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Vesicles are drops of radius of a few tens of micrometres bounded by an impermeable
lipid membrane of approximately 4 nm thickness in a viscous fluid. The salient
characteristics of such a deformable object are a membrane rigidity governed by
flexion due to curvature energy and a two-dimensional membrane fluidity characterized
by a local membrane incompressibility. This provides unique properties with strong
constraints on the internal volume and membrane area. Yet, when subjected to
external stresses, vesicles exhibit a large deformability. The deformation of a settling
vesicle in an infinite flow is studied theoretically, assuming a quasispherical shape and
expanding all variables of the problem onto spherical harmonics. The contribution of
thermal fluctuations is neglected in this analysis. A system of equations describing the
temporal evolution of the shape is derived with this formalism. The final shape and the
settling velocity are then determined and depend on two dimensionless parameters: the
Bond number and the excess area. This simultaneous study leads to three stationary
shapes, an egg-like shape already observed in an analogous experimental configuration
in the limit of weak flow magnitude (Chatkaew, Georgelin, Jaeger & Leonetti, Phys.
Rev. Lett, 2009, vol. 103(24), 248103), a parachute-like shape and a non-trivial non-
axisymmetrical shape. The final shape depends on the initial conditions: prolate or
oblate vesicle and orientation compared with gravity. The analytical solution in the
small deformation regime is compared with numerical results obtained with a three-
dimensional code. A very good agreement between numerical and theoretical results is
found.

Key words: capsule/cell dynamics, drops, low-Reynolds-number flows

1. Introduction

The shape dynamics of deformable objects in flow has sparked a large interest in
recent years due to the uncovering of unexpected rich behaviour and due to their
increasing relevance in bioengineering, food and cosmetics implementation. Indeed,
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FIGURE 1. (a) A vesicle embedded in an external viscous fluid is made of a fluid membrane
bounding another internal viscous fluid. A vesicle radius is of the order of 10 µm. (b) The
vesicle membrane is a bilayer of lipids freely moving in each monolayer. The membrane
thickness is typically 4 nm making the membrane a two-dimensional fluid.

attention focuses on drops bounded by a thin membrane such as soft capsules
and vesicles immersed in a viscous flow. This comes with theoretical/numerical
investigations and experiments. Two kinds of objects can be distinguished by the
chemical nature of their membrane and, consequently, by their resulting mechanical
membrane characteristics. Despite these differences, their shape dynamics in a linear
flow have some similarities. This explains why these two objects are often compared.

On the one hand, a capsule is a drop which can be covered by various materials
providing a deformable layer (skin, shell or membrane). An archetypal shell is made
of a solid-like elastic membrane produced by interfacial polymerization of cross-
linking molecules. Such capsules have a resistance to stretching and to in-plane
shear motion. Their characteristics can be determined by various techniques such
as compression (Carin et al. 2003), deformation in a shear flow (Chang & Olbricht
1993; Rehage, Husmann & Walter 2002) or in a narrow tube (Risso, Colle-Paillot
& Zagzoule 2006) or spinning rheometry (Husmann et al. 2005) associated with
asymptotic analytic results (Barthes-Biesel 1980; Barthes-Biesel & Rallison 1981) or
inverse analysis from a numerical database of shape deformations (Lefebvre et al.
2008). Recent works have mainly focused on the shape dynamics of capsules in linear
flows from a theoretical point of view: tank-treading, tumbling and swinging with
analytical and numerical approaches (Keller & Skalak 1982; Kessler, Finken & Seifert
2008).

On the other hand, the physical description of the properties of biological
membranes has received an increasing attention in the past decades. The fluid mosaic
model introduced by Singer & Nicolson (1972) considers the membrane as a two-
dimensional liquid where lipid and protein molecules can diffuse. Further modelling of
the lipid bilayers by Canham (1970) and Helfrich (1973) showed that these bilayers
can be considered as two-dimensional incompressible fluids, with the long axis of the
lipids oriented preferentially along the normal to the membrane, the hydrophobic tails
pointing towards the interior of the bilayer while the hydrophilic heads points toward
the surrounding fluids (figure 1). This preferred orientation gives the membrane an
effective resistance to bending, which was shown to be an essential ingredient (with
the surface incompressibility) to understand the biconcave shape of vesicles (Seifert
1997).
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Quasiplanar lipidic membranes, as well as vesicles which are lipidic membranes
forming a closed shape (figure 1), then became subjects of interest to further
understand biomembranes. The development of experimental techniques such as
electroformation (Angelova & Dimitrov 1986) has permitted to reliably produce giant
vesicles, whose typical size varies from about ten up to a hundred micrometres while
the membrane thickness is a constant depending only on the kind of lipids. Several
works were then devoted to the study of the physical properties of these systems:
determination of the bending modulus and mechanical tension to name a few (Duwe,
Kaes & Sackmann 1990; Evans & Rawicz 1990). Comprehensive reviews on these
subjects can be found in Lipowsky & Sackmann (1995) and Seifert (1997).

Attention nowadays is focused on the global scale behaviour of vesicles under
external stresses of various nature: hydrodynamical (Chatkaew et al. 2009; Deschamps,
Kantsler & Steinberg 2009), chemical (Puech & Brochard-Wyart 2004; Dominak &
Keating 2007) or electrostatic (Dimova et al. 2007)). Particular attention has been
paid to the study of a vesicle immersed into an external shear flow, experimentally
(Kantsler & Steinberg 2005, 2006; Deschamps et al. 2009), computationally (Kraus
et al. 1996; Biben & Misbah 2003; Noguchi & Gompper 2005; Biben, Farutin &
Misbah 2011; Zhao & Shaqfeh 2011), and theoretically (Seifert 1999; Rioual, Biben
& Misbah 2004; Misbah 2006; Danker et al. 2007; Lebedev, Turitsyn & Vergeles
2007, 2008; Kaoui, Farutin & Misbah 2009; Farutin, Biben & Misbah 2010). Several
studies have also considered the hydrodynamical interaction of a vesicle with a wall
(Cantat & Misbah 1999; Sukumaran & Seifert 2001; Abkarian, Lartigue & Viallat
2002). The dynamics of a vesicle under the action of gravity have received little
attention, despite its practical interest. In experiments on vesicles, there is generally
a jump of density between inner and outer media, and vesicles settle before being
conducted to the starting point of the experiment. Henriksen & Ipsen (2002) performed
the calculation of the undulation spectra of a vesicle under the influence of gravity
and thermal fluctuations. Recently, Huang, Abkarian & Viallat (2011) reported on
experimental observations of pear-like and tethered shapes of sedimenting vesicles. On
the other hand, in Li, Stachowiak & Fletcher (2009), vesicles are prepared to serve
as containers of a chemical reaction by encapsulation of two different solutions. The
‘falling vesicle method’ is thus used to determine the vesicle density and then to
measure the encapsulation fraction of the reacting solutions.

The dynamics of settling objects in the Stokes regime is a well-known problem.
If the objects are rigid, collective dynamics and hydrodynamical interactions are
of primary interest to understand suspension dynamics and global rheology. For
deformable objects, even the dynamics of a single object is of interest, since the shape
of the interface is unknown a priori and modifies the settling flow. Understanding the
global properties of liquid with suspended deformable objects requires to study the
behaviour of a single deformable object. In the case of drops, the sphere was shown
(Kojima, Hinch & Acrivos 1984) to be stable to infinitesimal perturbations for finite
capillary numbers Ca = µU/γ (with µ the dynamic viscosity of suspending fluid, U
the settling velocity of a spherical drop of same volume and γ the surface tension), but
unstable in the limit Ca→∞. It was later shown that the sphere shape was unstable
even for finite capillary numbers in the case of finite initial perturbations (Koh & Leal
1989, 1990). The sphere is the only stationary solution, since the growing tail (for
prolate drop) or growing cavity (for oblate drop) later destabilize, eventually leading
to drop breakup. This is not the case for vesicles, where the surface incompressibility
constraint allows for the development of non-trivial stationary shapes, selected by
the bending energy. This is somehow comparable to the case of a vesicle pulled
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through a viscous fluid by a constant surface density of force (Kern & Fourcade 1999).
Several shapes selected by bending were shown to develop in such a motion: pear-like,
haricot-like and parachute-like shapes.

In this paper, we study the deformation of a vesicle immersed in an external flow,
neglecting thermal fluctuations. We describe in § 2 the physical system constituted
by the vesicle and develop the modelling used in the remainder of this paper. We
then describe in § 3 the procedure used to derive a theoretical solution for velocity
and pressure fields inside and outside a settling vesicle. This procedure is applied
to find an expansion of induced velocity and pressure fields at zeroth (§ 4) and first
order (§ 5) in the deformation. The results of the theory are presented in §§ 6 and 7.
Evolution equations of the deformation modes are obtained in § 6. The contribution of
the shape deformation to the settling velocity V S is then determined. Stationary shapes
are presented in § 7 and compared with the results obtained with a three-dimensional
numerical code based on a boundary integral method (Boedec, Leonetti & Jaeger
2011).

2. System statement
The system considered in this paper is a vesicle (lipidic membrane enclosing a

Newtonian fluid) immersed into an infinite external Newtonian fluid. This vesicle is
settling in the gravity field g = −gez. In this paper, the hydrodynamical fields and the
deformation of the membrane induced by the settling are sought. The complexity of
the system comes from the fact that the vesicle is a moving interface, whose position
is an unknown of the problem. This is thus a fluid–structure interaction problem: the
modelling of the hydrodynamics and mechanics of the membrane are presented in
§§2.1 and 2.2, respectively. Finally, the fluid and the structure problems are related to
each other by the coupling conditions at the interface in the § 2.3.

In the remainder of this article, the superscripts (e, i) denote external and internal
media, respectively.

2.1. Hydrodynamics

In a typical experiment on vesicles, the characteristic length is given by a typical
radius of the vesicle R∼ 10 µm, and characteristic velocity is of order u0 ∼ 10 µm s−1.
Using water density ρ ∼ 103 kg m−3 and dynamic viscosity µ ∼ 1 mPa s, the typical
Reynolds number is thus Re∼ 10−4. Hydrodynamics of the internal and external fluids
of the vesicle are then well described by the Stokes equation, taking into account the
contribution of buoyancy

∇ · σ i/e + ρ i/eg= 0, ∇ ·vi/e = 0 (2.1)

where σ i/e is the Newtonian stress tensor

σ i/e =−pi/e1+ 2µDi/e (2.2)

and Di/e = (1/2)(∇vi/e + ∇Tvi/e) is the stretch rate tensor. In this paper, the viscosity
contrast is equal to one: µ= µi = µe. Indeed, the stationary state of the whole system
does not depend on the internal viscosity.

The contribution of buoyancy is included into a modified pressure term, such that
the hydrodynamics of the system obeys the equations:

∇ · σ̄ i/e = 0, ∇ ·vi/e = 0 (2.3)
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with the stress tensor σ̄ i/e given by

σ̄ i/e =−p̄i/e1+ 2µDi/e with p̄i/e = pi/e + ρ i/egz. (2.4)

Far from the vesicle, the hydrodynamic fields induced by the presence of the
membrane vanish, thus the boundary conditions are given by

as |x| →∞,ve→ v∞
p̄e→ 0

(2.5)

where v∞ is a priori arbitrary, since it corresponds to the imposed velocity field far
from the vesicle. In this paper, v∞ is chosen as the opposite of the settling velocity of
the stationary shape of the vesicle V S =−v∞. This choice ensures that the calculations
are performed in the vesicle frame of reference. Here v∞ is thus an unknown of the
system and depends on the vesicle shape. A specific additional comment is provided
in 3 when one considers the expansion in perturbations of the vesicle shape around a
sphere. This comment will explain the criterion to calculate v∞.

2.2. Properties of the membrane
The membrane has an effective resistance to bending, which is commonly modelled
using the Canham–Helfrich (Canham 1970) energy:

FB = EB

2

∫
S
(2H − C0)

2 dS+ EB

∫
S

K dS (2.6)

with H,K the mean and Gaussian curvature, respectively (see definition (A 14)), and
C0 is a spontaneous curvature, which is set to zero in the following as usually assumed
in the literature. The lipidic membrane is a two-dimensional fluid, lipids moving freely
along each monolayer of the bilayer as shown in figure 1. The stretching elastic
modulus of such a membrane is high, ensuring that the local variations of lipid area
are negligible. Thus, the element of area dS is preserved during the deformation of the
membrane:

∂t dS= 0. (2.7)

The surface density of forces associated with the bending energy is then computed
by the first variation of the energy, where admissible variations must satisfy the
constraint (2.7). This constraint is treated by the use of a local Lagrange multiplier γ ,
which adds an additional term to the free energy of the membrane:

F = FB +
∫

S
γ dS (2.8)

where γ is the surface analogue of the pressure in the bulk of an incompressible fluid,
and will be called hereafter the mechanical tension.

The surface density of the force exerted by the membrane is given by the first
variation of the total free energy F = FB + Fγ , which can be written as

f m =−
δF

δx
= f b + f γ , (2.9)

with

f b = EB(2∆sH + 4H(H2 − K))n, (2.10)
f γ =−2γHn+∇sγ, (2.11)
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where H,K are the mean and Gaussian curvatures respectively (see appendix A), n
is the unit outward normal vector to the interface, ∇s is the surface gradient (see
definition (A 18)) and ∆s is the Laplace–Beltrami operator (see definition (A 24)). Note
that EB does not enter into the force density here, because the Gauss–Bonnet theorem
ensures that the second integral in (2.6) depends only on the topology of the surface.
Here, only vesicles of spherical topology are considered.

2.3. Coupling conditions
To close the problem, the coupling conditions between the internal and external
hydrodynamics fields at the membrane must be provided.

First, the velocities fields are continuous across the membrane:

ve(x)= vi(x)= vΓ , (2.12)

where x lies on the membrane surface and vΓ is the velocity of the membrane at
x. Subsequently, the hydrophobic nature of the bilayer core prevents any transfer of
polar molecules such as water. Then, there is no fluid flow through the membrane on a
characteristic time scale of experiments. Thus, the velocities of the surrounding fluids
are equal to the velocity of the membrane:

Dx
Dt
= vΓ , (2.13)

where x lies in the membrane surface and D /Dt is the material derivative. Note
that this condition together with the incompressibility of the bulk fluids preserves
the enclosed volume. Thus, the preservation of the elemental area (2.7) is written
equivalently as a local incompressibility constraint on the flow field at the membrane:

∇s ·vΓ = 0. (2.14)

Note that the bulk incompressibility (equation (2.1)) simplifies this constraint to (see
appendix A, (A 23) for the statement):

n ·Di/e
·n= 0, (2.15)

where the stretch rate tensor is evaluated at a point x on the membrane Γ . Using the
external or internal stretch rate tensor is equivalent.

Second, the membrane is assumed at quasistatic mechanical equilibrium with the
hydrodynamic stresses. Thus, the membrane force density f m is balanced with the
hydrodynamic force per unit area [[σ ]] ·n as given by

0= [[σ ]] ·n+ f m = [[σ̄ ]] ·n+ f m + f g (2.16)

[[σ̄ ]] ·n= (σ̄ e − σ̄ i) ·n, f g =−1ρgzn (2.17)

where f g is due to the jump in pressure resulting from the difference of the densities
1ρ = ρ i − ρe between internal and external fluids. In the following, the notation
[[f ]] stands for the jump of the quantity f at the membrane: [[f ]] = [f e − f i]. f m is
the surface force density generated by membrane mechanics related to the membrane
constitutive law, e.g. force density generated by surface tension for a drop, by bending
and surface incompressibility for a vesicle and or by elastic stresses for capsules. In
this paper, f m is given by (2.9).

2.4. System characteristics and dimensionless variables
A vesicle is characterized by its volume V and its area A which are constant during
the settling dynamics. The typical vesicle size R0 is defined as the radius of the sphere
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having the same volume V:

R0 =
(

3
4π

V

)1/3

(2.18)

which takes its fullest meaning for a quasispherical vesicle.
A fluid spherical vesicle behaves as a rigid body, because any deformation of the

interface would break the constraints on constant enclosed volume and area. There is
thus a geometrical parameter which measures the deformability of a given vesicle. The
parameter generally used in the literature is called the excess area ∆, defined as

A= (4π+∆)R2
0, (2.19)

where ∆> 0 is a dimensionless control parameter of the system.
The bending modulus EB and the viscosity µ control the temporal response of

the membrane to a perturbation. Dimensional analysis allows us to determine such a
characteristic time τ given by

τ = µR3
0

EB
. (2.20)

The other dimensionless control parameter Bo in the physical situation considered here
measures the relative importance of gravity with respect to bending, well known as the
Bond number (here based on bending):

Bo = 1ρgR4
0

EB
. (2.21)

In the framework of drops, the Bond number is based on the surface tension, and thus
EB/R2

0 is replaced by the surface tension γ . Finally, physical quantities are rescaled
using the previous quantities or a combination of these as given by (with the tilde
denoting a dimensionless variable)

x= R0x̃ (2.22)
t = τ t̃ (2.23)

vi/e = R0

τ
ṽi/e (2.24)

v∞ = R0

τ
ṽ∞ (2.25)

p̄i/e = EB

R3
0

˜̄pi/e
(2.26)

σ̄ i/e = EB

R3
0

σ̃
i/e (2.27)

γ = EB

R2
0

γ̃ (2.28)

f = EB

R3
0

f̃ (2.29)

f g =−Boz̃n. (2.30)

In the following, only dimensionless quantities will be used, and the tilde will be
omitted for the sake of simplicity.
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3. Analytical analysis in the quasispherical approximation
3.1. Quasispherical vesicle and expansion in perturbations

In this section, we give an outline of the procedure used to determine theoretically
the velocity and pressure fields for a settling quasispherical vesicle. The calculations
presented here allow the determination of the shape at all times and its transient
evolution with arbitrary initial conditions, provided that any shape deviation from the
sphere is small.

With (r, θ, φ) the usual parametrization in spherical coordinates, a point x lying on
the surface of the vesicle is written:

x= rer = r sin θ cosφex + r sin θ sinφey + r cos θez. (3.1)

In the quasispherical approximation, and with dimensionless variables, the point x is
written:

x= (1+ u(θ, φ))er, |u(θ, φ)| = ε� 1 (3.2)

where 1 is the dimensionless radius of the sphere and u(θ, φ) is the displacement from
this reference radius.

The procedure is to expand all variables of the problem p̄i/e, vi/e, v∞, σ̄ i/e, γ and
f m,g as powers of ε, using the following notation:

f = f (0) + f (1) + O(ε2) (3.3)

where f (0) denotes zeroth-order decomposition of f and f (1) is the first-order
decomposition of f , with the linear dependence of f (1) on ε included in its expression.
The state ‘0’ corresponds to a spherical vesicle of radius 1 settling in the gravity
field. The solution is well known except the determination of the membrane tension γ .
Here, the calculation is presented in § 4 as a preliminary to the further order. The state
‘1’ is the contribution of the excess area ∆ to the hydrodynamics and fluid–structure
interaction between the membrane mechanics and fluid flow. As Stokes equations are
linear, the only coupling terms between the two orders appear from the boundary
conditions at the membrane and the area constraint.

The displacement field is expanded onto a basis of scalar spherical harmonics (see
appendix B):

u(θ, φ)=
∞∑

l=0

m=l∑
m=−l

ul,m(t)Ylm(θ, φ) (3.4)

where the amplitudes ul,m of modes (l,m) are some functions of time to determine.
Here u(θ, φ) is a real quantity. This implies that ul,−m = u∗l,m, where u∗ denotes the
complex conjugate of u.

With this decomposition of the surface, the position of the centre of mass G is given
by

xG =
(

3
2π

)1/2(u1,1 + u∗1,1
2

)
+ O(ε2), (3.5)

yG =
(

3
2π

)1/2(u1,1 − u∗1,1
2i

)
+ O(ε2), (3.6)

zG =
(

3
4π

)1/2

u1,0 + O(ε2), (3.7)
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where i2 =−1. The previous amplitudes u1,j correspond to the translation modes along
each axis, and thus depend on the frame of reference of the calculations. As stated
in § 2.1, the external imposed velocity field v∞ is chosen here as the opposite of
the stationary settling velocity VS = −v∞. In the case of ∆ = 0, the shape remains
spherical and the centre of mass does not move:

v(0)Γ ·n= 0. (3.8)

In contrast, assuming an initial deflated vesicle shape (∆ > 0), the centre of mass
moves while the shape is not stationary (because the instantaneous velocity of the
vesicle depends on its shape). The criterion to determine v∞ is thus given by the
condition that any translation velocity vanishes in the stationary state:

as t→∞,
(
∂u1,j

∂t

)
→ 0, j=−1, 0, 1. (3.9)

To keep the volume constant, the following constraint is added (Seifert 1999):

u00 =− 1√
4π

∞∑
l=1

m=l∑
m=−l

|ulm|2+O(ε3). (3.10)

Our results have to recover the fact that u00 is of the second order, it means u00 = 0 for
a linear study. Using (3.10), the same development is possible for the area to provide
the excess area ∆ (Seifert 1999):

∆=
∞∑

l=2

(l+ 2)(l− 1)
2

|ulm |2+O(ε3). (3.11)

For a real vesicle, the sums need to be truncated at an upper cutoff resulting from the
irrelevance of the model if the wavelength R0/lcutoff of the shape modulation is of the
order of the membrane thickness d (approximately reached for lcutoff ≈ 104). This has
no importance here.

3.2. Fluid flow, Lamb solutions
The solutions of the Stokes equation (2.3) in such a geometry are known as Lamb
solutions which can be written in several ways, all related to the use of a basis
of vector spherical harmonics to decompose the velocity field and a basis of scalar
spherical harmonics to decompose the pressure. We follow here Barrera, Estevez &
Giraldo (1985) for the definition of vector spherical harmonics (see appendix B). The
velocity and pressure fields (where (ve, p̄e) denotes the external fluid, and (vi, p̄i) for
the internal fluid) are then for the zeroth and first orders expanded as

vi/e,(0,1) =
∞∑

l=0

m=l∑
m=−l

[vR,i/e,(0,1)
lm (r)Rlm(θ, φ)+ vS,i/e,(0,1)

lm (r)Slm(θ, φ)

+ vT,i/e,(0,1)
lm (r)T lm(θ, φ)] (3.12)

p̄i/e,(0,1) =
∞∑

l=0

m=l∑
m=−l

p̄i/e,(0,1)
lm (r)Ylm(θ, φ), (3.13)

where Rlm(θ, φ),Slm(θ, φ),T lm(θ, φ) is a basis of vector spherical harmonics.
Rlm(θ, φ) is the radial component while Slm(θ, φ) and T lm(θ, φ) are the topoidal and
toroidal vectors, respectively, both tangent to the sphere. Using these decompositions,



236 G. Boedec, M. Jaeger and M. Leonetti

the general solution for velocity and pressure fields satisfying (2.3) are (see
appendix C):

∀l > 1, v
T,i/e,(0,1)
lm = c1,i/e,(0,1)

lm r−(l+1) + c2,i/e,(0,1)
lm rl (3.14)

v
R,i/e,(0,1)
lm = d1,i/e,(0,1)

lm r(l−1) + d2,i/e,(0,1)
lm r(l+1) + d3,i/e,(0,1)

lm r−(l+2) + d4,i/e,(0,1)
lm r−l (3.15)

v
S,i/e,(0,1)
lm = 1

l(l+ 1)
[(l+ 1)d1,i/e,(0,1)

lm r(l−1) + (l+ 3)d2,i/e,(0,1)
lm r(l+1)

− ld3,i/e,(0,1)
lm r−(l+2) − (l− 2)d4,i/e,(0,1)

lm r−l] (3.16)

p̄i/e,(0,1)
lm = 2

l(l+ 1)
[(2l+ 3)(l+ 1)d2,i/e,(0,1)

lm rl + l(2l− 1)d4,i/e,(0,1)
lm r−(l+1)]. (3.17)

For l = 0, the topoidal and toroidal velocities are zero (vT,i/e,(0,1)
00 = vS,i/e,(0,1)

00 = 0)
while the radial velocity satisfies vR,i/e,(0,1)

00 = d3,i/e,(0,1)
00 r−2 and the pressures p̄i/e,(0,1)

00 are
constant. It means in the following that d1,i/e,(0,1)

00 = d2,i/e,(0,1)
00 = d4,i/e,(0,1)

00 = 0.
The general form (3.14) can be simplified by noting that the internal velocity

and pressure fields must not diverge for r→ 0, which leads to c1,i,(0,1)
lm = d3,i,(0,1)

lm =
d4,i,(0,1)

lm = 0. The external flow remains bounded as well when r→∞, which leads to
c2,e,(0,1)

lm = d2,e,(0,1)
lm = 0 for any (l,m) and d1,e,(0,1)

lm = 0 for any (l,m) 6= (1, 0).

3.3. Method
To determine the dynamics of the vesicle, its final stationary shape and its settling
velocity, the procedure steps to calculate the remaining unknown coefficients (dlm, clm)
and the mode evolution equations of each harmonic ul,m at zeroth and first order are as
follows:

(i) Expand every relevant quantity onto a spherical harmonics basis. For example, at
each order, the mechanical tension is given by

γ (0,1) =
∞∑

l=0

m=l∑
m=−l

γ
(0,1)
lm Ylm(θ, φ). (3.18)

(ii) Solve (2.13) or velocity continuity between inside and outside.
(iii) Solve (2.15) or surface incompressibility applied to the internal flow. The

calculation is more difficult with the external flow and provides the same relations.

Steps (ii) and (iii) allow us to fully express the internal hydrodynamic fields as a
function of the external hydrodynamic fields.

(iv) Solve (2.5) or the boundary condition far from the vesicle:

v∞ = v∞ez = (v(0)∞ + v(1)∞ )
√

4π
3
(R10 + S10)+ O(ε2). (3.19)

This step links the vesicle shape to its settling velocity VS =−v∞.
(v) Solve (2.9) and (2.16) or local mechanical equilibrium. Note that the force

densities due to bending and to density jump depends only on the radial
displacement u, while the force due to mechanical tension depends on the velocity
field as well.
(a) The local mechanical equilibrium is then projected onto the tangent plane.

P · ([[σ̄ ]] ·n+ f g + f m)= 0, (3.20)
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where P = 1 − n ⊗ n is the projector onto the tangent plane. Here the
bending force does not play a role, in contrast to the condition of membrane
incompressibility. This determines the mechanical tension at each order, that
is, γ (0) and γ (1).

(b) The local mechanical equilibrium is finally projected along the normal

([[σ̄ ]] ·n+ f g + f m) ·n= 0. (3.21)

With these steps, the velocity and pressure fields, as well as the mechanical tension,
are then some functions of the displacement modes (ulm) alone.

(vi) Solve (2.13) and (3.2) or velocity continuity between membrane and bulk flow:

∂u

∂t
+ (vi/e,(0)

(r=1) ·∇s)u=
[
vi/e,(1)
(r=1) + u

(
∂vi/e,(0)

∂r

)
r=1

]
·n+ O(ε2). (3.22)

This step gives an evolution equation for the modes ulm.
(vii) The next to last step is performed by the calculation of the total force on the

vesicle. This is zero due to the mechanical equilibrium:∫
S
σ̄ e ·n dS−

(
4
3
π

)3/2

Bo (R10 + S10)= 0. (3.23)

Using the divergence theorem and the Stokes equation (2.3), the previous equation
is equivalent to ∫

S∞
σ̄ e ·n dS−

(
4
3
π

)3/2

Bo (R10 + S10)= 0, (3.24)

where S∞ is a spherical surface centred on the vesicle and of radius R∞. Here, n
is the outward unit vector normal to S∞ . Taking the limit R∞→∞ makes the
calculation easier, since only the terms scaling as 1/r2 have to be considered.

(viii) Solve (2.13) to determine the mean membrane tension and, finally, obtain a
complete system of mode evolution equations from (3.22).

Not only do the equations at the membrane couple the zeroth and first orders, but
the constraint on the membrane area (3.11) also does this. Indeed, this constraint
is ensured by the homogeneous mechanical tension γ

(0)
00 while only modulations of

the shape ul>2,m appear in the excess area ∆. In this instance, it recalls the global
Lagrange multiplier used in the determination of the shape at thermodynamical
equilibrium (Seifert 1997). The spatially varying parts of the tension γlm (l > 1)
ensures the local incompressibility of the membrane velocity field.

4. Solution at zeroth order
First the solution at zeroth order is considered: since there is no deviation from

the spherical shape, bending is not involved, and the only contribution to membrane
mechanics comes from the surface incompressibility condition. As noted in § 3, the
zeroth-order component v(0)∞ of the backflow v∞ is imposed in order to keep the
vertical position of the centre of gravity at zG = 0.

4.1. Relationships between unknown coefficients and the boundary condition at infinity
Using the continuity of velocities at the interface

v
R,e,(0)lm
|r=1 = vR,i,(0)lm

|r=1 , v
S,e,(0)lm
|r=1 = vS,i,(0)lm

|r=1 , v
T,e,(0)lm
|r=1 = vT,i,(0)lm

|r=1 (4.1)
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as well as the surface incompressibility condition

n(0) · (∇v(0) +∇Tv(0)) ·n(0) = 0, (4.2)

where n(0) = er, provides the following relationships between coefficients:

d3,e,(0)
lm =− l

l+ 2
d4,e,(0)

lm , (4.3)

d1,i,(0)
lm = l+ 1

l+ 2
d4,e,(0)

lm + d1,e,(0)
lm δl,1δm,0, (4.4)

d2,i,(0)
lm =− l− 1

l+ 2
d4,e,(0)

lm , (4.5)

c1,i,(0)
lm = c1,e,(0)

lm + c2,e,(0)
lm − c2,i,(0)

lm , (4.6)

where δi,j is the Kronecker symbol: δi,j = 1 for i = j, δi,j = 0 for i 6= j. Equation (4.2)
has been applied to the internal velocity to simplify the calculation. Indeed, in this
case, (4.2) can be written as (∂rv

R,i
lm )r=1 = 0 and then (l + 1)d2,i,(0)

lm = −(l − 1)d1,i,(0)
lm .

Note that the previous calculations of coefficients also provide (∂rv
R,e
lm )r=1 = −(l +

2)d3,e,(0)
lm − ld4,e,(0)

lm = 0.
Far from the vesicle, the velocity is fixed by the assumed backflow following (3.19):

d1,e,(0)
10 =

√
4π
3
v(0)∞ , (4.7)

p̄e,(0)
00 = 0. (4.8)

4.2. Determination of the mechanical tension and toroidal velocity
Using (3.18), the tangential component of the force due to tension

∇sγ
(0) =

∞∑
l=0

m=l∑
m=−l

γ
(0)
lm Slm (4.9)

has to equilibrate the tangential components of viscous stress at the interface

P · [[σ̄ (0)]] ·n=
∞∑

l=0

m=l∑
m=−l

[[∂rv
S,(0)
lm ]]Slm + [[∂rv

T,(0)
lm ]]T lm, (4.10)

where P = 1− n⊗ n is the projector onto the tangent plane. Note that S00 = T 00 = 0.
Projection of this mechanical equilibrium onto Slm relates mechanical tension

components with velocity components as

∀l > 1, γ
(0)
lm =

2(2l+ 1)
l(l+ 1)(l+ 2)

d4,e,(0)
lm . (4.11)

Projection of the mechanical equilibrium along the T lm components leads to the
following equation:

lc2,i,(0)
lm =−(l+ 1)c1,e,(0)

lm . (4.12)

Together with the continuity condition, this equation leads to

c1,i,(0)
lm = c1,e,(0)

lm = c2,i,(0)
lm = c2,e,(0)

lm = 0. (4.13)

The toroidal velocity is zero as expected for a spherical vesicle.
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4.3. Determination of the coefficients

On the one hand, mechanical equilibrium along the normal writes following (3.21):

n · [[σ̄ ]] ·n− 2
∞∑

l=0

m=l∑
m=−l

γlmYlm − Bo

√
4π
3

Y10 = 0. (4.14)

On the other hand, using the decomposition of the viscous stresses, the property
(∂rv

R,i/e
lm )r=1 = 0 determined in (4.1), (4.3) and (2.5), the relation is:

n · [[σ̄ ]] ·n=−p̄e,(0) + p̄i,(0)

= p̄i,(0)
00 Y00 − 2

∞∑
l=1

m=l∑
m=−l

d4,e,(0)
lm

[4l3 + 6l2 − 4l− 3]
l(l+ 1)(l+ 2)

Ylm. (4.15)

Using the decomposition of the mechanical tension (4.11), the two calculations of
normal equilibrium (4.14) and (4.15), one finds

d4,e,(0)
10 =−Bo

3

√
4π
3

(4.16)

d4,e,(0)
lm = 0 for (l,m) 6= (1, 0) (4.17)

p̄i,(0)
00 = 2γ (0)00 . (4.18)

This means that a gradient of mechanical tension exists along the membrane as
γ
(0)
10 6= 0. Finally, (3.8) yields

v(0)Γ ·n= 0= d1,e,(0)
10 + d3,e,(0)

10 + d4,e,(0)
10 =

√
4π
3

(
v(0)∞ −

2
9

Bo

)
. (4.19)

Thus, using (3.9), one recovers the well-known result for a rigid sphere:

V (0)
S =−v(0)∞ =−

2
9

Bo. (4.20)

To summarize, at zeroth order, the solution is

ve,(0) = 2
9

Bo

{[
1− 3

2r
+ 1

2r3

]
cos θer −

[
1− 3

4r
− 1

4r3

]
sin θeθ

}
, (4.21)

p̄e,(0) =− 1
3r2

Bo cos θ, (4.22)

vi,(0) = 0, (4.23)
p̄i,(0) = 2γ (0)00 , (4.24)

γ (0) = γ (0)00 −
1
3

Bo cos θ, (4.25)

where γ
(0)
00 is a constant of coupling between the zeroth and first order already

discussed in § 3.3. At zeroth order, the velocity and pressure are the classical solutions
for a creeping flow around a rigid sphere translated at a constant velocity v∞. Here,
the gradient of mechanical tension ensures that the sphere is a solution of the problem
at zeroth order.
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5. Solution at first order
The vesicle shape changes while the settling velocity changes from v(0)∞ to v(0)∞ + v(1)∞ ,

the value when the stationary state is attained.

5.1. Relationships between unknown coefficients and the boundary condition at infinity
At first order, the velocity continuity condition can be written as vi|r=1+u=ve

|r=1+u.
Using continuity at zeroth order, this condition is written equivalently as

vi,(1)|r=1 + u∂rvi,(0)|r=1 = ve,(1)|r=1 + u∂rve,(0)|r=1. (5.1)

Using the solution at zeroth order (4.21) and (B 17), and projecting onto the vector
spherical harmonics, one finds

v
R,i,(1)lm
|r=1 = vR,e,(1)lm

|r=1 (5.2)

v
S,i,(1)lm
|r=1 = vS,e,(1)lm

|r=1 − 1
3

Bo

[
αl+1,m

(l+ 1)
ul+1,m − αl,m

l
ul−1,m

]
(5.3)

v
T,i,(1)lm
|r=1 = vT,e,(1)lm

|r=1 + i
m

l(l+ 1)
ulm

1
3

Bo. (5.4)

The surface incompressibility writes (see (A 23)): (n ·D ·n)|r=1+u = 0. Using the
condition at zeroth order, one finds

(n(0) · ∂rD
(0)
·n(0))|r=1+ (n(1) ·D(0)

·n(0))|r=1

+ (n(0) ·D(0)
·n(1))|r=1+ (n(0) ·D(1)

·n(0))|r=1 = 0, (5.5)

where n(1) = −(∂θueθ + (1/ sin θ)∂φueφ). The simplest way to treat this condition
is to write it on the internal velocity field, where one then recovers the simple
condition:

∂rv
R,i,(1)lm
|r=1 = 0 ∀(l,m). (5.6)

Using both the continuity condition at first order (5.2) and the surface
incompressibility constraint at first order (5.6), one finds the following relationships
between coefficients:

d1,i,(1)
lm = l+ 1

2

[
δl,1δm,0d1,e,(1)

lm + 2
l+ 2

d4,e,(1)
lm

]
− l(l+ 1)(l+ 1)

2(l+ 2)
1
3

Bo

[
αl+1,m

(l+ 1)
ul+1,m − αlm

l
ul−1,m

]
(5.7)

d2,i,(1)
lm =− l− 1

l+ 2
d4,e,(1)

lm + l(l− 1)(l+ 1)
2(l+ 2)

1
3

Bo

[
αl+1,m

(l+ 1)
ul+1,m − αlm

l
ul−1,m

]
(5.8)

d3,e,(1)
lm =− l

(l+ 2)
d4,e,(1)

lm − l(l+ 1)
(l+ 2)

Bo

3

[
αl+1,m

(l+ 1)
ul+1,m − αlm

l
ul−1,m

]
(5.9)

c2,i,(1)
lm = c1,e,(1)

lm + i
m

l(l+ 1)
ulm

1
3

Bo. (5.10)

The boundary conditions on the fluid velocity and the pressure far from the vesicle
provide

d1,e,(1)
10 =

√
4π
3
v(1)∞ (5.11)
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p̄e,(1)
00 = 0. (5.12)

This is analogous to the zeroth-order case, see (4.7).

5.2. Mechanical equilibrium at first order
Up to first order, mechanical equilibrium reads:

[[σ̄ (0) + σ̄ (1)]]r=1+u ·(n
(0) + n(1))+ f m = 0. (5.13)

Expanding the viscous stresses and neglecting second-order contributions leads to the
following expression:

[[σ̄ (1)]]r=1 ·n
(0) + [[σ̄ (0)]]r=1 ·n

(1) + u∂r [[σ̄ (0)]]r=1 ·n
(0) + f (1)m = 0. (5.14)

The evaluation of the zeroth-order stress tensor at r = 1 + u yields the following
contribution:

∂r[[σ̄ (0)]] ·n(0) =
∑
l,m

[[−∂rp̄
(0)
lm + 2∂rrv

R,(0)
lm ]]Rlm +

[[
−∂rv

S,(0)
lm

r
+ ∂rrv

S,(0)
lm

]]
Slm.

(5.15)

The evaluation of the zeroth-order stress tensor with the first-order normal gives

[[σ̄ (0)]] ·n(1) =−∂θu[[∂rv
(0)
θ ]]er − [[−p̄(0)]]

∞∑
l=0

m=l∑
m=−l

ulmSlm. (5.16)

Inserting the decomposition of the position in the membrane force density due to
bending, the contribution at first-order reads:

f (1)b =−
∞∑

l=0

m=l∑
m=−l

l(l+ 1)(l− 1)(l+ 2)ulmYlmer. (5.17)

The contribution at first order of the force due to density jumps comes from a coupling
with the shape of the interface:

f (1)g =−Bou cos θer + Bo cos θ
∞∑

l=0

m=l∑
m=−l

ulmSlm. (5.18)

Finally, the contribution of the force due to mechanical tension is twofold: the
contribution of first order of the tension as well as a coupling of zeroth-order tension
with the shape:

f (1)γ =−2
∞∑

l=0

m=l∑
m=−l

γ
(1)
lm Rlm +

∞∑
l=0

m=l∑
m=−l

γ
(1)
lm Slm

− 2γ (0)
∞∑

l=0

m=l∑
m=−l

(l− 1)(l+ 2)
2

ulmRlm + 2γ (0)
∞∑

l=0

m=l∑
m=−l

ulmSlm

+
[
∂θu∂θγ

(0) + ∂φu∂φγ (0)

sin2θ

]
er − u

∞∑
l=0

m=l∑
m=−l

γ
(0)
lm Slm. (5.19)
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5.3. Determination of the mechanical tension and toroidal velocity
On the tangential plane defined by the projector P, the mechanical equilibrium thus
reads

u
∞∑

l=0

m=l∑
m=−l

[[∂rrv
S,(0)
lm ]]Slm +

∞∑
l=0

m=l∑
m=−l

[[∂rv
S,(1)
lm ]]Slm +

∞∑
l=0

m=l∑
m=−l

γ
(1)
lm Slm

+
∞∑

l=0

m=l∑
m=−l

Bo

3

[
αl+1,m

l+ 1
ul+1,m − αlm

l
ul−1,m

]
Slm

−
∞∑

l=0

m=l∑
m=−l

i
m

l(l+ 1)
ulm

Bo

3
T lm +

∞∑
l=0

m=l∑
m=−l

[[∂rv
T,(1)
lm ]]T lm = 0. (5.20)

Using the solution at zeroth order (4.21), one thus finds for the mechanical tension

∀l > 1, γ (1)lm =
2(2l+ 1)

l(l+ 1)(l+ 2)
d4,e,(1)

lm + (2l2 − 5)
(l+ 2)

Bo

3

[
αl+1,m

(l+ 1)
ul+1,m − αlm

l
ul−1,m

]
.

(5.21)

The toroidal velocity is determined by the projection of (5.20) onto the T lm, which
gives

c1,e,(1)
lm =−i

(l+ 4)
(2l+ 1)

m

l(l+ 1)
ulm

Bo

3
(5.22)

c2,i,(1)
lm = i

(l− 3)
(2l+ 1)

m

l(l+ 1)
ulm

Bo

3
. (5.23)

As expected, a toroidal velocity appears as soon as the shape is not axisymmetrical,
m 6= 0.

5.4. Determination of the unknown coefficients
The projection of the mechanical equilibrium (5.14) along the normal leads to

[[−p̄(1)lm + 2∂rv
R,(1)
lm ]] − 2γ (1)lm − l(l+ 1)(l− 1)(l+ 2)ulm

+ Bo

3
(l2 + l− 5)[ul−1,mαl,m + ul+1,mαl+1,m] − γ (0)00 (l− 1)(l+ 2)ulm = 0. (5.24)

Using the expression of the first-order mechanical tension (5.21), one finds

[[−p̄(1)lm + 2∂rv
R,(1)
lm ]] − 2γ (1)lm =−Dld

4,e,(1)
lm + El

Bo

3

[
αl+1,m

(l+ 1)
ul+1,m − αlm

l
ul−1,m

]
,

(5.25)

where the coefficients Dl and El have been introduced to simplify the expression:

Dl = 2
[

4l3 + 6l2 − 1
l(l+ 1)(l+ 2)

]
(5.26)

El = 4l3 + 5l2 + 2l+ 7
(l+ 2)

. (5.27)

Thus, normal equilibrium (5.24) permits us to determine the coefficients d4,e,(1)
lm :

d4,e,(1)
lm = [σl + βlγ

(00)
0 ]ulm + Bo

3
[alαl+1,mul+1,m + blαl,mul−1,m]. (5.28)
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Again, some coefficients have been introduced to simplify as follows

σl =− l(l+ 1)(l− 1)(l+ 2)
Dl

, (5.29)

βl =− (l− 1)(l+ 2)
Dl

, (5.30)

al =

[
El

(l+ 1)
+ (l2 + l− 5)

]
Dl

, (5.31)

bl =

[
(l2 + l− 5)− El

l

]
Dl

. (5.32)

Since the full solution at first order is a bit lengthy, it is reported in appendix D.
The global mechanical equilibrium of the vesicle is ensured by (3.23). Here, using

the formulation (3.24) and (5.28) for (l,m)= (1, 0), this provides

d4,e,(1)
10 = 0, (5.33)

u00 = 0+ O(ε2). (5.34)

This result was expected due to the constraint on the volume (3.10) where u00 scales
as |uj>2 |2.

6. Resulting shape dynamics equations
The equality between the membrane and bulk velocities provides the dependence

of mode amplitudes ulm with time. Indeed, using (4.21) as well as (D 1), the mode
evolution equation reads as follows for each mode:

∂u00

∂t
= 0, (6.1)

∂u1j

∂t
= d1,e,(1)

1j + d3,e,(1)
1j + d4,e,(1)

1j , j=−1, 0, 1, (6.2)

∀l > 2,
∂ulm

∂t
= d3,e,(1)

lm + d4,e,(1)
lm . (6.3)

Consider the mode l= 1 corresponding to translation as determined in (3.5):

∂u11

∂t
= 0, (6.4)

∂u10

∂t
=
√

4π
3
v(1)∞ −

1
9

Boα20u20 − 4
9

Boα10u00, (6.5)

where u00 is in fact of second order and has to be deleted in this linear analysis. The
centre of mass G belongs to the z-axis. As already discussed, the contribution of the
shape change (or first order) to the stationary settling velocity is defined by

V (1)
S =−v(1)∞ =−

2
9

Bo
u20√
20π

. (6.6)

This form of first-order velocity is consistent with the following symmetry argument:
if the Bond number is reversed (Bo →−Bo), the shape coefficients are expected to
be modified by the following transformation: (u2l,m)→ (u2l,m), (u2l+1,m)→ (−u2l+1,m)
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for l > 1. On the other hand, the stationary settling velocity is expected to follow the
same transformation as the Bond number (v∞→−v∞). Thus, only the combinations
that are odd symmetric under Bond reversal are expected in the expression of the
settling velocity. Moreover, as expected, a prolate vesicle (u20 > 0) falls faster than an
oblate vesicle (u20 < 0).

The shape evolution is given by the evolution equations of higher modes (l > 2):

∂ulm

∂t
= 2(σl + βlγ

(0)
00 )

l+ 2
ulm + 2Bo

3(l+ 2)
(ãlαl+1,mul+1,m + b̃lαl,mul−1,m) (6.7)

with ãl = al − l/2 and b̃l = bl + (l + 1)/2. With the correction to the settling velocity,
this is the main result of this paper. As b̃2 = 0, the shape equation is invariant with the
location of the centre of mass G, which was expected. In the case l = m, αll = 0, and
thus the last term vanishes.

The last unknown is the homogeneous part γ (0)00 of the mechanical tension which
ensures the global conservation of the excess area. Here γ (0)00 may be determined by
the equation (3.11) on the excess area ∆ (Seifert 1999), but in this case, only an
implicit expression can be found, and computing γ (0)00 requires us to solve this implicit
expression numerically. On the other hand, one can fix the initial excess area 1(t = 0)
and write the equivalent equation ∂t1 = 0 as done in previous works (Seifert 1999;
Farutin et al. 2010). In this case, an explicit expression for γ (0)00 can be derived as

γ
(0)
00 =−

∑
l,m(l− 1)(σl|ulm|2+Bo

3
[ãlαl+1,mRe(ul+1,mu∗lm)+ b̃lαl,mRe(ul−1,mu∗l,m)])∑

l,m(l− 1)βl|ulm|2
,

(6.8)

where Re(u) is the real part of u. This is the procedure retained here, to calculate γ (0)00 .
The system of equations describing the dynamics of modes of deformation (6.7) can

then be integrated numerically together with (6.8). A typical evolution of the modes
of deformation is shown in figure 2, for two different initial conditions: in both cases,
the Bond number is 45 and the excess area is ∆ = 0.27. Case 1 corresponds to an
initial condition composed of a pure mode u70 = 0.1, while case 2 corresponds to a
pure mode u20 = 0.37. After a transient state, the deformation amplitudes saturate and
the vesicle reaches a stationary state. The different families of solutions are discussed
in the following section.

7. Stationary shapes
In this section, computations of (6.7) are presented and compared with the results

obtained with a novel code which is a three-dimensional algorithm based on a
boundary integral method with a triangulation of the surface. Its originality comes
from the way of computing bending forces and the mechanical tension produced by
membrane incompressibility (Boedec et al. 2011). As noted in § 6, in the absence of
gravity, the analysis presented here recovers previous theoretical works on stationary
shapes, in the simplest modelling of the surface (local curvature energy (2.6) with area
and volume constraint) (Seifert, Berndl & Lipowsky 1991; Seifert 1997): whatever the
initial condition is, the stationary shape involves only the second-order harmonics u2,m.
For an excess area inferior to 5.27, two families of solutions exist: prolate shapes and
oblate shapes. These stationary shapes serve as initial conditions for the simulations
of (6.7) performed hereafter.
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FIGURE 2. (Colour online available at journals.cambridge.org/flm) (a) Evolution dynamics
of modes of deformation starting with two different initial conditions (case 1: u70 = 0.1;
case 2: u20 = 0.37) as a function of dimensionless time. The stationary shape reached after an
initial transient is the same. (b) Shapes corresponding to the initial conditions (case 1/case 2)
and stationary shape reached after t̃ ∼ 2.5.

7.1. Stationary axisymmetric shapes: two families of solutions
For a wide range of Bond numbers and excess area, vesicles develop stationary
axisymmetric shapes, which may be classified as a function of the initial condition.
Vesicles starting with a prolate shape with axis of symmetry parallel to the axis of
gravity evolve toward a ‘pear-like’ shape (figure 3). Vesicles starting with an oblate
shape with axis of symmetry parallel to the axis of gravity evolve to a ‘parachute-like’
shape (figure 4), reminiscent of the shapes observed in a capillary (Risso et al. 2006)
or in parabolic flows.

These shapes are qualitatively similar to what is observed in the transient state in
falling droplets (Koh & Leal 1989, 1990). However, for drops, no stationary shapes
except the sphere exist. The sphere is unstable to finite perturbations at finite capillary
number and develops either a growing tail (for a prolate initial condition) or a growing
cavity (for an oblate initial condition). Both shapes continue to evolve in time, until
destabilization and drop breakup. In the case of a vesicle, the surface incompressibility
constraint (together with the conservation of enclosed volume) prevents an unbounded
growth of the shape. However, surface incompressibility alone is not enough to fully
determine the shape: the modes of deformation involved in the shape are selected by
the bending rigidity. For settling capsules, bending rigidity should also stabilize their
shapes.

The results of theory are compared with numerical simulations in figures 3 and 4.
In the limit of small excess area, which is the expected domain of validity of the
theory, the results compare very well, given the fact that the theory is made without
any adjustable parameter. When the excess area is increased, the overall shape is still
qualitatively good, but some discrepancies are found at the rear of the vesicle, where
the influence of nonlinearities is more visible.

http://journals.cambridge.org/flm
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FIGURE 3. (Colour online) Comparison of theoretical results (full line) with numerical
results (crosses) for the prolate shape. The reference sphere is also plotted. The parameters
used here are (a) ∆= 0.04, Bo = 24.5 and (b) ∆= 0.17, Bo = 49.

The mode evolution equation (6.7) as well as the equation determining the
homogenous part of the tension (6.8) are invariant under the change (ulm)→ (−ulm)

for l > 1. This symmetry implies the existence of two families of solutions: if
a shape described by a set of modes (ulm)l>2 is a solution of (6.7), then the
shape constituted by the set of modes (−ulm)l>2 is a solution as well. The case
of the first harmonic u10 is special, since this mode corresponds to translations
in the z direction. The evolution of this harmonic depends solely on the choice
of the counterflow velocity v∞. If one chooses a counterflow velocity v∞ which
is opposite to the instantaneous settling velocity, then the centre of mass does
not translate vertically and u10 = 0. Yet, this choice is somehow unphysical, since
it would require an instantaneous modification of the counterflow such that it
adapts to the instantaneous shape. On the other hand, one can choose, as we do
here, a counterflow velocity such that ∂u10/∂t vanishes only in the stationary state.
In this configuration, the centre of mass slightly translates during the evolution
of the deformation. This translation is given by integration of the difference
between the instantaneous settling velocity and the settling velocity of the stationary
shape:

u10(t)=
∫ t

0

∂u10

∂t
dτ =

∫ t

0

√
4π
3
v∞,(1) − 1

9
Boα20u20(τ ) dτ. (7.1)
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FIGURE 4. (Colour online) Comparison of theoretical results (full line) with numerical
results (crosses) for the oblate shape. The reference sphere is also plotted. The parameters
used here are (a) ∆= 0.04, Bo = 24.5 and (b) ∆= 0.17, Bo = 34.

Since the counterflow velocity is given by V∞,(1) = 2/9Bo(u20/
√

20π) only the
evolution of the harmonic u20 determines the translation:

u10(t)= 2

9
√

20π
Bo

∫ t

0
(u20(∞)− u20(τ )) dτ. (7.2)

Thus, if one considers two initial conditions (ulm, ũlm) with opposite coefficients
ulm = −ũlm, the translations u10(t) and ũ10(t) will be opposite as well: u10(t) = −ũ10(t).
To illustrate this, let us consider two initial conditions composed only of a mode
u20, one prolate and one oblate. For both cases, the amplitude of u20 will decrease
with time, as higher harmonics are excited. For the prolate case, this means that
the transient shapes fall faster than the stationary shape. Thus, the vesicle translates
downwards. For the oblate case, this means that the transient shapes fall slower than
the stationary shape, and thus the vesicle translates upwards. Yet, the translations are
related to each other since all of the other modes evolution is symmetric. Thus, the
final values of the translations are opposite of each other. Finally, including the first
harmonic in the description of the shape, if a set of mode (ulm)l>1 is a solution
to (6.7), then the set of modes (−ulm)l>1 is a solution as well. In the axisymmetric
case, this symmetry corresponds to the existence of both the prolate family of solution
(characterized by u20 > 0) and the oblate family of solution (characterized by u20 < 0).

For a given set of the parameters (∆,Bo), the stationary solution reached depends
only on the initial condition. Since this initial condition may involve a large number
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of modes, it is not possible to give a simple description of the basins of attraction of
each family. However, a better understanding of the two families of solutions in the
axisymmetric case may be gained by inspecting the solutions of (6.7) when the shape
is truncated to the first two modes involved in the deformation (namely, (u20, u30)).
This truncation is expected to be valid in the small-Bond-number limit. We thus
proceed to solve the system of equations:

∂u20

∂t
= 1

2
[σ2 + β2γ

(0)
00 ]u20 + Bo

6
ã2α3,0u30, (7.3)

∂u30

∂t
= 2

5
[σ3 + β3γ

(0)
00 ]u30 + 2Bo

15
b̃3α3,0u20. (7.4)

Writing the variables as u20 = √(∆/2) cosψ, u30 = √(∆/5) sinψ satisfies
automatically the constraint ∆= 2u2

20 + 5u2
30. Using (7.3), one can derive the following

evolution equation for the single variable ψ :

∂ψ

∂t
= 2
√

50
7∆

Bo

√
7(5cos2ψ − 1)− 252

√
2 cosψ sinψ

275− 114cos2ψ
. (7.5)

Four stationary solutions of this system are found:

ψs,1 =− arctan

(
2[9√14−√1134+ B2

o]
Bo

)
, (7.6)

ψs,2 = π− arctan

(
2[9√14−√1134+ B2

o]
Bo

)
, (7.7)

ψu,1 = π− arctan

(
2[9√14+√1134+ B2

o]
Bo

)
, (7.8)

ψu,2 =− arctan

(
2[9√14+√1134+ B2

o]
Bo

)
. (7.9)

The evolution of ∂ψ/∂t as a function of ψ is represented in figure 5 for several
Bond numbers and shows the two stable fixed points corresponding to ψs as well
as the two unstable fixed points corresponding to ψu. The basin of attraction of the
solution ψs,1 is the set ]ψu,2, ψu,1[, and the basin of attraction of the solution ψs,2

is the set ]ψu,1, ψu,2[. These basins of attraction depend on the Bond number as
well. In the general case, it is necessary to integrate the system (6.7) numerically
to determine whether the stationary shape belongs to the prolate or to the oblate
family.

7.2. Influence of the excess area and Bond number
The first two terms in the equation governing the deformation (6.7) correspond to
relaxing terms due to bending and global surface incompressibility. If no gravity is
involved, these terms balance each other for the second-order harmonic u20, leading
to equilibrium shapes (Seifert 1997): prolate shapes for u20 > 0 and oblate shapes for
u20 < 0. The inclusion of gravity induces linear coupling between modes in the form
of forcing terms: both ul+1,m and ul−1,m are involved in the evolution equation of the
mode ulm. This is different from the results for a vesicle in linear flows (Seifert 1999;
Lebedev et al. 2008; Farutin et al. 2010), where the coupling of modes acts at next
order. In the present case, the origin of the coupling is twofold: on the one hand, the
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FIGURE 5. (Colour online) Time derivative of the reduced variable ψ as a function of ψ
(see (7.5)). Stable equilibria are represented by circles and unstable equilibria by crosses
(see (7.6)).

gravity terms acts on the deformed surface (r = 1 + u(θ, φ)) rather than on the sphere.
On the other hand, the zeroth order induces a non-trivial velocity field as well as a
mechanical tension, and thus the deformation is immersed into an ‘imposed’ external
straining field. The intensity of the forcing terms scales like the Bond number, thus
if this number is high enough, the forcing terms will become sufficient to overcome
relaxing terms. Thus, higher modes than u20 will become involved in the shape of
the vesicle with an increasing Bond number. This evolution is represented in figure 7:
when the Bond number raises, the tail at the rear of the pear shape is more and more
pronounced, as shown in figure 7(a). Second-order harmonic contribution decreases,
while higher harmonics increases, as a result of the forcing exerted by the coupling
terms in (6.7). ‘Parachute-like’ (figure 7b) shapes follow a similar trend with an
increasing Bond number: the domain of opposite curvature at the rear increases, while
the front adopts a quasispherical shape, which is also characteristic of the decrease of
the second-order harmonic in favour of higher harmonics.

The influence of the excess area is shown in figure 8. For a fixed Bond number, the
excess area governs the deformability of the vesicle: in the limit of a vanishing excess
area, the vesicle behaves like a sphere with a volume and surface constraint, that is,
like a rigid body.

As the Bond number increases, the amplitude of the variations of the mechanical
tension increases as well, as shown in figure 6. This is due to the dominant zeroth-
order term γ (0) given by (4.21), which increases linearly with the Bond number. The
influence of the deformation can be observed by comparing the tension on the prolate
shape with the tension on the oblate shape at the same Bond number. The difference
between the two curves depends only on the deformation, since the zeroth order is the
same for prolate and oblate. This difference is not negligible, even at moderate Bond
number: for Bo = 25, the amplitude of variation of γ is roughly 10 % higher in the
prolate case than in the oblate case. The greatest influence of the deformation on the
mechanical tension is located at the top of the vesicle (θ = 0).
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FIGURE 6. (Colour online) Mechanical tension as a function of the angle θ in the
axisymmetric case (∆ = 0.05), plotted for several values of the Bond number for the two
families of solution (oblate and prolate). The curves are obtained by combining (4.21), (5.21)
and (6.8) with (5.28) and using the values reported in table 1 for the amplitudes of
deformation.

7.3. Non-axisymmetric stationary shapes

Both ‘pear-like’ and ‘parachute-like’ shapes described in § 7.1 are axisymmetric.
However, inspection of the mode evolution equation (6.7) shows that non-
axisymmetric solutions also exist. There is no direct interaction between azimuthal
modes: i.e. a mode ulm does not interact linearly with modes ul′m′ for m′ 6= m
(see (6.7)). The only coupling is through the homogenous part of the tension γ

(0)
00 .

In particular, if the starting condition is composed of pure non-axisymmetric modes
(for instance, a condition with u22 6= 0), a non-axisymmetric stationary shape develops.
This has also been observed in numerical simulations, where a prolate with axis
of symmetry perpendicular to the axis of gravity is chosen as initial condition. In
this case, a non-axisymmetric shape is obtained as a stationary shape. This shape,
represented in figure 9, is very specific of the vesicle system. As a consequence of the
non-axisymmetry of the stationary shape and of the fluidity of the membrane, surface
circulations of lipids develop onto the membrane. Both ingredients are necessary to
allow such surfacic flows to take place: these four ‘vortices’ onto the surface would
not be possible if the membrane had a reference configuration for elastic deformations,
such as capsules (liquid drop enclosed into an hyperelastic shell). Moreover, if the
shape is axisymmetric, the incompressibility condition prevents any recirculations.
This can be seen in the expression of the toroidal component of the velocities (see
appendix D), reported here for clarity:

〈ve,(1) | T lm〉 = −i
(l+ 4)
(2l+ 1)

m

l(l+ 1)
ulm

Bo

3
r−(l+1) (7.10)

〈vi,(1) | T lm〉 = i
(l− 3)
(2l+ 1)

m

l(l+ 1)
ulm

Bo

3
rl. (7.11)
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FIGURE 7. (Colour online) Influence of the Bond number on the deformation at fixed excess
area (∆ = 0.405) in the (a) prolate case and (b) oblate case. The shapes represented are
obtained by numerical integration of (6.7).

The intensity of the surface velocities depends linearly on the azimuthal wavenumber
m, thus for axisymmetric shapes (m= 0), these velocities vanish.

8. Conclusion and discussion
The deformation of a quasispherical vesicle settling into an infinite flow at rest

has been studied. All of the variables of the problems are expanded onto spherical
harmonics, and the coupling between the flow and the mechanics of the membrane
is solved up to first order in the deformation parameter. This permits us to obtain
an evolution equation (6.7) for the modes of deformation, which is the main result
of this paper. Unlike results for vesicle immersed into a linear external flow field
(Seifert 1999; Lebedev et al. 2008; Farutin et al. 2010), where the coupling between
modes involves nonlinear interaction, equation (6.7) shows that the modes ul+1,m, ul−1,m

act as linear forcing terms for the mode ul,m. The forcing intensity scales linearly
in Bond number and, thus, as the Bond number increases, the forcing terms become
eventually sufficient to overcome the relaxing terms due to bending and global surface
incompressibility constraint. Thus, for a fixed excess area, increasing the Bond number
increases the number of modes involved in the shape. As a result on the shape, a
growing tail for a prolate shape and a growing cavity for an oblate shape are observed
when increasing the Bond number. On the other hand, increasing the available excess
area at fixed Bond number enhances the deformability of the vesicle.

The simulations performed in § 7 show that several families of stationary shapes
exist. This is a specificity of the vesicle system, since the surface incompressibility
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FIGURE 8. (Colour online) Influence of the excess area for a fixed Bond number (Bo = 75)
on the deformation in the (a) prolate case and (b) oblate case. The shapes represented are
obtained by numerical integration of (6.7).

constraint prevents an unbounded growth of the shape (in contrast to drops). However,
surface incompressibility alone is not sufficient: the bending rigidity is necessary to
select the active modes. These stationary shapes have their own basin of attraction,
depending on the initial condition: prolate shapes with the axis of symmetry parallel
to gravity deform into ‘egg-like’ and ‘pear-like’ shapes already observed in an
analogous experimental configuration (Chatkaew et al. 2009), oblate shapes with axis
of symmetry parallel to gravity deform into ‘parachute-like’ shapes. Finally, a non-
axisymmetric stationary shape also exists. For instance, initially prolate shapes with
axis of symmetry perpendicular to gravity deform into non-axisymmetric shapes. This
shows the peculiar behaviour of the fluid membrane: having no reference positions, the
lipids onto the membrane can flow freely along it, leading to surface recirculations. In
a non-axisymmetric shape, four vortices are identified, two are shown in figure 9(a).

The comparison of the quasispherical theoretical analysis presented here with
numerical results based on a three-dimensional boundary element method algorithm
shows a good quantitative agreement for small excess area, which is the limit
of validity of the theory. For larger excess area, results given by theory are still
qualitatively correct, but not quantitatively correct, since nonlinearities can no longer
be neglected. However, the theory presented here could be used in the small excess
area limit as a test case for a quantitative validation of a code tailor-made for
vesicles. These test cases are scarce: equilibrium shapes, dynamics of relaxation and
asymptotic behaviour in shear flow. The advantage of this setup is that it addresses
both features of the vesicle in a unique test: as discussed, the surface incompressibility
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FIGURE 9. (Colour online) (a) Non-axisymmetric shape obtained with the three-dimensional
code. Green arrows represent the velocity in a frame attached to the centre of gravity. Blue
arrows represent the membrane velocities in the same frame. Membrane velocities are of unit
length to better show the recirculations. (b) Non-axisymmetric stationary shape obtained with
theory.

∆ Bo u00 u20 u30 u40 u50 u60 u70

0.05 5 −0.00704 0.15727 0.01476 0.00074 0 0 0
0.05 15 −0.00640 0.14489 0.04065 0.00605 0.00057 0.00040 0
0.05 25 −0.00549 0.12582 0.05839 0.01431 0.00221 0.00024 0.00002
0.05 35 −0.00463 0.10598 0.06801 0.02291 0.00487 0.00072 0.00008
0.10 5 −0.01410 0.22256 0.02089 0.00104 0.00003 0 0
0.10 15 −0.01281 0.20503 0.05753 0.00857 0.00080 0.00005 0
0.10 25 −0.01099 0.17804 0.08262 0.02025 0.00313 0.00003 0
0.10 35 −0.00927 0.14997 0.09624 0.03242 0.00689 0.00102 0.00011
0.15 5 −0.02106 0.27201 0.02553 0.00128 0.00004 0 0
0.15 15 −0.01914 0.25059 0.07031 0.10470 0.00098 0.00006 0
0.15 25 −0.01641 0.21761 0.10098 0.02475 0.00382 0.00041 0.00003
0.15 35 −0.01385 0.18330 0.11763 0.03963 0.00843 0.00124 0.00014

TABLE 1. Numerical values of the spherical harmonics coefficients describing the
stationary shapes obtained with resolution of (6.7) with N = 12 modes. The coefficients
listed here are for prolate shapes. As noted in 7.2, oblate shapes correspond to the same
coefficients transformed by (ulm)→ (−ulm) for l > 1.

and the bending are indispensable to obtain stationary settling shapes. In this way, the
contribution of this paper can also be considered as a supplementary step to obtain
quantitative numerical results. In this perspective to establish another relevant test case,
several numerical values describing the shapes are provided (table 1) for various Bond
numbers and excess area.

To conclude, let us discuss the experimental feasibility of this setup. As was
shown by Chatkaew et al. (2009), analogous shapes can be observed with a
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Cs 0.1 mM 5 mM 100 mM 500 mM

R0
5 µm 0.001 0.05 1 5
10 µm 0.020 1 20 100
25 µm 0.78 39 780 3900

TABLE 2. Numerical values of Bond number Bo of a vesicle with a radius R0 in the
symmetrical case of sugar concentration Cs outside (glucose) and inside (sucrose).

different configuration but close from a hydrodynamic point of view. Consider
now an experiment of vesicle falling. As has been demonstrated in § 7, three
parameters control the shapes observed: the excess area, the Bond number and
the initial condition. Experimentally, deflated vesicles are chosen Deschamps et al.
(2009) or the excess area is increased by rising the external solute concentration
(Chatkaew et al. 2009). Finally, the excess area varies such as ∆ ∈ [0, 2], see for
instance Deschamps et al. (2009). The Bond number is more easily controlled and
modified on a large range. Usually, bulk solutions contain inside sucrose of molar
mass Msucr = 342 g mol−1 and outside glucose Mgluc = 180 g mol−1. For the sake of
simplicity, the external and internal concentrations are equal to Cs and, moreover,
g = 9.8 m s−2 and EB = 8 × 10−20 J, a typical value of the bending modulus of lipid
bilayer (Seifert 1997). Using the jump density 1ρ = ρi−ρe = (Msucr−Mgluc)Cs, several
values of the Bond number (2.21) are provided in table 2. The Bond number which
ensures the validity of our analytical results (Bo ≈ 20 for a moderate excess area, see
figure 3) is in the realistic range of millimolar concentrations. Finally, the point which
is probably the most difficult in experiments is the control of the initial condition,
as it will determine which stationary shape is selected. Currently, this seems to be a
challenge.
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Appendix A. Differential geometry and expansion of geometrical quantities in
the quasispherical approximation

Considering a surface parametrized by the spherical curvilinear coordinates (θ, φ),
the position of any point on the surface is given by

[0,π] × [0, 2π] → R3 (A 1)
(θ, φ)→ x(θ, φ). (A 2)

In the quasispherical approximation, the position is assumed to be (with |u(θ, φ)| �
1):

x(θ, φ)= R0(1+ u(θ, φ))er. (A 3)

The tangent vectors are defined by

t i = ∂x
∂αi

, αi = (θ, φ). (A 4)
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In the quasispherical approximation, they reads explicitly up to first order as follows:

tθ = R0eθ + R0(∂θuer + ueθ)+ O(u2) (A 5)

tφ = R0 sin θeφ + R0(∂φuer + u sin θeφ)+ O(u2). (A 6)

The tangent vectors define a plane, and the unit normal to this plane is defined by

n= tθ ∧ tφ
|tθ ∧ tφ| . (A 7)

Its expansion in quasispherical approximation reads as

n= er −
(
∂θueθ + 1

sin θ
∂φueφ

)
+ O(u2). (A 8)

The metric tensor (G) coefficients gij are defined by gij = t i · t j and the determinant g
of G is related to the infinitesimal element of area

dS=√g dθ dφ. (A 9)

In the quasispherical approximation, they are expanded as

G =
(

R2
0 0

0 R2
0sin2θ

)
+
(

2uR2
0 0

0 2uR2
0sin2θ

)
+ O(u2) (A 10)

g= det(G)= R4
0sin2θ(1+ 4u)+ O(u2). (A 11)

The curvature tensor coefficients bij are defined by

bij =−n · ∂t i
∂αj

(A 12)

and thus the curvature tensor B is expanded as

B =
(

R0 0
0 R0sin2θ

)
+
(

R0 (u− ∂θθu) 0
0 R0

(
usin2θ + ∂θu sin θ cos θ − ∂φφu

))
+O(u2). (A 13)

Mean curvature H and Gaussian curvature K, which are invariants of the mixed
curvature tensor B, can be written as

2H = Tr(bβα)= gαβbαβ, (A 14)
K = det(gαγ bγβ), (A 15)

where gαβ are the coefficients of the inverse metric. In the quasispherical
approximation, curvature invariants thus expand as follows:

H = 1
R0
− 1

R0

(
u+ 1

2
∆su

)
+ O(u2), (A 16)

K = 1
R0
− 1

R0
(2u+∆su)+ O(u2). (A 17)

The surface gradient ∇s of a scalar field f or of a vectorial field v is such that

df =∇sf · dx=
(
∂f

∂αi
t i

)
· dαjt j, (A 18)
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dv=∇sv · dx=
(
∂v
∂αi
⊗ t i

)
· dαjt j. (A 19)

Its expansion in quasispherical approximation thus reads as

∇sf = ∂θ f eθ + ∂φf eφ + [−u(∂θ f eθ + ∂φf eφ)+ (∂θu∂θ f + ∂φu∂φf )er] + O(u2).

(A 20)

The surface divergence of a vectorial field v is defined by

∇s ·v=∇sv : G. (A 21)

Using this definition, the surface divergence can be written as

∇s ·v= (δij − ninj)∂ivj = ∂ivi − ninj∂ivj. (A 22)

Thus, for a velocity field incompressible in the bulk, ∂ivi = 0 and the surface
incompressibility constraint reads as

∇s ·v=−n ·D ·n= 0 (A 23)

where D = (1/2)(∇v+∇Tv) is the rate of deformation tensor.
The Laplace–Beltrami operator over the surface is defined by

∆sf = 1√
g

∂

∂αi

(
gij√g

∂f

∂αj

)
. (A 24)

Thus, expansion at zeroth order reads as

∆sf = ∂θθ f + 1

sin2θ
∂φφf + cos θ

sin θ
∂θ f + O(u). (A 25)

It is not necessary to expand it further, since it will only be used in the computation of
∆sH, and derivatives with respect to (θ, φ) of zeroth order of curvature vanish.

Appendix B. Spherical harmonics
Scalar angular functions f (θ, φ) are decomposed onto a spherical harmonics basis

f (θ, φ)=
∞∑

l=0

m=l∑
m=−l

flmYlm(θ, φ), (B 1)

where Ylm(θ, φ) satisfies the following equation:

∆(θ,φ)Ylm = ∂θθYlm + cot θ∂θYlm + 1

sin2θ
∂φφYlm =−l(l+ 1)Ylm. (B 2)

The solutions of this equation reads explicitly as

Ylm(θ, φ)= (−1)m
√

2l+ 1
4π

(l− |m|)!
(l+ |m|)!Plm(cos θ)eimφ, (B 3)

where Plm are the associated Legendre polynomials.
The expansion coefficients flm are obtained by integration onto the sphere:

〈f (θ, φ) | Y∗lm〉 =
∫
Ω

f (θ, φ)Y∗lm dΩ = flm, (B 4)

where dΩ = r2 sin θ dθ dφ is the element of area on the sphere.
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The following recurrence relations for spherical harmonics are used in the remainder
of the paper:

cos θYlm = αl+1,mYl+1,m + αlmYl−1,m, (B 5)
sin θ∂θYlm = lαl+1,mYl+1,m − (l+ 1)αlmYl−1,m, (B 6)

cos θ∂θYlm = αl+1,m

(
l− m

l+ 1− m

)
∂θYl+1,m + αl,m

(
l+ m+ 1

l+ m

)
∂θYl−1,m, (B 7)

sin θYlm =− αl+1,m

l+ 1− m
∂θYl+1,m + αl,m

l+ m
∂θYl−1,m, (B 8)

with

αlm =
√

l2 − m2

(2l)2−1
. (B 9)

Vectorial functions v are decomposed onto vector spherical harmonics (e.g. Morse &
Feshbach 1953)

v=
∞∑

l=0

m=l∑
m=−l

[vR
lm(r)Rlm(θ, φ)+ vS

lm(r)Slm(θ, φ)+ vT
lm(r)T lm(θ, φ)], (B 10)

where we follow here (Barrera et al. 1985) for the definition of Rlm,T lm,Slm (the
harmonics are not normalized, since it will simplify some calculations afterwards):

Rlm(θ, φ)= Ylm(θ, φ)er (B 11)

Slm(θ, φ)= r∇Ylm(θ, φ)= ∂θYlmeθ + 1
sin θ

∂φYlmeφ (B 12)

T lm(θ, φ)= r∇ ∧ Rlm(θ, φ)= 1
sin θ

∂φYlmeθ − ∂θYlmeφ. (B 13)

This set of harmonics is orthogonal∫
Ω

Rlm ·S∗jkdΩ =
∫
Ω

Rlm ·T∗jk dΩ =
∫
Ω

Slm ·T∗jk dΩ = 0 (B 14)

and the following relations hold:∫
Ω

Rlm ·R∗jk dΩ = δljδmk (B 15)∫
Ω

Slm ·S∗jk dΩ =
∫
Ω

T lm ·T∗jk dΩ = l(l+ 1)δljδmk (B 16)

where
∫
Ω
A ·B∗ dΩ = 〈A | B〉 denotes the Hermitian product between the vectors A,B.

To compute some coupling terms between zeroth and first order, the following
relation is useful:

u sin θeθ =
∞∑

l=0

m=l∑
m=−l

[
αl+1,m

(l+ 1)
ul+1,m − αl,m

l
ul−1,m

]
Slm − i

m

l(l+ 1)
ulmT lm. (B 17)
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Appendix C. Solution to Stokes equation in spherical coordinates
The velocity field is expanded onto vector spherical harmonics:

v=
∞∑

l=0

m=l∑
m=−l

[vR
lm(r)Rlm(θ, φ)+ vS

lm(r)Slm(θ, φ)+ vT
lm(r)T lm(θ, φ)]. (C 1)

The divergence of this velocity field reads as

∇ ·v=
∞∑

l=0

m=l∑
m=−l

[
1
r2
∂r(r

2vR
lm)− l(l+ 1)

vS
lm

r

]
Ylm. (C 2)

Thus, mass conservation imposes a relationship between the components vR
lm and vS

lm:

vS
lm =

1
l(l+ 1)

1
r
∂r(r

2vR
lm). (C 3)

Then, the pressure field is expanded onto spherical harmonics:

p=
∞∑

l=0

m=l∑
m=−l

plm(r)Ylm(θ, φ). (C 4)

Its gradient thus reads as

∇p=
∞∑

l=0

m=l∑
m=−l

[
∂rplm(r)Rlm + plm

r
Slm

]
. (C 5)

The Stokes equation can thus be written as

1v−∇p=
[

1
r
∆r

(
rvR

lm

)− ∂rplm

]
Rlm +

[
1
r
∂r

(
r

l(l+ 1)
∆r

(
rvR

lm

))− plm

r

]
Slm

+∆rv
T
lmT lm, (C 6)

where we introduce the operator ∆r defined by

∆rf = ∂rrf + 2
r
∂rf − l(l+ 1)

r2
f . (C 7)

Projection of (C 6) thus leads to the following system of equations:

1
r
∆r(rv

R
lm)− ∂rplm = 0 (C 8)

1
r
∂r

(
r

l(l+ 1)
∆r(rv

R
lm)

)
− plm

r
= 0 (C 9)

∆rv
T
lm = 0 (C 10)

the solutions of which reads as

vT
lm = c1

lmr−(l+1) + c2
lmrl (C 11)

vR
lm = d1

lmr(l−1) + d2
lmr(l+1) + d3

lmr−(l+2) + d4
lmr−l (C 12)
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vS
lm =

1
l(l+ 1)

[(l+ 1)d1
lmr(l−1) + (l+ 3)d2

lmr(l+1)

− ld3
lmr−(l+2) − (l− 2)d4

lmr−l] (C 13)

plm = 2
l(l+ 1)

[(2l+ 3)(l+ 1)d2
lmrl + l(2l− 1)d4

lmr−(l+1)]. (C 14)

Appendix D. Velocity and pressure fields at first order
The solution at first order is summarized here, keeping the coefficients dlm, clm for

clarity:

ve,(1) =
∞∑

l=1

m=l∑
m=−l

(√
4π
3
v(1)∞ δl,1δm,0 + d3,e,(1)

lm r−(l+2) + d4,e,(1)
lm r−l

)
Rlm + c1,e,(1)

lm r−(l+1)T lm

+ 1
l(l+ 1)

(−ld3,e,(1)
lm r−(l+2) − (l− 2)d4,e,(1)

lm r−l)Slm (D 1)

p̄e,(1) =
∞∑

l=1

m=l∑
m=−l

2(2l− 1)
(l+ 1)

d4,e,(1)
lm r−(l+1)Ylm (D 2)

vi,(1) =
∞∑

l=1

m=l∑
m=−l

(d1,i,(1)
lm r(l−1) + d2,i,(1)

lm r(l+1))Rlm + c2,i,(1)
lm rlT lm

+ 1
l(l+ 1)

((l+ 1)d1,i,(1)
lm r(l−1) + (l+ 3)d2,i,(1)

lm r(l+1))Slm (D 3)

p̄i,(1) =
∞∑

l=1

m=l∑
m=−l

2(2l+ 3)
l

d2,i,(1)
lm rlYlm (D 4)

with

d1,i,(1)
lm = l+ 1

2
δl,1δm,0v

(1)
∞

√
4π
3
+ l+ 1

l+ 2

{
[σl + βlγ

(0)
00 ]ulm

+ Bo

3

[(
al − l

2

)
αl+1,mul+1,m +

(
bl + l+ 1

2

)
αl,mul−1,m

]}
(D 5)

d2,i,(1)
lm = −(l− 1)

l+ 2

{
[σl + βlγ

(0)
00 ]ulm

+ Bo

3

[(
al − l

2

)
αl+1,mul+1,m +

(
bl + l+ 1

2

)
αl,mul−1,m

]}
(D 6)

d3,e,(1)
lm = −l

l+ 2

{
[σl + βlγ

(0)
00 ]ulm

+ Bo

3

[
(al + 1)αl+1,mul+1,m +

(
bl − l+ 1

l

)
αl,mul−1,m

]}
(D 7)

d4,e,(1)
lm = [σl + βlγ

(0)
00 ]ulm + Bo

3
[alαl+1,mul+1,m + blαl,mul−1,m] (D 8)

c1,e,(1)
lm =−i

(l+ 4)
(2l+ 1)

m

l(l+ 1)
ulm

Bo

3
(D 9)

c2,i,(1)
lm = i

(l− 3)
(2l+ 1)

m

l(l+ 1)
ulm

Bo

3
. (D 10)
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