMR 6594 CNRS/Universités Aix-Marseille,
49 rue F. Joliot-Curie, Boite Postale 146, F-13384 Marseille Cedex 13, France

�Received 8 July 2004; accepted 24 February 2005; published online 27 June 2005�

Two-dimensional corotating vortex pairs are computed as equilibrium solutions of the Euler
equations and the influence of one vortex on the other is characterized in terms of a deformation
field acting on an isolated vortex region. It is shown, by computing equilibrium states for a single
vortex within an equivalent strain field, that the external rotating strain accounts for the elliptic
deformation of the streamlines near the center of each vortex. Critical states, as a function of the
strain rate, are reached when stagnation points start to penetrate the vortex regions at the outer
boundary. While critical states for a single vortex within a uniform external rotating strain field
consist of elliptical corner solutions, the vortex shapes lose the elliptical symmetry in the corotating
case. We show that these asymmetric equilibrium states can be captured by a single vortex model
if we consider higher order terms in the deformation field. We also demonstrate that the critical
strain rates are of the same order of magnitude for both the single-vortex model and the interacting
vortex pair. © 2005 American Institute of Physics. �DOI: 10.1063/1.1949192�

I. INTRODUCTION

Coherent vortices are ubiquitous of most high Reynolds
number flows. In shear flows, such as wakes, jets, or mixing
layers, they can be formed by a two-dimensional Kelvin-
Helmholtz instability. The resulting two-dimensional vortices
are then subject to complex dynamical behaviors including
vortex pairing and/or three-dimensional instabilities, which
often lead to a transition to a disordered state. These complex
evolutions are also present in simpler systems, such as the
one composed of two identical corotating vortices. Corotat-
ing vortices are indeed known to be subject to a three-
dimensional instability �the elliptical instability� and to
merge if they are sufficiently close. In the present work, our
goal is to demonstrate that both merging conditions and el-
liptical instability characteristics for corotating vortices can
be captured by considering a simple model based on a single
vortex in a straining field.

The elliptical instability is a generic phenomenon affect-
ing two-dimensional strained vortices. It has been evidenced
in systems as different as vortex rings, vortex pairs, wakes,
shear layers, and elliptic cylinders �see Ref. 1 for a review�.
The growth rate of this instability is proportional to the local
strain rate in the vortex center.1 However, this strain rate
results from a complicated interaction process between the
vortex and a background external straining field induced by
other vortices.2,3 Recently, Le Dizès and Verga4 demon-
strated that the elliptic deformation of the vortex cores in a
two-corotating-vortices system was well predicted by the

simple model of a vortex in a weak rotating strain field.
Here, similar results are shown, but they are not limited to
distant vortices or weak strain field interactions. Our numeri-
cal method allows a comprehensive comparison of corotating
vortex solutions with the solution of a vortex in a rotating
strain field up to the parameters for which the equilibrium
solutions disappear.

The disappearence of the equilibrium solution is a two-
dimensional phenomenon occuring in both systems. In most
available studies, this phenomenon has been analyzed in a
purely inviscid framework for idealized vortices with vortic-
ity located in finite regions. Moore and Saffman5 computed
the strain rate above which a strained elliptical vortex region
with constant vorticity becomes unstable. Kida6 extended
their analysis to account for shear and rotating strain fields.
Later, more sophisticated numerical methods based on con-
tour dynamics were used to consider nonuniform vorticity
distributions and to analyze the temporal evolution above
threshold.7,8 Similar studies were performed for corotating
vortex pairs. For this configuration, it has soon been evi-
denced that the two corotating vortices merge into a single
one when the distance between their center is smaller than a
certain distance. A critical separation distance was first
evaluated by Saffman and Szeto9 by using inviscid uniform
vortices. Subsequently, models for two-dimensional vortex
merging based on contour dynamics have been proposed10

and high-resolution simulation of vortex merger has been
performed,11 to cite a few. It is only recently that an effort
has been made to compare the experimental data12,13 of the
stage just prior merging with the equilibrium states obtained
in the inviscid framework near threshold.14 In Ref. 14, it has
been argued that the critical separation distance could be
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associated with the onset of vortex merging. In the present
work, we go one step further by trying to connect this onset
with the critical parameter of a single vortex in a straining
field.

As in Ref. 14, our approach uses the numerical tool
which has been developed by Ehrenstein and Rossi.15 This
numerical code is able to compute equilibrium solutions of
the two-dimensional Euler equations composed of finite re-
gions of nonuniform vorticity. It can be used to determine
corotating vortex solutions as well as the solution of a single
vortex in an external strain field. It is therefore well adapted
to the aim of the present investigation which is to compare
the equilibrium states of both systems.

The paper is organized as follows. In Sec. II the proce-
dure capable of computing nonlinear Euler equilibria is
briefly outlined. In Sec. III the deformation field exerted
from one vortex on the other in the corotating case is char-
acterized. The question of critical states is addressed in Sec.
IV. A single vortex within a rotating strain as well as the
two-corotating-vortices system is considered, and a model of
a single vortex within a higher deformation field is proposed.
Some conclusions are drawn in Sec. V.

II. NONLINEAR EULER SOLUTION MODEL
AND SOLUTION PROCEDURE

In previous works,14,15 the numerical procedure used by
Saffman and Szeto9 has been generalized to compute nonlin-
ear Euler solutions for a corotating vortex pair with nonuni-
form vorticity distributions. The approach, which is briefly
outlined in the following �details may be found in Ref. 15�, is
based on the computation of the deformation of the stream-
lines, by considering Green’s function integrals. In the ab-
sence of any external strain field, the undisturbed circular
vortex with area S is parametrized by the radial position
r0��� which is a function of vorticity. In the perturbed case,
the vorticity contours lie on lines such that

r��,��2 = r0���2 + f��,��, 0 � � � 2� �1�

�for the unknown deformation f�� ,�� to be determined� and
the Green’s function integrals over the perturbed vortex area
S are expressed as vorticity integrals

��x,y� = −
1

4�
�

�min

�max �
0

2�

log��x − x���,����2

+ �y − y���,����2�
1

2
���−

�r2

��
���,���	d�� d��.

�2�

The vorticity inside the vortex varies from the maximum
value �max at the center r=0 �that is, f��max,��=0� to the
minimum value �min at the outer vorticity contour.

For the configuration of two equal corotating vortices
with the distance L between the vortex centers, the total
streamfunction inside the vorticity region 1 reads

�t�x,y� = ��x,y� + �e�x,y� , �3�

in the coordinate system �x ,y� with origin O the center of
vortex 1. The streamfunction ��x ,y� is given by the vorticity

integral �2� and the external streamfunction �e�x ,y� decom-
poses into

�e�x,y� = �2�x + L,y� + 1
2�c��x + L/2�2 + y2� . �4�

The streamfunction �2�x+L ,y� �again defined as a vorticity
integral over vortex region 2� corresponds to the contribution
of vortex 2 at a distance L and the whole vortex system is
rotating around the center Oc at the angular frequency �c. An
equilibrium state for the configuration of two equal corotat-
ing vortices with a sketch of the coordinate system is repre-
sented in Fig. 1. The corresponding steady solutions of the
Euler equations satisfy the constraint that isovorticity con-
tours are streamlines, the coordinates in both the vortex re-
gions being expressed in terms of the perturbed radius �1�,
and are hence a function of �� ,��. Using Chebyshev collo-
cation in � and Fourier collocation in �, the deformations of
the streamlines f�� ,�� in both vorticity regions may be com-
puted solving numerically a nonlinear system �cf. Refs. 14
and 15�, the continuation parameter being the �decreasing�
distance L. The vortex centers are stagnation points in the
rotating frame of reference which provides the extra condi-
tion to determine the rotation rate �c. The equilibrium con-
figurations are supposed to be symmetric with respect to the
x axis. In the present work each vortex has been discretized
using up to 18 Chebyshev-collocation points in � and 82
Fourier-collocation points for the whole contour in �.

When the corotating vortices are far apart from each
other the isovorticity contours �or equivalently the stream-
lines� are approximately circular. Hence, for large distances
L between the vortex centers the computations start with
initial axisymmetric vorticity distributions. In the present in-
vestigation an initial parabolic vorticity distribution

��r� = �max�1 − r2�, 0 � r � 1, �5�

as well as a Gaussian profile

��r� = �max exp�− r2�, 0 � r � 1 �6�

have been considered. The maximum of vorticity at the cen-
ter is �max=2 �respectively, �max=1/ �1−e−1�� for the para-
bolic distribution �respectively, the Gaussian profile� for the
circulation to be � �which is held constant throughout the
continuation procedure�. The equilibrium state in Fig. 1 has
been computed starting with the initial parabolic profile.

FIG. 1. Streamlines, in the rotating reference frame �xc ,yc�, for the equilib-
rium state of two parabolic corotating vortices with a distance L=3.2 be-
tween the vortex centers.
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III. DEFORMATION FIELD IN THE COROTATING
VORTICES SYSTEM

It may easily be checked deriving the Green’s function
that the Taylor expansion of �e�x ,y� in �3� at the center of
vortex 1 writes up to third order:

�e�x,y� 
 v x + 1
2 ���̂e + �̂e�x2 + ��̂e − �̂e�y2�

+ 1
6 �̂e�3xy2 − x3� . �7�

The odd derivatives in y are zero, the vortex shape being
symmetric with respect to the x axis. The first-order term v x
in �7� is zero as long as the vortex shape is symmetric with
respect to the y axis, for instance, as long as the isolines of
vorticity are elliptic. However, the isolines of vorticity de-
form asymmetrically for decreasing distances between the
vortex centers �cf. Fig. 1�. The vortex centers being stagna-
tion points for the model, v is determined throughout the
solution procedure via the condition

v = −
��

�x
�0,0� . �8�

The second-order terms in �7� account for the rotating strain
that vortex 2 exerts on vortex 1 with

�̂e =
�2�2

�x2 �L,0� = −
�2�2

�y2 �L,0� , �̂e = �c. �9�

The third-order terms �which are nonzero for asymmetric,
with respect to the y axis, vortex deformations� are

�̂e =
�3�2

�x � y2 �L,0� = −
�3�2

�x3 �L,0� . �10�

Asymptotic external strain values and rotation rates may
be recovered when the streamlines are approximately circu-
lar �which supposes large distance values L�. For this
asymptotic case v=0 in �7� and the influence of one vortex
on the other is then equivalent to that of a point vortex with
same circulation 	. The condition for the vortex center to be
a stagnation point becomes

−
	

2�L
+

�cL

2
= 0. �11�

The asymptotic strain imposed by vortex 2 on vortex 1 is

�̂e =
	

2�L2 �12�

and the asymptotic higher order term in �10� is

�̂e =
	

�L3 . �13�

Hence for a given strain, the following asymptotic relation-
ships hold:

�̂e = �c = 2�̂e, �̂e =��

	
�2�̂e�3/2. �14�

The strain value �̂e in �9� is compared with the
asymptotic expression �12� in Fig. 2, as a function of the
distance L, for the initial parabolic vorticity distribution �5�.

The normalized strain rate �e= �̂e /�max is shown for values
of L varying from 4 to 2.85 and a good agreement is ob-
served. The critical value Lc=2.85 is the smallest value for
which the equilibrium state of corotating vortices exists for
the initial parabolic state considered here �critical vortex con-
figurations are addressed in Sec. IV�.

The relationships �14� provide the asymptotic values of

the rotation rate �̂e=�c as well as the higher order term �̂e,
as a function of �̂e. These quantities are compared in Fig. 3

with the value �10� and the rotation rate �c=�̂e as provided
by the numerical solution procedure. The results are shown
as function of �e �again all quantities are normalized with
respect to �max� and it may be seen that the curves almost
superimpose. Again, the distance L has been varied from L
=4 to the critical value L�2.85 with the corresponding
strain rates shown in Fig. 2.

Figure 1 depicts typical isovorticity contours for equilib-
rium states and the innermost streamlines inside the vortex
regions are seen to be approximately elliptical. The stream-

FIG. 2. Strain rate �e acting on vortex 1 in the corotating vortices configu-
ration, as a function of the distance between the vortex centers L;–––: com-
puted value for an initial parabolic vorticity distribution. -.-: asymptotic
value �expression �12��.

FIG. 3. Characteristics of the equilibrium state of two parabolic corotating
vortices from L=4 to the critical distance L�2.85. Computed �solid line�
and asymptotic �dash-dotted line� angular velocity �e=�̂e /�max; computed
�dashed line� and asymptotic �dotted line� higher order deformation rate
�e= �̂e /�max.
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lines in the vicinity of the vortex centers may be param-

etrized considering an inner angular velocity �̂i and an inner
strain rate �̂i such that

��̂i − �̂i�x2 + ��̂i + �̂i�y2 = 
 � 1. �15�

The angular velocity is computed as a by-product of the
solution procedure with

�̂ = −
1

r

��t

�r
�r� =

��t

��

2

�r2/��
��,�� �16�

and hence

�̂i = − lim
�→�max

��t

��

2

�r2/��
��,�� . �17�

The internal strain value �i, which is the key parameter for
elliptical instability,1 may then be computed, by determining
the minor and major semiaxes of the nearly elliptical most
inner streamlines, with respect to the discretization.

The external rotating strain accounts for the elliptical
deformation and it is tempting to consider a single vortex
within an equivalent external field, that is, the specific case
of a single vortex in a rotating strain

�e�x,y� = 1
2 ���̂e + �̂e�x2 + ��̂e − �̂e�y2� . �18�

The streamlines of a single vortex within the field �18� de-
form elliptically and may be computed adapting the solution
procedure for the corotating vortices configuration. Consid-

ering the asymptotic relationship �̂e=2�̂e, a single vortex in
the leading-order external rotating strain �18� has been con-
sidered for increasing strain rates �̂e. The normalized inner
strain �i= �̂i /�max for the single-vortex model is compared in
Fig. 4 with the results obtained for two corotating vortices,
starting with an initial parabolic vorticity distribution. The
curves almost superimpose up to the value �e�0.033, which
corresponds to the critical distance L=2.85 for the corotating
vortices. A similar agreement was also observed by Le Dizès
and Verga4 for two viscous corotating vortices for small val-
ues of �e. They showed that the inner strain rate in one of the
vortices agrees with the asymptotic predictions obtained for

a single vortex in a weak external rotating strain field.3 Here,
by considering nonlinear equilibrium solutions, we have
demonstrated that the agreement between both systems con-
cerning the inner strain rate is also good for large deforma-
tion fields. The external strain �e of the single-vortex con-
figuration can be increased furthermore, up to a limiting
value �not shown in Fig. 4� which will be discussed in the
following section.

IV. CRITICAL EQUILIBRIUM STATES

At leading order, the influence of one vortex on the other
in the corotating case may be interpreted in terms of an ex-
ternal rotating strain. When increasing the strain parameter,
limiting equilibrium states will be reached and the question
arises whether the analogy between the corotating vortex
configuration and that of a single vortex in an external de-
formation field holds up to critical parameter values.

A. A single vortex within a rotating strain field

In the literature, most works have considered the cases
of a pure strain field ��e=0� and of a shear ��e=�e� in �18�.
In both cases, a similar scenario has been observed: When
the strain parameter �e is increased, the shape of the equilib-
rium solution becomes more and more deformed, up to a
configuration in which a stagnation point �in the rotating
reference frame� appears at the outermost contour of the vor-
tex. Above this critical strain value, no equilibrium solution
exists: The stagnation point penetrates into the vortex and an
erosion process, which carries away the vorticity in the most
external layer of the vortex, starts. As demonstrated in Refs.
8 and 16, for instance, the complex dynamical behavior as-
sociated with this erosion or stripping process can be cap-
tured in an inviscid framework if one uses an adequate “con-
tour surgery” procedure.

The appearance of stagnation points in the vortex bound-
ary for critical strain values is easily identified in our numeri-
cal calculation. At the stagnation points, −�r2 /��→� �cf.
Eq. �16�� and the coordinate transformation �1� becomes sin-
gular. One may conclude that starting with an initial axisym-
metric vorticity distribution and increasing continuously the
strain parameter, the limit of the continuation procedure, that
is, the limit of the stationary Euler’s solution model, is
reached whenever a corner is forming.

The critical strain parameter �e depends on the vortex
profile and on �e. The critical curve in the ��e ,�e� plane is
shown in Fig. 5 for the parabolic profile. Again quantities
normalized with respect to the maximum of vorticity �max at
the center have been used. The plot of Fig. 5 has been nu-
merically computed, for successive �e, by continuation with
respect to �e up to the limiting singular solution. The star on
the curve corresponds, for instance, to the critical strain
value �ec

=0.59 for the shear case ��e=�e�. The correspond-
ing corner solution for this critical shear configuration is
shown in Fig. 6.

A Gaussian vortex �6� in an external shear ��e=�e� has
been considered by Mariotti et al.,16 who report the critical
strain value �ec

=0.067 above which breakup of the vortex
occurs. Considering the initial Gaussian profile �6�, the criti-

FIG. 4. Internal strain rate �i as function of the external strain rate �e for
two corotating vortices �dashed line� and a single vortex in an external
rotating strain field with �e=2�e �solid line�. Initial parabolic vorticity dis-
tribution in each case.
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cal state where the corners are forming occurs at �ec
=0.064

for the present Euler’s solution model which compares favor-
ably with the results in Ref. 16. For both the initial parabolic
vorticity distribution and the Gaussian vortex family, the an-
gular frequency �16� has been computed at the outermost
boundary of the vortex and the minimum value �o

=�̂��min,0� /�max is found at �=0 �the corners appear at the
points of intersection between the outermost boundary of the
vortex and the x axis�. The result is shown in Fig. 7 for
increasing �e, for the shear case ��e=�e�, for the minimum
angular frequency �o tending to zero at the critical strain
values. The difference between both curves is that for the
Gaussian profile the curve exhibits a limit point in the con-
tinuation parameter and then �e slightly decreases for van-
ishing �o. The initial Gaussian distribution exhibits a non-
zero cutoff value of vorticity at the boundary, in contrast to
the parabolic profile. There is some evidence that limit points
in the continuation parameter appear generically when non-

zero cutoff values in the vorticity distribution are considered,
as demonstrated, for instance, in Ref. 14 for the corotating
vortices case.

B. Critical states for corotating vortices and higher
order deformation field

The critical configuration of two corotating vortices is
also obtained when a stagnation point reaches the outer
boundary of the vortex. As the center point Oc depicted in
Fig. 1 is always the closest stagnation point, the critical con-
figuration is expected to occur when both vortices touch the
center point, that is, when the gap  between both vortices
goes to zero. This is the very limit for solutions computed as
equilibrium states of the Euler system, using the continuation
procedure by decreasing the distance L between the vortex
centers. It is worth mentioning that this limit is associated
with our numerical procedure which requires the existence of
two distinct vortices. Recently, Cerretelli and Williamson17

have shown for uniform vortices that if this constraint is
dropped, the continuation procedure could be pursued. They
were, in particular, able to compute a new family of equilib-
rium states, with a dumb-bell shape. The two-dimensional
stability of such dumb-bell solutions remains an open issue.

In Ref. 14 the stability threshold was associated with
vanishing of an eigenvalue of the Jacobian matrix, which
occurs at a finite gap whenever a vorticity distribution with
finite cutoff value is considered. For the parabolic profile
with zero vorticity at the vortex boundaries, however, the
stability threshold is reached for =0. Hence, in order to
avoid the singular solution =0 in the iteration procedure
used to locate the zero eigenvalue of the Jacobian matrix, a
slightly different initial vorticity distribution with ��r�
=�max�1−0.99r2�, 0�r�1, has been considered for the
limit point to occur for vanishing  rather than for =0. The
streamlines associated with this limit configuration are
shown in Fig. 8. The vorticity distribution along the xc axis is
shown as well. The dotted lines correspond to the state de-
picted in Fig. 1 whereas the solid line is the vorticity distri-
bution at the limit point.

A single vortex within an external rotating strain field

FIG. 5. Critical parameter values ��e ,�e� for a parabolic vortex in a rotating
strain field. �, pure shear case ��e=�e�; �, corotating vortex case ��e

=�e /2�. The critical strain rate for the two-corotating-vortices is indicated
by a cross ���.

FIG. 6. Streamlines in the rotating reference frame for the critical equibrium
state of a parabolic vortex in a pure shear ��e=�e�0.059�.

FIG. 7. Minimum angular velocity �o for a vortex in a pure shear ��e

=�e� as a function of the strain rate �e. –––, parabolic vorticity distribution;
…, Gaussian-like vortex.
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�18� deforms elliptically. In the corotating vortex configura-
tions, however, asymmetric deformations of the streamlines
occur when approaching the critical states: indeed, as men-
tioned above, the corners are forming at the side of the outer
vortex boundary which faces the interacting second vortex
�cf. Fig. 8�. In order to seek for some analogy between a
single vortex in an external deformation field and a corotat-
ing vortex pair up to critical deformation parameters, higher
order terms must certainly be taken into account by consid-
ering the deformation field up to third order �7�, with the
asymptotic relations �14� between the parameters. A conve-
nient quantity in order to characterize the topology of the
streamlines is the minimum angular frequency �o, on the
outer boundary of the vortex �with �o tending to zero when
approaching the singular limiting state�. For the parabolic
vorticity distribution, this quantity has been computed in the
corotating vortices case as a function of �e, during the con-
tinuation procedure, decreasing L. The result is shown in Fig.
9 as the dashed line. Concerning the single-vortex model,

first an external rotating strain �18� satisfying �e=2�e has
been considered for increasing �e. The limit value in �e is
about 30% higher than the limiting strain in the corotating
case. �One may also compare the limiting parameter values
for both the corotating case and the single-vortex configura-
tion in the ��e ,�e� plane depicted in Fig. 5.�

By taking into account the higher order terms in �7�, the
critical strain parameter is now �e�0.37 which compares
much more favorably with the critical strain parameter �e

�0.33 for the corotating vortices. The limiting equilibrium
state of the single vortex within the higher order deformation
field is shown in Fig. 10: now, as expected, the streamlines
are asymmetric and a corner is forming at �=�. The topol-
ogy of the streamlines exhibits the same features as each of
the two corotating vortices shown in Fig. 8.

V. CONCLUSION

Isolated vortices within an external deformation field as
well as corotating vortices have been computed as equilib-
rium states of the Euler equations. In the single-vortex case,
the external field has been characterized in terms of a strain
parameter �e whereas for the corotating case the distance
between the vortex centers L is the continuation parameter to
compute successive equilibrium states.

We have first demonstrated that when the two vortices
are far apart, the leading-order influence of one vortex on the
other is well described by an external rotating strain field
whose characteristics are provided by a point-vortex model.
By considering a single vortex in that external strain field,
we have shown that the elliptic deformation of each vortex
near its center was very well reproduced even up to the large
critical value of the strain rate for which the equilibrium
states stop to exist. This result could be useful to determine
the stability properties of the system with respect to the el-
liptical instability. Indeed, as mentioned in the Introduction,
the inner strain rate provides an estimate for the maximum

FIG. 8. �a� Streamlines in the rotating reference frame for the critical equi-
librium state of two parabolic corotating vortices �L�2.85; �e�0.33�. �b�
Vorticity distribution along the Ocxc direction. –––, critical configuration
�L�2.85�. ¯, configuration shown in Fig. 1 �L=3.2�.

FIG. 9. Minimum angular velocity �o as a function of the strain rate �e for
two corotating vortices �dashed line�, a single vortex in a rotating strain field
�dotted line�, a single vortex in a higher order deformation field �solid line�.
Initial parabolic vorticity distribution in each case.

FIG. 10. Streamlines for the critical equilibrium state of a single parabolic
vortex in a higher order deformation field.
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growth rate of this instability. If the two-vortex system and
the vortex in the rotating strain field have the same inner
strain rate, we can therefore conclude that they possess the
same stability properties with respect to the elliptical insta-
bility. A theoretical model for the stability properties of a
two-vortex system was recently constructed in Ref. 18 based
on this assumption.

The paper has also been concerned with the determina-
tion of the critical parameters for which the equilibrium so-
lutions stop to exist. These critical configurations have been
identified as the situations where a stagnation point starts to
penetrate into the vortex and a corner is forming at the out-
ermost contour of vorticity. When the vorticity vanishes on
the outer streamline, as for the parabolic profile, the critical
configuration also corresponds to a change of stability in the
sense that an eigenvalue of the Jacobian matrix of the non-
linear, parametrized system vanishes.

Based on the argument that the change of stability of the
limiting configuration could correspond to the onset of merg-
ing, we have argued that this onset could be determined from
the one-vortex model. In particular, we have shown that al-
though the inner deformation was well predicted from the
model of a vortex in a strain field, higher order terms in the
deformation field were needed to describe correctly the
asymmetric corner formation on the outer boundary of the
vortex near the limit state. More precisely, we have shown
that the minimal external deformation field is

1

2
�̂e�3x2 + y2� +

1

6
��

	
�2�̂e�3/2�3xy2 − x3� �19�

with 	 the circulation of one vortex. Indeed, it has been
shown that superimposing the above field �adding a term vx
for the center of the vortex to remain a stagnation point� to
the streamfunction generated by a single-vortex region, the
topological changes of the outer vorticity contours, typical
for the corotating vortices when they come closer together
and ranging from the elliptical shape to the corner solution,

are accounted for. Furthermore, the critical strain rates
�̂e /�max have the same order of magnitude in both cases.
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