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Lecture 8: Thermo-acoustic instabilities

Lecture 8-1. Rayleigh criterion

Acoustic waves in a reactive medium
Sound emission by a localized heat source
Linear growth rate

Lecture 8-2. Admittance & transfer function

Flame propagating in a tube
Pressure coupling
Velocity and acceleration coupling

Lecture 8-3. Vibratory instability of flames

Acoustic re-stabilisation and parametric instability (Mathieu’s equation)

Flame propagating downward (sensitivity to the Markestein number)

Bunsen flame in an acoustic field
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Ideal gas

a* = (cp/ev)(ep —

Energy conservation

VIII-1) Rayleigh criterion

Acoustic waves in a reactive medium

Lord Rayleigh 1878
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isentropic acoustlc
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¢y(r,t) = heat transfer + heat release

(rate of energy transfert per unit volume)




Dp/Dt — a*Dp/Dt = g,

iy=(y—1) [V.AVD) + > QUWW|  y=¢,/c,

j
Linearization around a uniform state Va =~ 0,
p=p+p, p=p+p, u=u+u, ¢, =¢ +4

Mean flow velocity neglected in front of the sound speed @V &0
1 Dp Du

Dt —V.u, PDr = -Vp = 09y /ot=—pV.d', pou’/ot= -V,
. . 0%p' Jot* = Ap/
Approximations
pp ojor opl ot —a*dp ot = .,
a, Cp, Cy; constant
elimination of p’ 0*p' |ot* —a*Ap = &jfy/@t

Sound emission by a localized heat source in free space ! problem

of acoustics

acoustic wavelength > size of the combustion zone ¢/ (r,t)/0t = 0 (r)QUt) Q)=o) /ot | Q) = / / / d, (x',t)d’r’

Green’s retarded propagator  (1/a%)0*G/ot* — AG = 6(r)6(t), G(r,t) =ad(r —at)/4nr

: Q(t —r/a)
3
spherical geometry |p'(r,t) = 1z /// tq,y ‘t—r/a)d’t =|———=| r=]r|

Adra“r
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Liner growth rate Singing flame
Sound generation Bunsen
burner
hot
. . wire
retro-action loop: Unsteady Acoustic
heat release waves
Rocket engines, gas turbines... Retroaction Rijike 1859

Higgings 1802

Simplest retro-action mechanism: pressure coupling + 1-D geometry

P D k=—o00
o*p' Jot* —a*Ap' = 04, /ot = ddf; b d(ik + 322, = 0
Tins

<L wy, = ak

ﬁk — eO’t 20Tins = b+ \/ﬁ i_ 462k27—z%1,s
ins

{ b > 0 fluctuations of heat release and pressure|in phase: instability

Im(c) =wi + .., | Re(0) =b/(2Tinst) + .. |=

b < 0 fluctuations of heat release and pressure|out of phase: stability

More general retro-action mechanism |44’ (z,t) =

/t b(t —t")op (x, t" )t

ns — 00

+OO . .
b(r) = / r(w)elmd(“’)elmdw + c.c. r(w) >0 wTg(w) is the phase lag

— o0

—7/2 < wrTa(wr) < +7/2 : Instability

Nonlinear study: limit cycles in the unstable case
5
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VIlI-2) Admittance & transfer function

Flame propagating in a tube
thickness of the flame brush > acoustic wavelength

gas expansion = jump of the fluctuations of the flow velocity (acoustics)

acoustic pressure (6ub o 5uu)/UL = 0(1)

jump of the pressure is negligible

averaged energy flux (/period) combustion — acoustic  [& = (dup — duy, )0pys

1 DT ¢ —1 ]
mass conservation (quasi-isobaric combustion) V.u= — = 4/ 1) =D
T Dt pcpT pa?
Pressure coupling

Definition of the admittance function Z(w)

= (dup — duy) =

laser tomography (Boyer 1980)
op = padu

p/pa2 =0(1) (dpy — 0py)/p = O(UL /a) 0ps : fluctuation of the pressure at the flame

flame brush

Ju(t) = Re [d(w)e™!] Sp(t) = Re [p(w)e™?] (4 — @) = Z(w)Pr/ppay | <« (Rayleigh: 8¢, v.s. dp)
: . . 1 prl? : s
E = Zpps + Z pspr) = =[Re Z(w)]—— instability : Re(Z) > 0

’ 4Pbab( DsDy psby) = 5[Re Z2(w)] o (Z)

Analytical study of a planar flame submitted to a fluctuation of pressure (3 — oco) 0T%/Ty  éps/py

burned gas

T 5ub

T OUy,
fresh mixture

56
%dx
pa

zimi 1992

Reduced frequency wT,

Ta
— /\4 3 X — 1)M,
‘Z‘ O( b) — ZFK, Lei0.8 Tins (,y ) b kBTb 1.0 — Unsteady calculation i
T%F’f 'I:S:E’-‘é - ff d dson === @ r—m  pua Quasi steady-state :
a2t o= 14 CO€ll depends on —» Re(2) Clavin
gaseous flame F the position in the tube 05 o d
as op; does w by, BEo v .......... ............
propellant [l —> / Zeldovich 1942
Reaction 0.0 e —-
Zone :
. —>
Clavin et al. 1990 . 05 ; .
: 5T oe o5 10 . . 0.01 0.1 1 10
Clavin Searby 2008 %' O heduced frbquency e, 0 Clavin Lazimi 1992




P.Clavin VIII su(t) = Re [a(w)e™’] 5p(t) = Re [p(w)e'’]
Velocity and acceleration coupling

burned gas
T 511},

Oy,
fresh mixture

fluctuating velocity = modification to flame geometry
— fluctuation of heat release through the flame surface

Transfer function for a flame in a tube 7, (w) | (G — @) = T (W)t | & = (1/4)(Traupy + T, Uy py)

Ak Ak A S A A
F = —upy &, :Im’];(w)(luup;‘i)/Q
phase quadrature (acoustic mode of a tube) / "\Real number (sign depends on position)

>

Weakly cellular flame propagating downward in an acoustic wave

acceleration of a curved flame = modulation of the flame surface S = / dyy/1+ oz;f

P/(5q' de = p,Urcy (Tpy — T,) 65/S, oup — Oy, = /—dx dup — 0y, = (Tp /Ty — 1)UL6S/ S,

pa?

ctuation of heat release rate/ cross-section aera

. . . . \ turbati
Consider a curved front slightly perturbed unperturbeds perturbation

z=a(yt) a(yt)=alt)cos(ky)  a(t) =ao+ae“ +cc

kdp <1 |ou]| < ao (linear response ok) = | 69/S, = (k?/2)a,a1€" + c.c.

G VS Uy 7 g'(t) = Re [iw @, ] >0
2~ -
pp | d°a da Pu / k .
1 IV: 1 —42Uk)——(— -1 )k |—— (t Uk’ 11— — =
ecture IV ( —I—pu> t2+( L )dt <pb > [ pu[g+g )]+ ( e a=0
f]—r(w) 0.5 ;
(kca0)2 Im(7;)

0.0

Analytical expression (k = k)

(Pelcé Rochewerger 1992) o5k

Re(7;)
ok for the primary instability

-1.0 : :
7 0.001 0.01 0.1 1 10
Reduced frequency w,
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VIII-3) Vibratory instability of flames

primary instability + re-stabilisation + parametric instability
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Acoustic re-stabilisation and parametric instability
Markstein 1964

Ug =0
T =t/mh, ™ =1/(Uk), w=wn,=(wrp)/(kdy) r=kdy 4 o
! t) = wuaU cos(wt ] Unstable
24 4 L (/) - witaUyp cos(wt)
dlz—t—ZB?—i—[—D—i—w Ccos(wr’)] a=0 % N\
T T o s T N
o Up / \ C = Up — 1 % ///\\\ Stable
UbEpu/,Ob>1 B:’Ub—l—l wtl) @’ .
D<oy, (=) N N(k) = —Go+ K — K /km  Go=v, 'lgldL/U}
w+1/) kK - Je mo Jo b L
Mathieu’s equation. Kapitza pendulum
_ ! _ B~ (D + B2) _
t =wr Y(t) =e® a 42y Q=75 h=C
W—F{Q—i—hcos(t)}Y:O w

Kapitza 1951
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Mathieu’s equation. Kapitza pendulum

d*Y
e +{Q+hcos(t)} Y =0

Faraday 1831
Q > 0 : Oscillator whose frequency v is modulated ~Prametric instability (Faraday 1831)

(2 < 0 : Re-stabilization of an unstable position of a pendulum by oscillations (Kapitza 1951)

Kapitza 1951
m
o
]
!

(1)

Ah
></,
Parametric instability —_u
Re-stabilization tongue Uy = 0
Unstable situation [~_! Re(7) hasasnag ame speed
01/4 1 9/4 4 Q

:| unstable wavelengths

Stability limits of the solutions to Mathieus’s equation — ¢
White regions: stable. Grey regions unstable

Flame propagating downward

2a Iy g (t) = wu,Ur cos(wt) |- —— . —
v (8% 2 7 o [ ]
7 —i—QB@—i— [-D + @*Ccos(wr’)] @ =0 Ua/UL: @ _
Markstein 1960 Lo . 10L _

Parametric instability I — Il
C*2 o, (Ub + ]-) - UL(:: ﬁ - }ULC :
Ual % 200 (vp — 1) <1 Uy > ’ kn 2 Up * * (VY EEEEREEEERE ¥-!'/

Uyt < Ug < UarT ' —

* Re-stabilization tongue — : wr, = 1.0
K _ . i i G, — .0085
Bychkov 1999 Clavin 2015 unstable wavelengths \O‘m ik | M =46
ok with experiments Searby Rochewerger 1991 9 K- Ry 0.2 0.3 0.4

/i:k?dL




Sensitivity of the acoustic instability to the Markstein number an the acoustic frequency

15, : : 15
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Flattening of Bunsen flames in an acoustic field (Hahnemann Ehret 1943, Durox et al. 1997, Baillot et al. 1999)
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Rich Bunsen methane flame + intense axial acoustic field acoustic equipotential surface

140 Hz
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