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a b s t r a c t

Simulations of biomembranes have gained an increasing interest in the past years. Speci-
ficities of these membranes propose new challenges for the numerics. In particular, vesicle
dynamics are governed by bending forces as well as a surface incompressibility constraint.
A method to compute the bending force density resultant onto piecewise linearly triangu-
lated surface meshes is described. This method is coupled with a boundary element
method solver for inner and outer fluids, to compute vesicle dynamics under external
flows. The surface incompressibility constraint is satisfied by the construction of a projec-
tion operator.

� 2010 Elsevier Inc. All rights reserved.

1. Introduction

Simulation of moving interfaces into fluid flows is a long standing issue for Computational Fluid Dynamics (CFD). Many
innovative methods such as Volume of Fluids (VOF), Immersed Boundaries (IBM), Front Tracking (FT), Phase Field (PF), Level
Set (LS), Lattice Boltzmann (LB), were developed to handle simulation of multiphase flows. These methods have been widely
used for the analysis of numerous problems where interfacial dynamics play a prominent role (solid–liquid and liquid–gas
phase change, immiscible multifluid flows). With this background, attention is nowadays put towards behavior of biomi-
metic interfaces such as vesicles and capsules in different experimental environments, under stresses of various nature:
mechanical [1], hydrodynamical [2,3], chemical [4,5], electrostatic [6]. Understanding and control of these microsystems
are big challenges and have a lot of implications in biology or healthcare. Applications are as various as comprehending living
systems at the cell scale, drug delivery vectorization, or exploiting those biomimetic systems for species carrier or microre-
actors in microfluidic processes.

Numerical simulations of these systems are simpler than multiphase flows simulations in some aspects since flows are
most often limited to the Stokes regime. Moreover, phenomena involving topological changes (breaking, merging) are less
crucial because of the nature of vesicle and capsule membranes, even if they are not absent for vesicles (exocytosis, fusion).
Indeed, contrary to the separating surface between two fluids, these interfaces are made of a material which is different from
the surrounding fluids and has structural mechanical properties (bending and membrane elasticity). It is this particular as-
pect which is challenging for CFD: the problem is very similar to a fluid–structure interaction problem, the structure being a
very thin membrane (thickness is a few nm for a vesicle, to compare with a typical radius of 50 lm). At the system global
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scale, this membrane can be modeled as an interface, but has a much more rich behavior than a simple contact surface be-
tween two phases.

Vesicles and capsules can both be roughly described as bags enclosing a liquid (different or not from the suspending solu-
tion). Nevertheless, there is a big difference between vesicle and capsule membranes. The latter is composed of polymers
forming a thin solid structure and its mechanical behavior is thus dominated by membrane elasticity. Hence, bending is of-
ten neglected in models although it has a crucial role for buckling. On the contrary, vesicle membrane is made of a lipid dou-
ble layer, amphiphilic molecules being oriented with their hydrophilic head towards ambient fluid [7]. This organization,
closely related to liquid crystals, gives vesicle membrane the properties of a two-dimensional incompressible fluid. It is thus
bending rigidity that governs vesicle shapes, under the constraint of surface incompressibility.

Probably due to its importance in cellular biology, vesicle is the system which has been the most studied experimentally,
theoretically as well as numerically. For numerical simulations, a distinction must be made between two levels of descrip-
tion: molecular scale modeling, typically used to study problems like the fusion of two small vesicles [8,9], and continuous
scale modeling, to study problems involving more larger space and time scales like the deformation of a giant vesicle under
shear flow [10,11] (and references therein). The numerical methods used are different as well. Molecular scale modeling is
based on particle-dynamics, going from all atoms models (molecular dynamics simulations) to coarse-grained simulations
[9,8]. In this kind of approach the macroscopic mechanical behavior (in the sense of continuous media) does not need to
be introduced ab initio since it results from particles interactions. Given the actual capacity of computers, this level of
description is not appropriate for the fluid–structure interactions that are looked at in CFD, even if many situations would
require to combine descriptions at both scales.

The fluid–structure interaction problem for biomembranes involves two different numerical schemes: one to compute
flows with boundary forces density imposed by the membrane, and the other to compute resultant force in the membrane
due to its deformation by the flows. For the former, the flows considered being usually in the Stokes regime, it is possible to
restrict the flows computations on the surface by a boundary integral method (BIM) and this is indeed the most used method
for vesicle [12–18] and capsule [19–24] studies. For the latter, the membrane must be treated as a continuous material sur-
face embedded in the euclidian 3D space, with mechanical properties encoding its molecular organization [25]. A vesicle or
capsule membrane may then be considered as a thin shell, really thin and soft, especially for vesicles, with thickness being of
the order of 4 nm and bending modulus of about 10kBT (the membrane is sensitive to thermal fluctuations when it is not in a
tensed state), where kB is the Boltzmann constant and T the temperature. In this continuous media spirit, mechanical prop-
erties of vesicles and capsules may be separated into membrane effects (in-plane elasticity) and bending. Studies on capsules
generally ignore the later [21,24,26–30], thanks to a thin shell hypothesis. As explained before, the situation for vesicles is
somehow different, because of the prominent role of bending. Yet, several studies showed that bending for a capsule should
be considered too [22,24,31–33]. Hence, modeling the flexural behavior is an issue for both kinds of system, although we will
consider only the case of vesicles in the present study. Two issues are thus computationally challenging: bending computa-
tions and surface incompressibility.

Bending computation requires some computational efforts because the bending stresses are closely related to the geom-
etry evolution. However, usual geometrical approximations cannot preserve every geometric properties of a real surface. On
this specific point, one must set apart approaches where the interface is not explicitly represented in the model, such as PF
and LS. The surface position is represented by an isovalue of a phase indicator function. Phase-field has been used for
simulation of equilibrium shapes of vesicles [34–36], pearling phenomena [37], as well as vesicle behavior in external flows
[38–40] or under electrical fields [41]. Relations between PF and LS, when applied to vesicle studies, have been underlined in
[40]. To our knowledge, no studies of capsules with these methods have been attempted, probably because the history of
membrane deformations is not easily accessible in these purely Eulerian approaches. On the other hand, such methods han-
dle more easily topological changes like splitting or merging. Methods such as Immersed Boundary Methods may be classi-
fied as diffuse interface methods too. Indeed, ambient fluid flows are determined on a spatial mesh not conformal to the
evolutive position of the interface. The forces the interface exert on fluids are then taken into account by diffusing them
on the closest spatial mesh nodes. However, contrary to the PF or LS methods, they often use an explicit discrete represen-
tation of the interface to compute the forces, at least when they are applied to study vesicles or capsules [26,42,28,29]. The
model developed by Noguchi and Gompper [43] must be cited aside. It is closely related to coarse-grained methods cited
previously, but uses as well a triangulation of the interface for the computation of curvatures and bending forces.

Thus the most used strategy to take into account bending (and surface elasticity in general) is to introduce an explicit
discrete representation of the interface and use this representation to compute the relevant geometrical quantities. This
mesh can be either structured, either triangulated. Depending on the type of mesh, several numerical methods can be used.
Structured meshes permit a global parametrization, and thus spectral methods can be used onto those [33]. A thin shell finite
element approach can deal with structured as well as unstructured meshes. However, thin shell elements are not free of dif-
ficulties (shear blocking, membrane blocking etc.) [44], and the fluid nature of the lipid membrane (especially the fact that
there is no in-plane stress other than an isotropic tension related to incompressibility) may introduce additional difficulties.
Moreover, these elements have been developed such that displacements are computed for known imposed external forces.
Here, one wants to compute resultant forces for imposed displacements. To our knowledge, no approach of this type has
been attempted for vesicles, let alone with a coupling with a fluid solver.

We propose a method to compute bending forces onto a triangulated surface with C0 regularity. Several simulations of
vesicles have been performed with such meshes, however the computation of bending forces was based on a numerical

G. Boedec et al. / Journal of Computational Physics 230 (2011) 1020–1034 1021



Author's personal copy

differentiation of the free-energy, and no detailed study of the computed forces has been reported. Here, we use the analyt-
ical form of the forces and deal with the computation of high-order derivatives with an approach based on computer graph-
ics community results [45,46]. All the operations performed are resumed into a non-linear operator acting on the nodal
positions, such that a semi-implicit time stepping scheme can be used, thus improving the stable time step.

The constraint of surface incompressibility is another challenging aspect of vesicle mechanics, because the fluid character
of the membrane implies that the incompressibility must be treated in the fluid flows sense. In 2D or axisymmetric simu-
lations, it coincides with solid media incompressibility, but not in 3D simulations, where flow of lipids can take place onto
the membrane. In [47], the authors simulated a liquid capsule with incompressible interface, and reported several difficulties
on the computation of tension, especially oscillatory modes and instabilities in the position of the interface. These difficulties
were circumvented by the introduction of a spectral decomposition of the tension, thus requiring a regular mesh and a global
parametrization. In the present paper, we design a projection operator acting on the velocity field, such that the resultant
field is ‘‘surface divergence free’’. This operator involves elemental operations acting on the triangulated mesh. The proce-
dure is tested onto the same case than those studied in [47], and no stability problems are encountered.

The remainder of the paper is as follows: we first summarize properties of the vesicle membrane and the resulting set of
equations in Section 2. Numerical procedures for the computations of bending forces and surface incompressibility constraint
are then detailed in Section 3. Finally, several numerical examples validating the procedure as well as demonstrating the ability
of our method to handle dynamical deformations of a vesicle immersed in an external fluid are presented in Section 4.

Several notations of differential geometry are used in the remainder of the paper. Their definitions are recalled in Appen-
dix A, and computation of surface operators onto a triangulated mesh is developed in Appendix B.

2. Description of the fluid–structure interaction problem

2.1. Mechanical properties of the membrane

The lipid bilayer membrane is commonly modeled as a two dimensional incompressible fluid. The simplest form of bend-
ing energy for a closed membrane C, called Canham–Helfrich energy [48,49], reads:

E ¼ EB

2

Z
C
ð2HÞ2dSþ EB

Z
C

KdS ð1Þ

where H, K are the mean and Gaussian curvature of the surface, and EB; EB are bending moduli. When no topological changes
are involved, the Gauss–Bonnet theorem ensures that the second term is a constant. There is thus no force density associated
with it.

The membrane surface is locally conserved because the dilatational modulus (typically�0.1 J m�2) is several orders of mag-
nitude higher than the bending modulus EB � 10kBT, meaning that it is easier to bend the membrane than to stretch it. How-
ever, there is no reference position for the lipids onto the membrane, meaning that local conservation of the surface has to be
taken in the fluid flow sense for two-dimensional flows on curved surfaces: $s � u ¼ 0, where $s � u is the surface divergence
(see Appendix A) of the velocity u. This constraint is taken into account by adding to the free energy (1) the integral:

Ec ¼
Z

C
cdS ð2Þ

where c is the local Lagrange multiplier conjugated to the change of area. This Lagrange multiplier acts as an isotropic in-
plane tension, called mechanical tension in the following. Shear tensions related to membrane viscosity generally dissipate
less than the viscous shear stresses acting in the bulk of the surrounding fluids [10], and are thus commonly neglected.

Moreover, a vesicle is made with a filling solution characterized by an inner osmotic activity and embedded in a bulk
solution of outer osmotic activity. A difference of pressure between inside and outside results from osmosis: water crosses
the membrane up to reach its thermodynamic equilibrium. Adjusting inner and outer concentrations of solutes thus permits
to obtain largely deflated vesicles. The time to reach this equilibrium depends on the water membrane permeability which is
larger than permeabilities to all the solutes. Then, vesicle deflates or inflates before solutes pass through the membrane. The
initial volume is fixed before experiments begin. After, during an experimental time scale for vesicle dynamics in external
fluid flows, previous permeabilities are negligible. Consequently, the enclosed volume is fixed as the membrane area is.

These two constraints are key features of the vesicle system.

2.2. Set of equations for vesicle motion and deformation

� For the ambient fluids (inner and outer domains Xi,o, separated by the interface C, with n the outward pointing normal
to C ):
– Given the typical scales involved into experiments on vesicles: length L � 50 lm, velocity U � 10 lm s�1, water

dynamic viscosity l � 1 mPa s and fluid density q � 103 kg m�3, the characteristic Reynolds number is 10�4. The flows
inside and outside the vesicle can thus be considered belonging to the Stokes regime. Therefore, velocity and pressure
fields (u,p) (inside and outside) satisfies Stokes equations:

1022 G. Boedec et al. / Journal of Computational Physics 230 (2011) 1020–1034



Author's personal copy

lDu� $P þ f v ¼ 0 ð3Þ
$ � u ¼ 0 ð4Þ

with, at the interface C, continuity of the velocity and static equilibrium condition:

½��r� � n ¼ �f m ð5Þ
where ½��r� ¼ ð��ro � ��riÞ stands for the jump of the stress tensor at the membrane, fv is the bulk force density, and fm is the sur-
face force density generated by the membrane deformation.

� For the interface (C):
– The first variation of the free energy (1) gives the following force density generated by the membrane due to bending

(e.g. [50]):

f b ¼ EBð2DsH þ 2HðH2 � KÞÞn ð6Þ
where Ds is the Laplace–Beltrami operator over the surface (see Appendix A).

– The local incompressibility of the surface imposes a constraint on the velocity field:

$s � u ¼ 0 ð7Þ

and the corresponding Lagrange multiplier c induces a force density:

f c ¼ �2cHnþ $sc ð8Þ

where $s is the surface gradient (see Appendix A).
– The membrane force density fm results from the combination of bending (6) and mechanical tension (8), thus:

f m ¼ f b þ f c ð9Þ

– The ambient fluids being incompressible, the conservation of enclosed volume results from membrane impermeabil-
ity, i.e. there is no fluid flow through it. Thus the membrane velocity is equal to the velocity of the fluid on it:

dx
dt
¼ uðxÞ ð10Þ

where x stands for the position of any point of the interface.

3. Numerical model

3.1. Boundary element formulation

We are interested only by deformation of vesicles in the Stokes regime, which is experimentally the most studied. Bound-
ary element method is a powerful tool for the study of interfacial dynamics in this regime, in the sense that the velocity and
pressure everywhere are functions solely of forces densities and velocities onto the membrane. Thus, we only need to com-
pute those unknowns on the membrane in order to solve the movement of the vesicle. The method is well-documented [51],
here we just recall the relation between velocities and force densities.

Owing to the linearity of Stokes equation, the velocity can be decomposed into an external flow field u1 and a ‘‘pertur-
bation’’ flow field um due to the force density fm generated by the membrane. For an interface embedded in a viscous fluid of
dynamic viscosity l, the ith Cartesian component of the velocity u at a point x lying on the membrane is then provided by the
following integral relation:

uiðxÞ ¼ u1i ðxÞ þ um
i ðxÞ ¼ u1i ðxÞ þ

1
8pl

Z
C

Gijðx0; xÞf m
j ðx0ÞdSðx0Þ ð11Þ

where Gij are the components of the Stokeslet:

Gijðx0; xÞ ¼
dij

r
þ XiXj

r3 ð12Þ

with dij the Kronecker symbol, X = x0 � x and r = kXk.
This relation is discretized over a surface mesh consisting of a set of planar triangular elements. Integrations are per-

formed numerically using Gauss–Hammer quadrature points for non-singular elements, and polar coordinates and
Gauss–Legendre quadrature points for singular elements [51]. This leads to a set of linear algebraic relations between nodal
velocities and nodal surface force densities, which can be written in a matricial form:

..

.

un
i

..

.

0
BBB@

1
CCCA ¼

..

.

ðu1Þni
..
.

0
BBB@

1
CCCAþ G

..

.

ðf mÞni
..
.

0
BBB@

1
CCCA ð13Þ
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where n is the node number in the triangulation, and G is a matrix resulting from the numerical integration of the integral in
(11).

3.2. Bending forces

Computation of geometric properties such as normal vector and mean curvature on a discrete representation of a surface
is a longstanding issue arising in various contexts: computer graphics, numerical simulations of interfacial phenomena
(drop, bubble, vesicle etc.). The definition of these properties involves first and second order derivatives of the position,
and direct computation is thus prohibited on C0 representation of the interface. It is possible to reconstruct the surface with
an higher regularity using local polynomial approximations (B-splines for example), but it may lead to undesirable behavior
between control points (e.g. overshooting). Another possibility is to define discrete estimates of the operator acting on
smooth surface. Here, we follow the approach proposed in [45] to compute the curvature vector (mean curvature times
the normal vector) on a C0 mesh and extend the principles to the computation of the bending forces generated by the vesicle
membrane.

The key idea is to use the surface divergence theorem for a tangent vector field v:Z
S
$s � vdS ¼

Z
@S

v � mdl ð14Þ

where S is a patch of surface, @S is the line enclosing the patch, and m is the tangent vector to the surface, normal to @S. This
theorem can be applied to compute the local mean value over S of the surface Laplacian for a scalar field f:

hDsf i ¼
1
S

Z
S

DsfdS ¼ 1
S

Z
S
$s � ð$sf ÞdS ¼ 1

S

Z
@S

$sf � mdl ð15Þ

Given a triangulation T, evaluation of the last term of (15) onto patches defined around each mesh node yields an approx-
imation of Dsf on each node of T. These patches are designed [45] in order to cover the whole surface without any overlap-
ping between patches (see Fig. 1). Voronoi area of a node is an example of such patches. For each node n, the patch S is then
contained in the subset En of the elements of T connected to n. The right-hand side of (15) is thus given by:Z

@S
$sf � mdl ¼

X
e2En

Z
@Se

$sf e � medle ð16Þ

where @Se is the restriction of @S on the element e. Integrals are thus computed using nodal interpolation of the field f on the
elements e of En:

f eðn;gÞ ¼
X
n2e

Ne
nðn;gÞf e

n ð17Þ

where (n,g) are local coordinates, Ne
n are shape functions and f e

n are nodal values of f. The surface gradient (see Appendix A)
on element e is finally computed by deriving (17) with respect to (n,g) (see Appendix B).

The simplest implementation of this approach is obtained using in (17) a C0 piecewise linear interpolation of f. The surface
gradient is then constant on each element, and (16) depends only on the position of the intersection of the contour with ele-
ment edges. Here, we choose, as in [45], a contour @S passing through the midpoints of the edges (see Fig. 1).

Application of this principle to the computation of curvature vector and bending force is as follows. Recalling that the
mean curvature times the normal is related to the position by the Laplace–Beltrami operator: Hn ¼ 1

2 Dsx, one finds for each
Cartesian component of the curvature vector:

hHnii ¼
1
S

Z
S

HnidS ¼ 1
2S

Z
@S

$sxi � mdl ð18Þ

Fig. 1. Integration contour @S (bold line) used for the computations. The gray zone is the patch attributed to the node n. Vector m is the normal vector to the
boundaries. External angles of the boundaries are defined inside each element.
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Since the position varies linearly over elements, using the assumption stated above (contour through the midpoint of the
edge) leads to the ‘‘cotan formula’’ [45] for the curvature, already used in vesicle simulations for the computation of H [52].
This computation provides values of the curvature vector, from which we extract normal vector and mean curvature:

n ¼ � hHniiei

khHniieik
ð19Þ

Hn ¼ ðhHniieiÞ � n ð20Þ

where the sign in (19) sets the orientation of the normal (we choose the convention of an outward pointing normal, and a
positive mean curvature for the sphere). There might be some ambiguities when the curvature at a node is almost zero. In
order to avoid numerical errors, the normal at these particular nodes is computed as the average of the normals to the ele-
ments surrounding the node.

To further compute bending forces, computation of DsH is required. For this, the set of nodal values of mean curvature is
interpolated over the elements of T, yielding the following nodal interpolation of mean curvature:

Heðn;gÞ ¼
X
n2e

Ne
nðn;gÞHn ð21Þ

Then, the approximation of DsH is obtained by applying again the same principle:

hDsHi ¼
1
S

Z
@S

$sH � mdl ð22Þ

The Gaussian curvature K is also needed for the computation of fb. It is defined at a node using a discrete version of the
Gauss–Bonnet theorem [45]. This theorem states that the integrated value of the Gaussian curvature over a surface patch is
related to the external angles �e of the boundary (see Fig. 1):Z

S
KdS ¼ 2p�

X
e2En

�e ð23Þ

Mean value of Gaussian curvature over the patch follows:

hKi ¼ 1
S
ð2p�

X
e2En

�eÞ ð24Þ

and provides an estimate of Gaussian curvature at node n.
All these operations can be resumed as matricial operations acting on the vector containing the nodal values of positions:

the position dependent matrix Fb relates node positions to nodal bending forces.

..

.

ðf bÞni
..
.

0
BBB@

1
CCCA ¼ FbðxÞ

..

.

xn
i

..

.

0
BBB@

1
CCCA ð25Þ

This non-linear relationship serves as a basis for the semi-implicit time-stepping algorithm discussed in Section 3.4.

3.3. Surface incompressibility constraint

The surface incompressibility constraint (7) is treated with the use of the Lagrange multiplier c, which acts as a variable
mechanical tension. In other words, given velocity fields u1 (imposed) and ub (produced by force density fb), c is such that
the associated force density (8) generates a correction uc ensuring that the total velocity field:

u ¼ uc þ u1 þ ub ð26Þ

is surface divergence free on C:

$s � u ¼ $s � uc þ $s � ðu1 þ ubÞ ¼ 0 ð27Þ

3.3.1. Computing the surface divergence
The surface divergence of a vector field is defined by (see Appendix A):

$s � u ¼ $su : ��a ð28Þ

and is computed at element level (see Appendix B) by:

$s � u ¼
@xi

@sa

@ui

@sb
aab ð29Þ
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where xi, ui are the ith Cartesian component of position and velocity, sa = (n,g) are the local parametrization of the element,
and aab are the component of the inverse of the local metric.

With linear approximation of positions and velocities, the divergence is thus constant by element. It is converted into no-
dal values by an area weighted average:

ð$s � uÞn ¼
X
e2En

Ae

A
ð$s � uÞe ð30Þ

where En is the subset of element containing the node n, Ae is the area of the element e; A ¼
P

Ae and ð$s � uÞe is the value of
the divergence on element e.

All the operations involved in the computation of the surface divergence at a node are linear as a function of the nodal
values of the velocities (but depend non-linearly of the position). They are then cast into a matricial form: the matrix oper-
ator D applied to a vector containing nodal values of the velocity gives a vector containing nodal values of the surface
divergence.

..

.

ð$s � uÞn

..

.

0
BBB@

1
CCCA ¼ D

..

.

un
i

..

.

0
BBB@

1
CCCA ð31Þ

3.3.2. Computing the forces produced by tension
The normal part of the surface force density (8) is easily computed since the curvature vector is an intermediary of bend-

ing computations. For the other part, the surface gradient of c is computed at the element level (see Appendix B) by:

$sc ¼ aab @c
@sa

@x
@sb

ð32Þ

where derivatives are taken with respect to element local coordinates, and c is interpolated on each element by:

ceðn;gÞ ¼
X
n2e

Ne
nðn;gÞcn ð33Þ

Here, we choose a linear interpolation of c.
Again, nodal values of the surface gradient are obtained by a weighted average of element values, with the supplementary

condition that the sum has to belong to the tangent plane:

ð$scÞn ¼ ðId� n� nÞ
X
e2En

Ae

A
ð$scÞe ð34Þ

This projection operation is needed because the tangent plane at a node given by its normal vector n is different from the
average of the tangent planes of the elements surrounding this node.

As for the computation of the surface divergence, every operation constructed here is linear as a function of nodal values
of the tension (but depend non-linearly on the positions). It can be summarized into a matricial operator Fc such that for a
vector containing nodal values of c applying Fc gives a vector containing nodal values of the force density:

..

.

ðf cÞni
..
.

0
BBB@

1
CCCA ¼ Fc

..

.

cn

..

.

0
BBB@

1
CCCA ð35Þ

3.3.3. Projection operator and Lagrange multiplier computation
Combining (13), (9), (25) and (35), the total velocity is obtained by:

..

.

un
i

..

.

0
BBB@

1
CCCA ¼

..

.

ðu1Þni
..
.

0
BBB@

1
CCCAþ G Fb

..

.

xn
i

..

.

0
BBB@

1
CCCAþ Fc

..

.

cn

..

.

0
BBB@

1
CCCA

2
6664

3
7775 ð36Þ

where the tension c is such that the total velocity field (36) satifies Eq. (27) written into a matricial form using (31):

DGFc

..

.

cn

..

.

0
BBB@

1
CCCAþ D

..

.

ðu1Þni
..
.

0
BBB@

1
CCCAþ GFb

..

.

xn
i

..

.

0
BBB@

1
CCCA

2
6664

3
7775 ¼ 0 ð37Þ
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Inverting this expression allows to express the tension as a function of imposed velocities and forces densities, and then
eliminate c in the integral relation (36). At each time step, the velocity on the interface is finally given by:

..

.

un
i

..

.

0
BBB@

1
CCCA ¼ ðId� GFc½DGFc��1DÞ

..

.

ðu1Þni
..
.

0
BBB@

1
CCCAþ GFb

..

.

xn
i

..

.

0
BBB@

1
CCCA

2
6664

3
7775 ð38Þ

This particular form of the equation shows that we are constructing a projector onto a subspace of surface divergence free
velocity fields:

P ¼ ðId� GFc½DGFc��1DÞ ð39Þ

A similar operator was derived in [17] for two dimensional vesicles, here extended to three dimensional configurations.

3.4. Time advancing scheme

The last step of the algorithm is to discretize in time the equation of interface evolution (10). An issue raised in [17,18] is
that when dealing with bending forces, an explicit time stepping algorithm would result in severe constraints on the time
step, growing with increasing resolution of the mesh. This is linked to the fact that a bending mode of wavenumber q has a
characteristic viscous relaxing time scale of s = l/(q3EB). Thus, increasing mesh resolution allows the development of modes
with higher wavenumber, and short time dynamics. It is then necessary to use a semi-implicit time scheme [17,18] to keep
computations at a reasonable cost. This means computing the linear part of the Eq. (10) at the unknown position x(t + dt)
while computing non-linear terms at the actual position x(t) to avoid iterative computations of a fully implicit scheme. In
the preceding sections, we constructed matrix operators such that the velocity field (satisfying surface incompressibility
constraint) for a vesicle immersed in an external flow is given by (38). Moreover, in Section 3.2, we constructed a matrix
operator Fb(x) which relates bending forces to the position. Interface is then advanced by solving for the unknown position
x(t + dt) the following matricial equation:

1
dt

..

.

xn
i ðt þ dtÞ � xn

i ðtÞ

..

.

0
BBB@

1
CCCA ¼ P

..

.

u1n
i

..

.

0
BBB@

1
CCCAþ GFbðxÞ

..

.

xn
i ðt þ dtÞ

..

.

0
BBB@

1
CCCA

2
6664

3
7775 ð40Þ

where P, u1, G are computed onto the surface x(t).
The mechanical tension c(t + dt) is the solution of Eq. (37):

..

.

cnðt þ dtÞ
..
.

0
BBB@

1
CCCA ¼ �½DGFc��1D

..

.

u1n
i ðtÞ

..

.

0
BBB@

1
CCCAþ GFb

..

.

xn
i ðt þ dtÞ

..

.

0
BBB@

1
CCCA

2
6664

3
7775 ð41Þ

where D, G, Fc, Fb are constructed at x(t) and bending forces are computed at x(t + dt).
Using a semi-implicit time stepping algorithm also improves long term stability of the algorithm: spurious modes which

could lead to shape degeneracy are correctly damped by the implicit treatment of the bending forces.

4. Numerical results

We start this section by validating our method of bending computations on a surface shape on which analytical compu-
tations are feasible (see Fig. 2 left). Next, computations of drop (buoyant or immersed in imposed shear flow) with incom-
pressible interface (no bending) will serve as validations for the projection operator constructed in Section 3.3.3. Equilibrium
shapes of vesicles are then computed and compared with semi-analytical results [53]. Finally, shape computations of buoy-
ant vesicles are presented to demonstrate the abilities of the method.

4.1. Bending computation validation

Bending computations are performed onto the surface represented in Fig. 2. The coordinates (x,y,z) of points lying on this
surface are given analytically by:

xðh;/Þ ¼ ð1þ 0:61 cosðhÞ cosð/Þ þ 0:4 cos2ðhÞ sinðhÞ cosð/ÞÞ cosðhÞ cosð/Þ
yðh;/Þ ¼ ð1þ 0:61 cosðhÞ cosð/Þ þ 0:4 cos2ðhÞ sinðhÞ cosð/ÞÞ sinðhÞ cosð/Þ
zðh;/Þ ¼ ð1þ 0:61 cosðhÞ cosð/Þ þ 0:4 cos2ðhÞ sinðhÞ cosð/ÞÞ sinð/Þ
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where (h,/) is a parametrization of the surface, with h 2 [0,2p] and / 2 � p
2 ;

p
2

� �
. This shape is chosen such that important

(compared to the shape typical length) variations of curvature and surface Laplacian of curvature are present.
Concerning the discretization process, a sphere is meshed with a uniform resolution, and then nodes are projected onto

the surface. No particular refinement of the mesh as a function of curvature is performed. Nevertheless, mean curvature and
surface Laplacian computations are in very good agreement with their analytical values, as showed in the cross section plot
of mean curvature and surface Laplacian in the plane z = 0, reported for different mesh refinement in Fig. 3.

4.2. Surface divergence free projector validations

In this subsection, we validate the projection operator constructed in Section 3.3.3. First, we compute the velocity field
and mechanical tension c for a buoyant spherical drop with incompressible interface (i.e., the limit case of a vesicle with
a vanishing bending rigidity). A liquid sphere with a fixed enclosed volume and local surface incompressibility constraint
behaves as a rigid body, thus translating with uniform velocity. Pressure and velocity fields are then given by the classical
solution of a rigid sphere translating into viscous flow. Analytical solution of the mechanical tension follows from local equi-
librium condition of the interface:
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Fig. 2. (Left) Shape on which the computations of mean curvature and surface Laplacian are tested. Color represent mean curvature intensity. (Right) Shape
cross-section (z = 0 plane) on which the comparison with analytical values is made and reported in Fig. 3.
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of elements) with analytic solution. (inset: Comparison of numerical computations of the mean curvature for the same cross section with analytic solution.)
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cðzÞ ¼ �1
3

Dqgz ð42Þ

with Dq the difference of density between inner and outer fluids, g the gravity and z the vertical coordinate (see Fig. 4 right)
(with z = 0 corresponding to the center of gravity of the drop). The relative errors in the computed tension, and velocity field
versus these analytical solutions are reported in Fig. 4 (left), as a function of the number of elements in the mesh. As expected
by the use of linear triangular elements, linear convergence is observed.

Second, we test the approach on the configuration published in [47], where studies of drops with incompressible interface
(vesicle without bending) were performed in two and three dimensions. Following [47], we consider an initially ellipsoidal
drop immersed into a shear flow u1 = k zex, with different initial inclination angles h(t = 0) (see Fig. 5 right). In this example,
dynamics of the system are solely governed by the surface incompressibility constraint, and thus constitutes an excellent
test case for our projection operator. Problems in the computation of tension were reported in [47], especially oscillatory
modes which lead to numerical instabilities of the interface. Those instabilities do not occur here, and the dimensionless ten-
sion ð~c ¼ c=ðlkr0Þ, where r0 is the radius of the sphere of same volume) computed on the stationary shape is smooth (see
Fig. 5 right). The stationary shape is independent of the initial inclination. Moreover, the curves (see Fig. 5 left) show a limit
value of 33.2� of the final angle, also independent of the initial inclination. This limit angle is the same that the value deduced
by extrapolation in [47].

4.3. Vesicle equilibrium shapes

In [53], authors used numerical integrations of Euler–Lagrange equations to compute vesicle equilibrium shapes. They
found that for the simplest model of vesicles used here, equilibrium shapes depends only on the reduced volume:

v ¼ V
4
3 pðA=4pÞ3=2 ð43Þ

where V, A are the volume and area of the vesicle. Moreover, stable shapes are axisymmetric, either prolate (for
0.652 < v < 1), oblate (0.592 < v < 0.651) or stomatocyte (0 < v < 0.591). Computations with our three dimensional model
starting with non axisymmetric shapes all converge towards axisymmetric ones. Further comparison (see Fig. 6) is made
on the value of bending energy normalized by the bending energy of a sphere:

E	 ¼ E=8pEB ð44Þ

of stable shapes as a function of reduced volume. Results of our model are found to be in very good agreement with [53].
Finally, following the procedure described in [53], we reproduced several equilibrium shapes of vesicles and compared them
to the results of our code (see Fig. 7). The shapes are found to be in excellent agreement as well.

4.4. Applications: buoyant vesicle dynamics

To demonstrate the ability of our numerical method to handle large deformations and dynamical phenomena simula-
tions, we present several cases of a buoyant vesicle in an infinite external fluid. While vesicle in shear flow is probably
the most studied case, bending is not essential to ensure non-degenerate dynamics (e.g. the problem studied in Fig. 5 where
no bending is introduced, is still well-posed). This is not the case for buoyant dynamics, where bending rigidity is crucial to
determine the stationary shape. This situation thus constitutes an excellent test case for bending computations.

Dimensionless variables of the problem are introduced in the following way, where V is the volume of the vesicle:
x ¼ r0~x; t ¼ t0~t; f ¼ f0

~f with:

r3
0 ¼ 3V=4p; t0 ¼ lr3

0=EB; f 0 ¼ EB=r3
0 ð45Þ
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Fig. 4. (Left) Relative errors on velocity and tension for the buoyant fluid sphere with an incompressible interface. The errors are computed relative to
analytical values. (Right) Scheme of the buoyant drop with incompressible surface. Colors represent the mechanical tension.
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Using these variables in (11) with an additional force density due to density discontinuity Dq between inner and outer fluids
leads to:

@ ~xi

@~t
¼ 1

8p

Z
C

eGijð~x0; ~xÞ ~f b
j ð~x0Þ þ ~f c

j ð~x0Þ þ Bo~x3nj

h i
deSð~x0Þ ð46Þ

where the Bond number is defined by:

Bo ¼ Dqgr4
0=EB ð47Þ

There are thus two control parameters governing buoyant vesicle dynamics: reduced volume, which measures the deforma-
bility of the vesicle, and Bond number, which compares gravitational energy to bending energy. As was shown in [18], vesicle
starting with an initially axisymmetric shape (the axis of symmetry being the same that the axis of gravity forces) describes a
variety of deformed shapes depending on reduced volume as well as Bond number. However, an additional parameter has to
be considered here: the initial angle between the axis of symmetry of the initial shape and the axis of gravity. In Fig. 8, we
show that prolate vesicles whose axis of symmetry is initially aligned with gravity adopt a stationary axisymmetric ‘‘pear-
like’’ shape [14]. Vesicles starting with axis of symmetry perpendicular to gravity adopt a non axisymmetric ‘‘banana-like’’
shape, and furthermore, flow of lipids take place onto the membrane as a consequence of non-axisymmetry. This is a clear
manifestation of the fluid character of the membrane. In the scheme proposed here, the fluidity is intrinsic due to the correct
treatment of the surface incompressibility constraint: tangential node motion is decoupled from the flows of lipids along the
membrane. Thus, no change of mesh connectivity is needed to ensure fluidity of the membrane. Finally, a vesicle starting
with an initial angle between these extreme cases converges to the pear shape (see Fig. 9). Initially oblate vesicle develops
a ‘‘parachute-like’’ shape (see Fig. 8), which is also a stationary shape.

 0

 15

 30

 45

 60

 75

 90

 0  0.5  1  1.5  2  2.5  3  3.5  4

An
gl

e 
θ(

t) 
 (d

eg
re

es
)

Dimensionless time kt

θ(0) =  0
θ(0) = 45
θ(0) = 90

Zhou et al. (1995)

Fig. 5. (Left) Inclination angle as a function of time for different initial orientations of a drop with incompressible interface. After an initial transient, each
shape converges toward the limit angle 33.2�. Comparison with the results of Zhou and Pozrikidis [47]. (Right) Stationary shape. The colors represent the
dimensionless mechanical tension ~c.

Fig. 6. Bending energy of equilibrium shapes of vesicles as a function of reduced volume. Comparison with integration of Euler–Lagrange equations [53].
(inset: Oblate and prolate equilibrium shapes of vesicles obtained with our numerical model. Color code denotes the mean curvature.)
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5. Conclusions and perspectives

In this paper, we have presented a method to compute the forces related to Helfrich energy, modeling the bending for
vesicles. This method uses local averaging to compute high-order derivatives on a piecewise linear mesh. The principles
of computation have been described in a generic way, such that an extension to other elements (quadratics for example)
is directly feasible. Moreover, although only vesicles have been considered, extension to capsule dynamic studies is in theory
possible, with of course necessary adaptations. The other specific property of vesicle membrane, namely the surface incom-
pressibility constraint, is treated by the use of a Lagrange multiplier which is then eliminated from the equations by the con-
struction of a projection operator acting on the velocity field. These two features, combined with the use of a boundary
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Fig. 7. Prolate equilibrium shapes: comparison of our model with numerical integration of Euler–Lagrange equations following the procedure of Seifert
et al. [53].

Fig. 8. Initial and stationary shapes of buoyant vesicles (simulations performed with N = 1280 elements). Color code denotes the mean curvature. (Left) A
prolate vesicle with symmetry axis confound with gravity converges toward a ‘‘pear-like’’ shape. (Middle) A prolate vesicle with axis of symmetry
perpendicular to gravity develops a ‘‘banana-like’’ shape. Arrows representing the velocity show fluid recirculations onto the membrane. (Right) An oblate
vesicle with symmetry axis aligned with gravity converges toward a ‘‘parachute-like’’ shape.
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element method for inner and outer fluid flows computations, allow to compute three dimensional vesicle dynamics. Several
examples have been discussed to validate the approach and demonstrate the possibilities of the model: fluid drops with
incompressible interface for the projection operator, equilibrium shapes of vesicles for the bending computations and finally
buoyant vesicles for dynamics of an incompressible membrane subjected to bending, under external constraints. One advan-
tage of the method is the use of a triangulated surface mesh, meaning that local refinement (addition/deletion) of nodes is
possible. However, this is not treated here as it would require significant improvements of existing methods in order to pre-
serve vesicle properties (in particular, preservation of reduced volume, which is of particular importance onto vesicle
dynamics).

Appendix A. Differential geometry

Differential geometry is an essential tool when working with surfaces embedded in a three-dimensional space. In partic-
ular, soft matter make an extensive use of these notions [54]. In this appendix, we recall the principal definitions in order to
introduce notations used in the paper, and refer to [55] for further details.

In the following, Latin indices vary from 1 to 3 and refer to Cartesian components in the global basis (e1,e2,e3). Greek indi-
ces vary from 1 to 2 and refer to curvilinear coordinates. Einstein convention is used: repeated indices mean summation.

Considering a surface parametrized by a system of curvilinear coordinates (s1,s2), the position of any point on the surface
is given by:

U 
 R2 ! R3

ðs1; s2Þ ! xðs1; s2Þ ¼ xiðs1; s2Þei

ð48Þ

Then, tangent vectors to the surface are given by:

aa ¼
@x
@sa ð49Þ

The tangent vectors define a plane, and the unit normal to this plane is defined by:

n ¼ a1 ^ a2

ka1 ^ a2k
ð50Þ

Note that depending on the parametrization used, the normal can be either pointing inward or outward. The metric tensor
ð��aÞ components are defined by:

aab ¼ aa � ab ¼
@xi

@sa

@xi

@sb
ð51Þ

The determinant a ¼ detð��aÞ of the metric tensor is related to the infinitesimal element of area:

dS ¼
ffiffiffi
a
p

ds1ds2 ð52Þ

The curvature tensor components are defined by:

bab ¼ �n � @ab

@sa ¼ aa �
@n
@sb

ð53Þ

Invariants of the mixed curvature tensor define the Gaussian curvature K and twice the mean curvature H:

K ¼ detðaacbcbÞ ð54Þ
2H ¼ Trðbb

aÞ ¼ aabbab ð55Þ

where aab are the components of the inverse metric.
We will then define some surface counterpart of classical operators. Surface gradient of a scalar field f and a vectorial field

v over the surface are such that:

Fig. 9. Dynamic evolution toward the pear shape of a prolate vesicle starting inclined (simulation performed with N = 1280 elements). Color code denotes
the mean curvature.
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df ¼ $sf � dx ¼ @f
@sa aa
� �

� dsbab ð56Þ

dv ¼ $sv � dx ¼ @v
@sa � aa
� �

� dsbab ð57Þ

The surface divergence of a vectorial field v is defined by:

$s � v ¼ $sv : ��a ð58Þ

Finally, the Laplace–Beltrami operator of a scalar field f is by definition:

Dsf ¼ $s � $sf ¼
1ffiffiffi
a
p @

@sa

ffiffiffi
a
p

aab @f
@sb

� �
ð59Þ

Appendix B. Application to triangulated surfaces

With triangulated surfaces, surface parametrization is available only piecewise in the form of element local coordinates.
Thus, computations of surface gradient and surface divergence must be performed with global Cartesian components of vec-
tors and derivatives with respect to element local coordinates.

For the surface gradient of a scalar field f, we have:

$sf ¼
@f
@sa aa ¼ aab @f

@sa ab ¼ aab @f
@sa

@x
@sb
¼ aab @f

@sa

@xi

@sb

� �
ei ð60Þ

where the inverse metric coefficients aab are computed by inverting the local metric:

aab ¼ aa � ab ¼
@xi

@sa

@xi

@sb
ð61Þ

and sa are now interpreted in (60) and (61) as the element local coordinates sa = (n,g).
For the surface gradient of a vector field v, we have:

$sv ¼
@v
@sa � aa ¼ aab @v

@sa �
@x
@sb
¼ aab @v i

@sa

@xj

@sb

� �
ei � ej ð62Þ

where sa are again interpreted as element local coordinates.
Finally, for the surface divergence of a vector field v, we obtain:

$s � v ¼ $sv : ��a ¼ @v
@sa � aa
� �

: ðacbac � abÞ ¼ aab @v
@sa � ab ¼ aab @v i

@sa ei

� �
� @xj

@sb
ej

� �
¼ aab @v i

@sa

@xi

@sb
ð63Þ
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