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Initiation of detonationLecture 11:

11-1. Direct initiation

11-2. Spontaneous initiation and quenching

11-3. Deflagration-to-detonation transition
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Flow of burnt gas in spherical CJ detonations
Point blast explosions
Zeldovich criterion
Critical energy

Initiation at high temperature
Spontaneous quenching

Basic ingredients
Experiments
Runaway phenomenon
Mechanisms of DDT
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Detonability limits

(controlled by

Mixtures in which the temperature at the Neumann state

(just behind the lead shock) of the CJ wave

qm) is larger than the crossover temperature (controlled by

the chemical kinetics)
TNCJ > T �

(� � 1)M2
uCJ

> 1� TNCJ � qm/cp 1000 K < T � < 1350 K

Mixtures in which a CJ wave can propagate

composition chemical kinetics

heat release per unit mass of the deficient species (fuel or oxygen in lean and rich mixtures respectively)
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XI-1) Direct initiation of detonation
Flow of burnt gas in a spherical CJ detonation

Zeldovich (1942) Taylor (1950)

(CJ detonation viewed as a hydrodynamic discontinuity)

p/�� = cst. � a(�) = (�/�bCJ )
��1

2 abCJ

1
�
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�t
+

u

�
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�r
= 0

�u

�t
+ u
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�r
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(v � x)
1
�

d�

dx
+

dv

dx
= 0

a2 1
�

d�

dx
+ (v � x)

dv

dx
= 0

�

Planar detonation

constant velocity DCJ � entropy of burnt gas = cst.

�
�
1�

�
v � x

a

�2
�

x
v

dv

dx
= 0

v = x� a

qm � cpTu � vbCJ = DCJ/(� + 1)CJ condition: vbCJ = DCJ � abCJ ,

qm � cpTu : abCJ/DCJ = �/(� + 1)

Riemann invariant:

2a/(� � 1)� v = 2abCJ/(� � 1)� vbCJ

x � r/t
flow velocity in the laboratory frame

self-similar form

u(r, t) = v(x)

planar �= spherical
� =

�2

�r2
� =

1
r2

�

�r

�
r2 �

�r

�

�

�r
=

1
t

d
dx

,
�

�t
= � r

t2
d
dx

= �x
t

d
dx

� = 1.25

sphericalplanar

1

0
0 1/2 1

|

rarefaction
wave r

�(� + 1)
v � vbCJ

DCJ
= 2

�
x
DCJ

� 1
�

�
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v(x) x � r/t
flow velocity in the laboratory frame

self-similar form

[U � (� + 1)� ]
1
R

dR
d�

+
dU
d�

+
2U
�

= 0 �2R��1 1
R

dR

d⇥
+ [U � (� + 1)⇥ ]

dU
d⇥

= 0

� = 1 : U = 1, R = 1.

stop the calculation at �o at which U = 0; uniform solution in 0 � � � �o

r = aot

weak discontinuity

spherical kernel of burnt gas at rest whose radius increasing linearly with time

self-similar solution of the first kind (Zeldovich-Barenblatt 1958)
� � r/(DCJ t), v = vbCJU(�), ⇥ = ⇥bCJR(�)

DbCJ /vbCJ = � + 1, a/vbCJ = �R(��1)/2strong shock approximation:
vbCJ = DCJ � abCJ

M2
uCJ
� 1

� = 1.25

spherical

�
1
�

⇥�

⇥t
+

u

�

⇥�

⇥r
+

1
r2

⇥

⇥r
(r2u) = 0

⇥u

⇥t
+ u

⇥u

⇥r
= �a2

�

⇥�

⇥r

�
���

���

�
���

���

(v � x)
1
�

d�

dx
+

dv

dx
+

2v

x
= 0

a2 1
�

d�

dx
+ (v � x)

dv

dx
= 0

� x
v

dv

dx
=

2�
1�

�
v�x

a

�2
�

Spherical CJ detonation

�

�r
=

1
t

d
dx

,
�

�t
= � r

t2
d
dx

= �x
t

d
dx

� = 0 : U = 0, dU/d� = 0�

!
CJ condition

dU/d� diverges at � = 1

lim��1 (1� U)2 =
2�

� + 2
(1� �)

start the numerical integration at � = 1
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Critical condition E > Ec, Ec?
(e.g. explosive charge)Initiation by releasing an amount of energy E at a concentrated location in a short time

Direct initiation of detonation ?

2 dimensional parameters E and �u � a single non-dimensional parameter can be built with r and t : r(�u/Et2)1/5rf (t) ?

b(�) ? 4⇥

� rf (t)

0
⇤

�
1

� � 1
p

⇤
+

v2

2

�
r2dr = Econservation of energy : � b = 1.0033.. for � = 1.4

rf (t) = b(�)
�

E

⇥u

�1/5

t2/5 ⇥ D(t) � ṙf (t) =
2 b(�)

5

�
E

⇥u

�1/5

t�3/5 �uD2r3 � (2/5)2E

Mu � D/au ⇥ 1 ⇤Strong shock vN =
2

� + 1
D(t), ⇥N =

� + 1
� � 1

⇥u, pN =
2

� + 1
⇥uD2(t) D(t) � drf

dt
where

At early times the energy liberated by the exothermal reaction is negligible in front of E
initial condition for direct initiation of detonation: self-similar solution of point blast explosion� in an inert gas

(Taylor 1941 Sedov 1946)

Varying velocity D � entropy of shocked gas ⇥= cst. Dissiption neglected � 2 Euler eqs. +
�

⇥

⇥t
+ v

⇥

⇥r

� �
p

��

�
= 0

Blast wave (Point explosion in an inert gas)

look for a self similar solution in the form � � r

rf (t)
, v = D(t)V(�), ⇥ = ⇥uR(�), p = ⇥uD(t)2P(�)

3 o.d.e. for V(�), R(�), P(�)� ⇥ = 1 : V = 2/(� + 1), R = (� + 1)/(� � 1), P = 2/� + 1,with �
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D2
CJ ⇥ 2(�2 � 1)qm

strong CJ wave � Ec � 2⇥uqm
(� + 1)4

(� � 1)2
d3

CJ
Comparison with experimental data (Lee 1984)

many orders of magnitude smaller 10�5 - 10�6

Curvature induced modifications to the structure of the planar CJ detonation is essential for estimating Ec

Transition between 2 self-similar solutionsSuccessful direct initiation:

E > Ec :
point blast explosion

spherical CJ wave

�
Df (t)

DCJ

�

Sedov-Taylor

Zeldovich-Taylor

rf (t)
�

The inner structure of detonation, dCJ , should play an essential role in ignition failure

� no criticality !

(Korobeinikov 1971, Liñan et al. 2012)
Df (t) DCJ � E

(Detonation = discontinuity)
no length scale no ignition failure

�NCJ � dCJ/uNCJ

reaction time at the Neumann state of the CJ wavethe time of the blast wave velocity to reach DCJ =

Order of magnitude estimate: Zeldovich criterion (1956)

��CJ = �NCJ
criticality :

, �NCJ

⇥�CJ � (E/�u)1/3(DCJ)�5/3
= dCJ/uNCJ

DCJ/uNCJ ⇥ (� + 1)/(� � 1)

� � + 1
� � 1

dCJ(DCJ)�1

(Ec/�u)1/3 � � + 1
� � 1

dCJD2/3
CJ

the critical energy is related to the chemical energy in a sphere of radius dCJ ?

point blast explosion
E < Ec :

fluid at rest v = 0

�
Df (t)

0

�

au

at rf � r�f and t � t� corresponding to �ur�3f D3
CJ � E, t� � r�f/DCJ
2



(�bu2
b + pb)� (�uD2 + pu)

�uD2
⇥ �I2 I2 � 2�

� d

0

�
1� ⇥u

⇥(x)

�
dx

dCJ
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Critical energy
He Clavin (1994)

u = D � vx = rf (t)� r drf (t)/dt = D �/�r � ��/�x �/�t� �/�t +D�/�xreference frame of the lead shock

�
⇤

⇤t
+ u

⇤

⇤x

�
(cpT � qm⇥)� 1

�

�
⇤

⇤t
+ u

⇤

⇤x

�
p = 0Conservation of energy

�

� � 1
p

⇥

I1(D) ⇥ 4
⇥ � 1

dCJ

rf
exp

�
�2�N

(D �DCJ)
DCJ

�
, I2 ⇥

⇥ � 1
⇥ + 1

I1

Large radius � � dCJ/rf � 1

Integration across the inner structure x = 0 : Neumann state, �NuN = �uD, x = d : bunrt gas

detonation thickness
curved detonationQuasi-steady state approximation

⇥�

⇥t
+

⇥(�u)
⇥x

+
2

rf � x
�(D � u) = 0

�
⇥

⇥t
+ u

⇥

⇥x

�
u = �1

�

⇥p

⇥x
+

dD
dt

Euler eqs.

�
�

⇤

⇤t
+ u

⇤

⇤x

��
cpT +

u2

2
� qm⇥

�
� 1

�

⇤p

⇤t
� u

dD
dt

= 0

�
�

� � 1
pb

⇥b
+

u2
b

2

�
⇥

�
�

� � 1
pu

⇥u
+
D2

2
+ qm

�

�.j =
1
r2

�(r2j)
�r

Nonlinear curvature e�ect of a spherical CJ detonation =
�j

�r
+

2
r
j

(�bub � �uD)
�uD

⇥ �I1 I1 � 2�

� d

0

�
⇥(x)
⇥u

� 1
�

dx

d

First order approximation unperturbed planar solution : �(x)u(x) = �uD

CJ

Square-wave model: thickness of the reaction zone � thickness of the induction zone dind,
d � dind,

Tu

TN

Tb

xx = 0

reaction rate
dind

lead shock

I1,2 � � dind/dCJ

�N ⇥
E

kBTNCJ

⇤ 1, dind = dCJ exp
�
�2�N

(D �DCJ)
DCJ

�
Arrhenius law �

(� � 1)M2
u � 1 � ⇥u

⇥N
� � � 1

� + 1
,

TN

Tu
� 2�M2

u
(� � 1)
(� + 1)2

,
TN

TNCJ

�
�
D
DCJ

�2

(D �DCJ)
DCJ

= O(1/�N ) ⇥

⇥(�u)
⇥t

+
⇥(�u2 + p)

⇥x
+

2
rf � x

�(D � u)u =
dD
dt��� �
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⇥D/DCJ ⇥ (D �DCJ)/DCJ = O(1/�N )

dCJ/rf = O(1/�N ) I1 = O(1/�N )

I2 = O(1/�N )
� �

�
� + 1

�

�
1 +

� � 1
� + 1

�
DCJ

abCJ

�2
�
� 2

DCJ

abCJ

�
⇥D
DCJ

=
� + 1

�
I1(D)� DCJ

abCJ

I2(D)

�pb

pbCJ

� �⇥b

⇥�CJ

� 2
�ub

abCJ

= 0u2
b = �pb/⇥bSonic condition in the burnt gas : �

there is no spherical CJ detonation
with a radius rf < r�

r�f/dCJ � 103

D � (E/�u)1/2

r3/2inert blast wave

marginal blast wave DCJ �
(Ec/�u)1/2

r�3/2

Square-wave model. Quasi-steady stateLimitations of the analysis:

No change in order of magnitude

He Clavin (1994)

Ec ⇥ (5/2)2⇥uD2
CJr�3 = (52/2)(�2 � 1)qm⇥ur�3� 108 - 109 � Zeldovich value

ok with the experiments of Lee (1984)(1956)
ok with DNS of He Clavin (1994)

�⇥b

⇥bCJ

+
�ub

abCJ

=
�D
DCJ

� I1
1
�

⇥pb

pbCJ

+
⇥⇤b

⇤bCJ

+ 2
⇥ub

abCJ

=
�
DCJ

abCJ

� �
2

⇥D
DCJ

� I2

�
1

� � 1
⇥pb

pbCJ

� 1
� � 1

⇥⇤b

⇤�CJ

+
⇥ub

abCJ

=
�
DCJ

abCJ

�2 ⇥D
DCJ

Small variations of the continuity eq, the Euler eqs and the energy eq yield
�ub � ub � abCJ , �⇥b � ⇥b � ⇥bCJ , �pb � pb � pbCJ

O(1/�N )⇥ub(D)/abCJ = O(1/�N ), ⇥⇤b(D)/⇤bCJ = O(1/�N ), ⇥pb(D)/pbCJ =

Small modification of the burnt gas state

(�bu2
b + pb)� (�uD2 + pu)

�uD2
⇥ �I2

(�bub � �uD)
�uD

⇥ �I1

�
�

� � 1
pb

⇥b
+

u2
b

2

�
⇥

�
�

� � 1
pu

⇥u
+
D2

2
+ qm

�

inert blast wave

2�N

�
DCJ �D
DCJ

�
e�2�N

“
DCJ�D
DCJ

”

=
16⇥2

⇥2 � 1
�N

dCJ

rf

r� =
16 e ⇥2

⇥2 � 1
�N dCJ , D� =

�
1� 1

2�N

�
DCJ

�
DCJ �D
DCJ

�
vs

dCJ

rf
is a C-shaped curve with a turning point at

E = Ec

I1(D) ⇥ 4
⇥ � 1

dCJ

rf
exp

�
�2�N

(D �DCJ)
DCJ

�
, I2 ⇥

⇥ � 1
⇥ + 1

I1 �

DCJ

aCJ
� � + 1

�

/12
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XI-2) Spontaneous initiation and quenching
Zeldovich (1970-1980) Lee (1978)

Possible with gradients of T

Spontaneous initiation of detonation at high temperature

T

x

1000 K

t = 0

t = 0 : initial gradient of T � gradient of �ind

�ind(x)

Mechanism spontaneous initiation: combustion � pressure pulses that propagate with about the speed of sound a

synchronisation : (d�ind/dx)�1 = a

� propagation of an induction front at a speed � (d�ind/dx)�1

� qv⇥ (t� �o
ind � x/a)

1-D : hot slides ignite before cold slides q̇v = qv⇥ (t� �ind(x)) (rate of heat release per unit volume)
dimension of � = (reaction time)�1

d�ind/dx � cst. � �ind(x) � �o
ind + x(d�ind/dx) q̇v = qv⇥ (t� �o

ind � x(d�ind/dx))

⇥2p/⇥t2 � a2⇥2p/⇥x2 = (� � 1)⇥q̇v/⇥t simple wave : ⇧

⇧t
⇥p + a

⇧

⇧x
⇥p = (� � 1)qv⌅ (t� ⇤o

ind � x/a)

run away (secular solution) ⇥p = t(� � 1)qv⌅ (t� ⇤o
ind � x/a)

The amplitude of the pressure pulse increases linearly with time at the rate of the reaction rate

10

1

10�1

10�2

1 10

800 K

900 K

1000 K

1 atm

10 atm

50 atm

10�3

0.1
�

ig
ni

ti
on

ti
m

e
(s

)

H2-air
(Sanchez Williams 2013)

R
ea

ct
io

n 
ra

te
  (

R
ea

lti
ve

 u
ni

ts
)

Relative distance

D = 3100 m/s, T   = 2027 KN
D = 3000 m/s, T   = 1925 KN
D = 2900 m/s, T   = 1825 KN

50 atm

H2-O2

Time (Relative units)

�ind(T, p)Induction delay (Ignition time) �ind Tis highly sensitive to T

�ind

10

(�p/p < 10)
Not possible with an homogeneous explosion of a gaseous pocket at constant volume

� 30� 50atmGaseous detonations are di�cult to ignite: a large increase of pressure is required pNCJ

0

Michelson-

Rayleigh line

Hugoniot after

heat release

Hugoniot

of shock

CJ Michelson-

Rayleigh line
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(d�ind/dx)�1 = a

Zeldovich & Lee criterion for spontaneous initiation (1970-1980) has been observed in numerics and experiments
Lee (1978)Zeldovich et al. (1970), Kapila et al. (2002)

Spontaneous quenching
(He Clavin 1992-1994)

Tu

TN

Tb

xx = 0

reaction rate
dind

lead shock

Theoretical analysis:�
���

���

square-wave model

quasi-steady induction zone : dind/dind � e�2�N
(D�D)
D

ddind/dt ⇤= 0⇥ mass flux in reaction zone ⇤= �uD
d
dt

dind � e�2�N
(D�D)
D L

dD
dx

�DCJ

DCJ
� (2M2

uCJ
)�1 �Tu

Tu
� Hugoniot

of shock

Hugoniot after
heat release

(� � 1)M2
u ⇥ 1 :

d
dt

dind ⇤ uN
(D �D)
D

geometrical construction:
di�erence of mass flux = di�erence of slopes of UN and NB ⇥ (D �D)/D ( (� � 1)M2

u � 1 )

K� = 1/e
�
DCJ �D�

DCJ

�
=

1
2�N

critical condition for sudden quenching ok with DNS

Tu Initiation in a uniform cold mixture from a nonuniform hot pocket

L

1350 K

360 K

0.5 1 1.5 2

T

x(cm)

Spontaneous ignition at high T may be followed by sudden quenching at lower T

CJ

Numerical
simulation

Theory

Initiation Propagation Quenching

before reaching the uniform cold mixture

where

C-shaped curve D vs dTu/dx

K ⇥ 4�2
N⇥ind(TNCJ )

�
�dDCJ

dx

�
= O(1)2�N

�
DCJ �D
DCJ

�
e�2�N

“
DCJ�D
DCJ

”

= K

2�N

�
DCJ �D
DCJ

�
1

K� = 1/e

with a turning point

Xe�X

X =

dK

dTu
< 0(K > 1/e)A CJ detonation cannot survive to a strong temperature gradient at low temperature

The non-uniform pocket of hot gas should have a proper shape for initiating a detonation
/12
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XI-3) Deflagration-to-detonation transition (DDT) 

-2) Flame acceleration through an increase of the flame surface area TN TuTb

Utur = sUb D

shock waveflame brush

cold gas
at restat rest

hot gas v = D � UN

-1) Piston e�ect: fresh gas put in motion ahead of the flame

Basic ingredients for DDT in tubes

Experiments
Shchelelkin, Troshin (1965), Oppenheim et al (1966-1973), Lee et al (1977-2008),..

Obstacles facilitate DDT

-3) Heating of the fresh mixture by compressible e�ects
(through a shock wave or a compression wave and/or viscous dissipation)

DDT is not observed in free space (without confinement or obstacle). Supernovae ?
explosions �= detonations

(Lee 1977)
Utur � 300 m/ssection when the turbulent flame speed approaches su�ciently large values

For turbulent flames in energetic mixtures (UL � 10 m/s) DDT is observed in tubes of few 10 cm2 cross

DDT may result from localized explosions (Zeldovich mechanism) ahead of a fast turbulent flame
(Oppenheim et al 1966-1973)

it is observed in large scale experiments (coal mines)
In fuel-air mixture (UL � 40 cm/s), DDT is not observed in tubes at laboratory scale

(Oran et al. 2014)

DDT is observed in energetic mixtures (UL � 10 m/s) in smooth-walled capillary tube
(Wu et al 2007-2011)

0

Lead

shock

Hugoniot

of shock

Hugoniot after

heat release

Michelson-

Rayleigh lines

(Lee Berman 1997)
Obstacles may also generate turbulent chocked regime, Utur � 600�1000, m/s without DDT
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D � UN

au
⇥ 2

� + 1
(M2

u � 1),
TN

Tu
� 1 ⇥ 2(� � 1)

� + 1
(M2

u � 1)Weak shock :

Large activation energy E/kBT � 1, (Mu � 1) = O(kBTb/E) �

1-D self-similar solution of a shock wave generated by a flame brush propagating from the closed end of a tube

Conservation of mass across the waves:

D � UN =
�

1� �b

�u

�
sUb

�bUb = �uUL ⇥ v = s(Ub � UL) =
�

1� �b

�u

�
sUb

�NUN = �uD ⇥ v = D � UN

�
��

��

(Deshaies Joulin 1989)Runaway phenomenon

Ub/Ubo � e
E

2kBTbo

“
Tb�Tbo

Tbo

”

Ub � e
E

2kBTb � without shockUbo and Tbo :

Ub/Ubo = O(1)

and
(Tb � Tbo) � (TN � Tu)
Tb � TN + qm/cp Tbo � Tu + qm/cp

Tb � Tbo

Tu
� (� � 1)

�
1� �b

�u

�
s
Ub

au

Xe�X = K X � K(Ub/Ubo)

Two solutions for K < K� � 1/e : one is unstable the other stable

1

K� = 1/e

Xe�X

X = K (Ub/Ubo)

unstable branch

stable branch

where

K is linear in the folding s

No solution for K > 1/e i.e when the folding is too large s > s�

Mu = D/au > 1sUb/au � 1
� and T weakly modified

(Mu � 1)� 1
(TN � Tu)/Tu = O(Mu � 1)

� weak shock : where

Assume that the degree of folding increases with time (instability, fingering, development of turbulence ..)
s� =

�
(� � 1)

�
1� ⇥b

⇥u

�
E

2kBTb

UL

au
e
��1

U�
turb = s�U�

b � 500 m/s OK with experiments

s s� :If runaway at the critical condition s = s� DDT !

K � (� � 1)
E

2kBTb

�
1� ⇥b

⇥u

�
s
UL

au
� E

2kBTbo

(Tb � Tbo)
Tbo

= K
Ub

Ubo
where

(Ubo/UL = Tbo/Tu)

DUN
sULsUb

in the reference frame of the wave

v = D � UN

flow velocity in the lab frame

v = s(Ub � UL)

TN TuTb

Utur = sUb D

shock waveflame brush

cold gas
at restat rest

hot gas v = D � UN

in the laboratory frame

look for the solution of this nonlinear problem D � Uturb

Utur � sUb : subsonic velocity (/ lab frame) of the turbulent flame brush< D supersonic shock velocity
s � �S� /So is the degree of folding

� D

(Ub/Ubo) = exp[K(Ub/Ubo)]

equation for Ub/Ubo in terms of s

TN

Tu
� 1 ⇥ (� � 1)

(D � UN )
au

= (� � 1)
�

1� ⇥b

⇥u

�
s
Ub

au
⇤ 1

TN

Tu
� 1 � (� � 1)

(D � UN )
au
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Acceleration of an elongated flame

� exp(t/�a), 1/�a � 2(�u/�b)UL/R � induced flow velocity � et/�a

(Clanet Searby 1996, Bychkov 2006)

lateral combustion
stick condtion at the wall

�

� velocity of the tip
(runaway or positive feedback)

Turbulence induced DDT
turbulent flow of fresh mixture � s Utur� flow velocity�

(Shchelkin 1940-1945)

� s Utur��
(positive feedback)

turbulence intensity

Acceleration mechanisms of the flame brush leading to DDT ?

Mechanisms of DDT

(Oppenheim’s experiments 1966-1973)
DDT induced by local explosions

2 possibilities for heating: compression waves and viscous dissipation in the boundary layer at the wall
heating + boundary layer � �T �= 0 � 1/|��ind| = a :

local explosion by the spontaneous initiation mechanism of Zeldovich

ignition: T > T � � 1000 K � vitesse de flamme/labo > 300 m/s
of Deshaies Joulin !!this is also the typical velocity of the flame brush for the runaway mechanism

Preheating by compression and viscous dissipation in narrow insulated tube
Kagan Sivashinsky (2003-2014)

� piston e�ectpiston like e�ect precursor flow compression+viscous dissipation� � � Tb Ub
runaway mechanism similar to that of Deshaies Joulin (1989) (but folding is not necessary)


