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X-1) Background

shock wave =~ discontinuity in the solution of the Euler equations o X

Model of hyperbolic equations for the formation of discontinuities

a(u) Ou/ot + a(u)Ou/dx = 0

t=0: u=u.(x) u=u(x,t)?

Simple case: linear equation
U= Uo(T — ayt)

a = a, = cst. :

propagation at constant velocity without deformation
Nonlinear equation a(u) da/du #0

Method of characteristics

The solution is conserved along any trajectory dz/dt = a(u) in the phase plan (z,t).
u=u(x(t),t) du/dt =0

u(x,t) = cst. = a(z,t) = cst.

u(x,t) is constant along the straight lines |z = aot + zo|: u = u,
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Ou/0t + a(u)Ou/0x = 0

t=0: u=u(r) u=u(x,t)?
Method of characteristics

The solution is conserved along any trajectory dx/dt = a(u) in the phase plan (z,1).

u(x,t) is constant along the straight lines [z = aot + x,|: u = u,

Uop do

Riemann 1860

Speed increases with increasing u, |da/du > 0 /\

= |formation of singularities after a finite time | >

larger values run faster ’

1
Xo X

t > t, : characteristics intersect

t > tp : multivalued solution. Wave breaking

trajectory
ou Oz,du, Ou du, /dz, ' ' 1
0x Ox dz, Oz [1 + t(dao/dz,)] 1verges at time —day/dz, where da,/dz

t, = time of wave breaking (shortest time for the divergence of du/0x)

1
max |dag/dzo|

4

ty, =

u(x,t) = uo(wo(z,t)), |2(T0,t) = a0(To)t +xo) 0x/0x, =1+ t(da,/dzx,) Ox,/0x = [1 + t(dao/dxo)]_l




P.Clavin X Discontinuous solutions

Ou/0t + a(u)Ou/0x =0 conservative form  Ou/0t 4+ 0j/0x =0 j(u) dj/du = a(u)

Are step functions uy # u_propagating at constant velocity D solutions ? uy
0/0t = —=Dd/d¢ 0/0xr =d/d¢ u(f) E=x—Dt -
du dj . . —
_Dd_f + & =0 j —Du is a conserved scalar
. . Uy —U—
Infinite numbers of solutions !! |Ill posed problem
du dj Guy) —G(u_) dF _ dG _
X _D_ + — — O _ — . D — h —_— = u —_— = ujalu
rwx (- + ) =0 gopr= e p=S ) e =g =
Adding a small dissipative term makes the problem well posed /“i
Ou /0t + a(u)Ou/Ox = €d*u/0x, €>0 D,
d , du du & v du
— |—uD + —e—| =0 — = j(u) —uD t 2=
g{ uD +j(u) edJ q¢ ~ I muDHest 2 o j(u) — uD + cst

d

£ =4o00: du/d§ =0 = 2 expressions of the cst that should be equal =- a single value of D

jlug) —usD+cst =0
jlus) —u_D+cst =0

p - Jus) = j(u)
Uy — U_

independent of € !

u(§) continuous function lim u = step function

e—0

a(u) = u : Burgers equation. Analytical solution to the initial value problem
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Riemann invariants (1860)

d d d d d d
Euler equation + constant entropy + ideal gas: a? = &P _ ’yz—? L st 282 PP = 2% _ (v — 1)—'0
dp p P a p p a P
) 0 n 0 n 0 0 a? o i 0 L+ 0
— — —u = — — U+ Uu—u=
ot T Y T Past ooz’ Tt T or
0 a?\ 0 0 0
A— A — | = — A —u=20
pTias ( u+ p) 5Pt at“+( p+u)axu
choose A such that Au+a?/p = A(\p +u), A==a/p
0 0 0
A=+ (A — —
5 ov g oe | "
M+u=uta e c,
. dz
2 characteristics : Cy: i +a, !
invarialgcs : Cy : gdp +du=0 }
Mp+du=0 F£-dp+du=0 P X T
p 2 2 Ji = a+u J_ = 2 a-—u
Jy = a+u= cstsurCp. J_= a—u= cstsur C_ - y-1
v—1 v-1
Sitmple waves t
T C are straight lines
_(_ Va Trajectory
Ry N4 . S of piston
C~t )T ‘ /C+
: N S G Fluid at rest
orpton’ X x> % e
. ) x moving piston !
D Compression wave

Rarefaction wave

formation of a singularity: shock wave
6 /12
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compression Centred waves / / ! raetion s
t . / wave L
77 1 /’/
- . . B '
Trajocory t <0: piston velocity =0 7
I n 1
Trajectory t>0: piston velocity = cst #0 3
f shock
orshoe Ur;itfc‘))rirsllglr?w Rarefactionj  Fluid
. . . wave at rest
Shook x Sel-similar solutions z/t speed | MO0
Uniform flow\ﬁ Fluid Absolute fluid velocity vl
o | e " v,
Fluid velocity
|u17| 0 P 5
0 X no discontinuity of u
shock wave at constant VG]OCity > piston VG]OCity discontinuity of du/dx propagating at the local sound speed
-’:‘(5 B - fully unsteady process: thickness / up t
A £y

i g Rankine-

Rankine 1870 Hugoniot 1880

Hugoniot conditions for shock waves
(1870 — 1880)

Eqgs for the conservation of mass, momentum and energy

Ir;tlial s:te Sph;ck;(;ivgas % (?(ap;) = % = —% (p + pu2 — u%) 8(1)86;0’5) = (’% {pu(h + u2/2) — )\% — /m%}
D uy — = m2 _ m_2 o 2 2 _
m = p,Q = pyun pu+——pN+p hy —hy + (uy —D7)/2=0
U N
written in the moving frame of the shock at velocity D 9 1 1 m? 1 1
steady problem Py —PN =M | — — — hu — hN = - |= - =
PN Pu 2 pN Py
1 /71 1
h(puapu) - h(pvaN) + 5 (_ + _> (pN _pu) =0
U
Hugoniot curve (p—1/p) Michelson-Rayleigh line
1 /71 1 1 1
h(p,p)—h(pu,pu)——<—+—> (p—pu) =0 D—py = — 2(___)
2\pu P P Pu
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Ideal (polytropic) gas v = cp/cy

Y P
p = (cp — c)pT, h=cT = —== (i1
1/1 1 v—1p P <p_pu>
(P, p) = P pu) = 5 (; + p) (p—pu)=0
_ 2
_ (Y (p _ (vt 1) [ pu (P+DH(V+1) =1 P=-My
P = 2y p_ -1), V= O ? —1 Hugoniot curve Michelson-Rayleigh line
“ quadratic equation for V, 2 solutions: ¥V =0, V = Vy
Shocked gas (Neumann state) vs M,
UN _ pu (y—=1)M2+2 PN _ 29M2 — (v —1) Tn [2yMZ — (v = 1)][(y = 1)MZ +2]| Initial state Shocked gas
D pN (v +1)M; Pu (v+1) T. (v + 1)2M2 Pu Pu PN PN
(y—1)M2+2 D uy
bmghme Ty € MMIME (- DM+ M) —2 =0
General comments p ‘-/N |slope| < [slope|
. . . . pN \ A/]N = UN/aN <1 Initial state Shocked gas
The Hugoniot curve is tangent to the isentropic P P oy
) Michelson- D N
the entropy change along the Hugoniot curve is of third order = M, =D/a, > 1 /Raycleiegﬁoline - |
b "\ Hugonio
1 1 82 (]./p) Xcurves
3 - :
bs=s—s.  op=p-pu |ds= o () @2 |V , [Epeond
55 /6 / 12T, dp < .
s/ 0op

J 1@ M,=D/a, > 1

> |slope| > |slope]

The Hugoniot relation is not an iso-function of state

h(p, p) - h(plupu) -

1/1 1
3 ( + ) (p—pu) =0 cannot be written in the form  H(1/p,p) = H(1/pu,Du)
Pu P

1/1 1 1/1 1
h(p, p) = hipn, pn) = 5 <pN + p) (p—px)=0 F  h(p.p) = hlpuwpu) — 5 (Pu + p) (P—pu) =0
Rarefaction shock does not exist. The entropy of the fluid increases through the shock
can be proved for weak shock by the entropy balance ds d <)‘ dT) Ws

Pde = dw \T dx
or by the H-theorem using the Boltzmann equation z z z

8 /12

(Irreversibility)

ws >0
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REFERENCE FRAME OF LABORATORY

< Detonation wave < Piston @ _ _B(pu) d(pu) _ﬂ 2 % O(petot) _ 72 o _ 6£ _ @
D <2 — o~ or ot~ ox \ PTG ) ot~ on |PfeT T g v A, gy
Reactive mixture Burnt gas
at rest at piston speed 5 5
puD = pupy  up < ap Cp(Tb_Tu)+(“b —D%)/2 = qm »
A
_ B DN -
D up =D Up Y Pb Pu 1 1 1 . Dy b Hugoniot after
—— e — - _(pb - pu) - + - — qm heat release
Yy—=1\pp pu 2 Pu  Pb Michelson-

/F{ayleigh line
CJ Michelson-

REFERENCE FRAME OF SHOCK WAVE

_ (Y [(p _(y+1) (pu _ "/_"‘1 dm . NS, 1 Rayleigh line
p=lt (pu_1>, v= 02 (p—1) == P+yV+h=1+0 | |
7) == —MSV Hugoniot
of shock”
Pu b= 3 o—7
0 N Upe s Uy
quadratic equation for V MV? + (M2 —1)V+ Q=0
supersonic combustion wave M,=D/a, > 1
Lower bound of propagation velocity D = D¢
(called Chapmann-Jouguet 1899 — 1904)
(M? —1)* > 4QM?> M,>M,., =vVOo+VQ+1, Mikhelson (1893)

In the CJ wave the velocity of the burned gas is sonic in the frame of the wave uscs = apcJ (self-sustained wave)
(Rayleigh line is tangent)

In the overdriven detonations D > D¢y the velocity of the burned gas is subsonic in the frame of the wave u, < ay
(piston-supported detonation)

Vieille conjecture (1900)
detonation = inert shock wave followed by a exothermal reaction zone

U—N-—DB
(large Arrhenius factor) i
9 /12 Paul Vieille (1900)
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X-2) Inner structure of a weak shock

Do TR (et oug) G =g et g -]
(PN, pN)
Formulation (p M
( reference frame attached to the shock wave ) 7 L
2 dT d «>
pu = m, p + pu2 — Mi—z = cst. m <h —+ %) — )\a — qu£ — cst. shock thickness
T— —00: P=DPu, P=pPu, u=7D x—o00: dp/dx =0, dp/dx=0,, du/dz=0
Ee(y=Del o 2P
p y—=1p
Two coupled equations for p and v =1/p,m given (u=mv, c,T=pv/(y—1))
9 dv
(p _pu) +m (U - Uu) = Mmaa
y 1 v A dpv)  pm dv
v — 1(pv Puvu) 2(p Pu)(v+vu) = v—1me, dz + 2 (v Uu)dx
Y Lt
x—o0: dp/dx =0, dv/dz =0 2 2 b W

1
=5 +vu) | =(p—pu) +um%

Dimensional analysis

speed of sound 2 du
P pu ‘>< —
U/CL = 0(1)7 'udl'

mean free path
w/p = viscous diffusion coefficient ~ ¢/a = thickness of shock waves ~ mean free path

kinetic theory of gases
macroscopic equations not valid ?

ok for weak shock !

10




P.Clavin X .
M, =D/a, >1 Analysis for|le= M, — 1 < 1| (weak shock)

v=1/p v=(v—vy) /vy =0(e) 7= (p—pu)/pu=0(e)

mean free path Non dimensional equations
N\, 0
E=ux/l (= Druf/au  ay =\ ypu/pu Pr=p/(puDry) M2 =1+2€+..
1(p o) +m2(v —v,) = m:j—%( : 0(63) 1 Wj% =M2~1+2€
T (pv — puva) = 5 (p— pu)(v + v,) = —— TP +%u)l “ 1
-1 2 volme dzo 2 dw —7 + 1+261/—Pr—+0
C dv/d§ = 0(62) vy ( ) dé (€ ) valid up to order €
anticipating drJdg = O( 2) yH1 1 dy
s =0(e
— v+ 7r—|—1/——+—+0
( 2y ) v dg¢  d¢ (),
1 v+1 dv dr  dv
f7T+V—Pr——26V+O = <>7ru+Pr 2€V——+—+O
5 e (€), 2y d¢ d¢  d¢ (€,
dv v+1
T=—yw+0(), = [(v = 1)+ Pr] — e ( 9 V+2€>V
AU
the Rankine-Hugoniot jumps at order € are recovered when dissipative terms are neglected vy = —467 1 TN = —4671 T T
2 dv de \
y+10 _1)+Pﬂdg_”(”_”m<0 N R o
& = —oo : initial state, v = 0, ¢ = +o0o: shocked gas, v = vy = —4e/(y+ 1) shock thickness
(v+1) _ 2 2 z < )
= - 7 _1 = €C = O
e CER R e CEmVEn L7 B A T -
A

dY
—=Y(Y +1
& Y+1)<0

(=—-00:Y =0, (=+0: Y=-1

— l ec
froe vosgh
. microscopic length if M,, —1 = 0(1)
shock thickness = mean free path/(M, — 1) macroscopic length if (M, — 1) < 1
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Zeldovich (1940) Neumann (1942) Doéring (1944)

Orders of magnitude

E 1 e~ E/kBTN 1 un
—>1 = —

~ < :O(l), dN EuNTT(N) > QN Teoll ~/
kTN T (Tn) Teoll Teoll an

thickness of the reaction zone >> thickness of the lead (inert) shock

structure of the detonation: inert shock followed by a much larger reaction zone conjectured by Vieille (1900)

Dr _aXTeon _  Ten e F/FBIN o ! |
dy — dy o (W(@N)? T w(In) T n(Ty) e
diffusion rate < reaction rate = diffusion terms are negligible D—\ioj:::i;rzmﬁ —[-pismn
Formulation
Reference frame of the lead shock (x = 0) w
d(ou d du - e «HJ
(w) _ dp e g e N
dz dz dz Betonaton ickness
v d (p) du dy dy (T, 7))
T ida \y ) Tugy “mg = pu— = p— == W(T,p=1)=1
vy—1dx \ p dz ™ dx dx T (TN) b € [0,1] ( P )
r=0: U = Un, P = PN, P =DPN, ’w:la w = . .
T—00: uU=up, pP=pp, P=pp Y=0, w=0 detonation thickness dy = un7-(Tn)

2 =~P Elimination of p and p

p
d (p\ _ d (1 ldp  pdu  1dp a®du du 5 i(g) du 1 s o du
<>—p ( )+pdx_pudx pdr  yudzx Yz = y—1dz \p udfv_(’Y—l)u(a "

T~

dep du? u’
(@ — ) gy = 0= Dawugs = [ g =20~ Vi iz

12
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Phase portrait in the plan ¢ - u>

du?

Fo

u

2(7 _ 1)Qm (a2

2

—u?)

Ly 1y 2 Lo
“ul — — -D
o e L
Initial state ¢y = 0: u? =D? a® =a’
Neumann state 1 = 0: u® = u3;, a® = a%

no supersonic wave without a leading shock
zero reaction rate

X-4) Selection mechanism of the C| wave

Rarefaction wave in the burnt gas when the piston is suddenly stopped

Speed of discontinuities in lab. frame

vp =D —uy D a D+ap,—u, 7D
—> —> > —>
Gas speed | | : ‘ ‘
in lab. frame ! ' | A
D — UN | R I -] N :
= :
] .
v =D el | .
125/ E
] \ c
' o ' t>t, %
x ! ! od =
Moving—~ Static=7 '
piston Shock piston Shock

Speed of discontinuities in lab. frame

aq D¢y
Gas speed > D E
in lab. frame ! ! EEJ
Dey — UNey|oooeeo L. L
Rarefaction
DC.] IRy R
t>t,
0 x
Static-7 Shock
piston




