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XIllI-1) Physical mechanisms

Detonation = inner shock followed by an exothermal reaction zone
Inner structure = uniform induction zone + zone of heat release

Galloping detonation = oscillatory instability : oscillation of the velocity of the lead shock

. . Lehr 1972
oscillations

12 p =
2" —— D=3100ms, T = 2027 K reference frame of the unperturbed detonation .
Si1o0f | D=3000 mis, Ty =1925 K acoustic waves
Q - D=2900mis, Ty = 1825 K —~
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Relative distance oscillations DNS: Ficket Woods 1966
Instability mechanism - lina(Tn)

0D = —dy # 0 = 6TNn = 6l;ng motion of the heat release zone produces a piston like effect

\ feedback loop / the unstable character depends on the phase shift

. . ) acoustic waves
Two different coupling mechanisms:

entropy wave

Two limiting cases

Strongly overdriven regimes for (v — 1) < 1 : quasi-isobaric flow, the delay by the acoustic waves is negligible

CJ regime for ¢,,/c, T, < 1 and (y —1) < 1: transonic flow, the entropy wave is negligible

(not realistic but useful for pointing out the compressible effects)
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Xll-2) General formulation

Galloping detonation = pulsating instability of the 1-D solution

1.2

oscillations

o

o
)

velocity of the shock oscillates

D(t) =D — dt ———+ | induction |heat release

ol

o
o

reaction rate oscillates

=4
o

Reaction rate (Realtive units)
S o
>

o
o

1 4
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Relative distance

Constitutive equations a=0 o) v
oscillations
Reactive Fuler equations
D/Dt=0/0t+u.V « pcpDT /Dt = Dp/Dt + pg,, W
1%_ v Du:_vp’ 1 DT (7_1)1%7 Gm W %7‘;"(1/)71—‘) ol

= —V.u, i = (¢, — cu)pT [ = —=—, = — t =7.(T
» Dt "Dt p=(ep—colp T Dt v pDt ¢, Tiy Dt TN v =7:(Tw)

Reduced mass weighted distance from the shock (useful for unsteady 1-D problems)

1 v / / t Z sl
X= ——— p(z' t)dx’, t= —, tn =7.(TnN)
z = a(t) puDtn a(t) N
instantaneous shock position reaction time at the Neumann state of the unperturbed solution
0 1 9 o 0 0 0 (2, )[u(z, ) — dy] a‘/dtzda/dt

p _ plx, t)u(z,t) — _ t

= — 0 J— _ = — _— h = - 1 ="

gr  puDiyox N <8t - “m) gty whee ml(D) { D L—a@ D

{ u|x:0(t) — Q= UN(t)

pn (t)un (t) = pu(D — )
Dfpu)_0 (u o D(Pn\_0(u
RZQ_F (t)g Dt\p/) ox\D Dt\ p /) ox\an/)’
B D(u)——a £ p=(cp — co)pT
Cug Dt \D ox PuﬁQ ’ © v ’
v IDT (y-11Dp_ g,  D¥ _
T Dt v pDt T Dt
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o (J) _9 (E) e 2 (LN) 8 (i)

Do ta Dt\ p/) 0x\D Dt \ p ox \uy /)’

DR 2 (5) -2 (%) rmteanr

m(t) =1— & 18\ @D ) ’ ’ m(t) unknow

D IDT (y—1)1Dp  gm . Dy . .
TDt v pDt T Dt a/D=1-m(t)
Boundary conditions
Neumann state x=0: p=pn(t), p=pn(t), T=Tn(t) pn(t)(u—c)=p,Dm(t) ¥ =0

expressed in terms of m(t) by the RH conditions

small parameter —

_ ~ - = .2
un/D =py/Pn = €,
pu—pyuny =0
dp
a—k

un _ pu _ (Y= MG +2 py _ 2yMg — (v —1)
T T Ao L 1\Ar2 N -
Ty _ [2Mi- (=D [(G-DMZ+2] 5 (=DM 42
T, (v +1)>M3 ’ Ny M- (- 1)
Burnt gas X — 00 : overdriven regimes: u =
CJ regime: p — p, = pyap(u — W) 1.e. outgoing acoustic waves (radiation condition)

Analytical solutions are obtained in limiting cases

Strong shock in the Newtonian approximation

M,>1, (v-1)<1 = Mi,z“+]\;2<<1
Distinguished limat: 251, (- 1M = O(1) ’
=My <1, M =0(1/€), (v —1) = O(e?)

} and a?v/ysz/pN =

Bn/Py = M, =0(1/€), an/Dre  (an/an)?~[2+ (v—1)M,]/2=0(1)

Quasi-isobaric approximation of the shocked gas

/Py —1) = —€ (@/un — 1),
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XIlI-3) Strongly overdriven detonations in the limit(v —1) <1

(Clavin He 1996)

Distinguished limit
=My <1, M, = 0(1/¢), (1=1) = 0(e)

qN = gm/cyTn = O(1) | &  strongly overdriven regime
My, =VQ+VQ+1 where Q= %ch;
P

Tn/T, =0() = My, =0(1) = M, > M,,,
oT oT Gm .
IDE (-D1Dp S Fm®) 7 = W),
T Dt v pDt T = p x=0: =0, T:TN(t)
dp/p = O(?) % + m(t )_%ZJ = vW(1, T)
ot Ox ’ Tw /Ty ~ [(y — 1)M2 +2]/2 where M2 = M (1 — éu/D)>

The solution yields 7" and p in terms of m(t) =1 — &;/D

Integral differential equation for the dynamics (Clavin He 1996)
Quasi-isobaric approximation in the shocked gas

boundary condition in the burnt gas

o (P E - <. u/ u(x=20
B)-2E)) & (Gl fo2(e) = Lo

op/p = 0(62) u(x=0) <1 Dy ) y n puD
u B on®) ) un | pn()uy

_ 2
TN dlznd pu/pN - O(G )

Large Ty -sensitivity of the induction length By > 1 by = T
“ 0Tn /Ty = O(1/Bn) = 0T(x,t)/T = O(1), 5¢(X t)/=0(1) ow=0(1)
Attention is limited to M, /M, = O(1/B8y)

x=0: pn(D)(u— ) = pu (D) =>

eeeeeeeeeeeeeeee

5pN£t)/ﬁN _O(l/ﬂzv)} — (ﬁ _ 1) — f‘_t ~ gN /Oov'vdx <
0

puD/pNn(t)an =1+ O(1/Bn) uN un

W in terms of &y /Uy
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oT 0T _Im

w(, T),
TR Y B K= 05 T =Tu(t), =0
W%~ ) -
ot ox
(TN _TN)/TN :O(l/ﬁN) = @N(t) = 5N(TN(t) —TN)/TN = O(l), W % 0(1)
Steady state solutions T gm W, T), Tn = cst. # Ty
dx ¢ ’ s
dw P x=0: T=Tn, =0,
I = w(y,T) Oy =08nTy —Tn)/Tn
— T(®N7 X)a ¢ — y(®N7 X)a Q(@Na X) = W(T, y) ;

Unsteady solution (retarded functions)

T(x,t) =7 (On(t —x),x), P(x,t) =V (On(t—x),x), QON(t —x),x)
(5;—1) Ztv%qzv/ooov'vdx = —g—t =qN / [QON(t —x),x) — QOp,x)] dx 50N = O(1) = 6Q = O(1)
N Q g 0o
ﬂb/ﬂN = qN/ Q(éN,X)dX
Ty _ [29M3 — (v = D] [(v — )M +2] _ ot 0
T, (7 + 1203 = (IO -Tw)/Ty~ (- Dijiv <l = 2t (N(_)1)
M = M,(1 - 6,/D)* v Only
Distinguished limat (v=1py=0(1) <& By =0(1/€)

Nonlinear integral equation

L+ box() = /Ooo QO (6 — x), x)dx,

' =0n(y—1)gn = 0(1)

/ QOpN,x)dx =1
0

(Clavin He 1996)
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1.2
1.0
08
06
04

Oscillatory instability

on rate (Realtive units)

Stability analysis _ O = (T - Tn)/Tx § ;00
s On(t) = O +00x(H) g,y A=
O
Linear integral equation :[00@y (t) = b™* /0 QN (x)0O0 N (t — x)dx, Qy(x) =002/00nN|g, —5,
2 quantities
a function Q'y(x) /O QUON,x)dz =1 YOy = /O Qy(x)dx =0
a non-dimensional parameter of order unity: b~' = Bn(y — 1)gn | \\/
Complex eigenmodes 50N () o exp(6t) 5= 5+i0 (complex mumber) Dinersionkess
) inear growth rate
integral equation b= / Oy (x)e” 7 dx
0 b<b
§>0and © # 0: oscillatory instability O=0(1) & w=0(ty) (y Dimensioness
§=0and & #0: stability limit Trequence of oscillation , o
Poincaré-Andronov (Hopf) bifurcation of order of the transit time .°

Discrete set of eigenmodes
the thermal sensitivity Gn

The oscillatory instability is promoted by an increase of { the heat release qn
the stiffness of the spatial distribution of heat release, function Q' (x)

The dynamics of the square-wave model is singular — Q@y,x) = 6(x — Ix(t)), Iy =exp " dOy(t — 1)/dt = bON (1)
Ge 7 =1 §; — 00, wW; — 00 YV b
Nonlinear dynamics: limit cycle, period doubling, chaos, dynamical quenching (Clavin He 1996)
1+b0nN(t) = /OO QOnN(t — x),x)dx,
0
8




" XlI1-4)CJ detonations for small heat release

(Clavin Williams 2002)

Reactive Euler equations in 1-D geometry
D* /Dt = 8/t + (a & u)d/dx

1
D/Dt=0/0t +u.V %x a® =p/p 1D
1Dp Du
oor ~ v (g =) p-(e—el — 1D 1D*uw_ gn ¥
D_9o 0| |Dy_w IDT  (y=1)1Dp _ gm W | _ i(i%JrvU:qimi) yp Dt~ a Dt ¢Tiy
Dt — Ot ox Dt iy’ T Dt v pDt Tity’ vp Dt Tty ,
entropy equation
w(y, T) 1 [ 0 0 1|0 0 Gm W
— | =4 (uta)=— | pt=— | =+ (uta)=— | U= ==~
) ) essi A ot oxr a | ot or Tt generalized acoustic egs.
1-D Euler (compressible) eqs. Yp pl TN (6p = +padu)
(useful form for the following)

CJ and overdriven regimes . ___1\2
Moo, =VQ+ VO o= 11D i po i)
ucs = T2 T, 49

Near CJ regimes for small heat release. Transonic reacting flows

CJ regime: f =1, overdriven regime: f > 1

Small heat release approxrimation (transonic regimes)

Ox1

overdriven regime near CJ: |f = O(1)

Mo~1+2e/f M- M2 ~2(/f—1)

M? ~14+ 2

1.2 —
small parameter: e = Q < 1 ucy

A €in p.9 # € in p.5
9




P.Clavin XII qN = qm/CpTN — 0(62) f = O(l)
Rankine-Hugoniot conditions (M? -1) <1
see p.6 lecture X
Tn 2 PN PN 2
— 1+ (y-1)(M;—1), —r— =14+ M, 1), =0
AL (- D2 - 1) N BN 2 ) !
—2 —2
Steady state (M, — 1)~ (1—My) ~2e\/f
heat release / compressible effect
=~ —(y = DeV/fL - V1-(¥/f)], (1-1M,) ~2¢V/f 1
v+1)(D—pu v+ 1)=—2
R I N A R e )|
Y Pu 2
A crossover temperature : T, < T* < Ty separation of scale: 7o /tny < (MU -1 = e B/kBTN ¢
Distinguished limit (y=1)=0(e) | = (T —Tn)/Tn = O(¢?)
: ) : t 1 o T-1T,
Non-dimensional equations t=-—, x= d Gd=— =ZIn <£> , 0= ( A )
tn aytn Ay g Pu Ty
anticipating 0 = O(¢?)  a/a, = 1+ O(¢?) 1 —1=0(e) 7 = O(e)
1[0 0 1[0 m
the variation of a is negligible in ~ [m +(ut a)ax] pE- {& + (uia)ax] u= 57%
0 0 0 01
1 ooy 2 AT - SN R
latJr( + )8X] (7t + 1) = €W, [8t+u8x] [0 — (v — 1)7t] = e*w
0 0 0 0
_ 1 — ) — T —q) = 25 —_ ) —— —
{8'5 ( “)ax} (=) = ew, [at +“ax} v=w
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. oscillations
Slow time scale pay -
2 . '(1(",(')1lsti(" wayes
M7 —1=0(e) = transonic flow: u/a =14 O(e) D
~ e \/\/@t release
time scale of the downward propagating acoustic wave : lipg/a =tn entropy wave
178 o 170 P P induction -
Lo ag pe g [ erag =258 a=0 o) z
<
time scale of the upward propagating acoustic wave : ling/(a —u) = ty/e oscillations _
170 o1 170 81  gm W ling = atn
Lt oo [ g = B
longest delay in the feed back loop =ty /e
Scaling Period of oscillation = O(ty /¢)
: : : : t -
non dimensional time of order unity T= /e =€t — t=t/tn
N
instantaneous position of the lead shock wave = = a(et/ty) a = a(7)/(aytn) < non dimensional position
non dimensional variable of order unity|u, w, 60 :| o = v 1+eu, 7w= l In (ﬁ) = em, 0= (T - T) = 20
Qy, Y Du T
f f f th i hock t 19 (1) 9 0 0 9 ;9
© T = et, =x—a(7), — = —, — =€| — —a,—
reference frame of the moving shoc ox ¢ En 5 B¢
A u and p are flow velocities in the lab frame x =xz/(autn)
o(m+ p) 0 90 — hr — ) 0
[82 +(1+ u)g} (7 + 1) = ew, [Q + ﬁf} [0 — (y—1)7] = W 85 85 ’
t 0x ot 0
0 _-u2 e O i ~ 2 (i) (=) = A
[a—( )ax}(ﬂ—u) €W {a—i- a]w W, 9 T 85 ) aé__
) — h=(—1/c=00)
Arrhenius law : w(1,0) = (1 —¢)eP0=%) with|3, = e =0(1) ar = da(7)/dr

I kpTN




P.Clavin XII Asymptotic model for CJ or near CJ regimes

e =qn/c, Ty <1, (y—1)=0(), E/kpTy=0(1/é) (Clavin Williams 2002)
oscillations
O(r + 1) 80 — hr — 1) _
L — O - O, _— eat release]
o€ % -
4 )2 _w. i, =da(r)/dr "m0 o0 ’
or + (,U, aT) o¢ (7‘(’ :u) =W, 8_5 =W oscillations

My, = (D —éy)/ay, = My — €a

Boundary conditions at the Neumann state h=(y—1)fe=0() f= overdrive factor

Tn

Tfuz1+(vfl)(M371), B £€=0: 0=0y=2h(\/f—4a,), m=7mn=2H/f—4)
PN o PN o1 (M2 1) My =1~ My — 1) = 2¢4r On —hry =0
Pu Pu * T 1\ e )
pu(D — Gy) = p (oo — ) (Mo=n=evi §€=0: p=py=—f+24 and ¢ =0,
A u and p are flow velocities in the lab frame UN + TN = \/?

> p+m=+\/f 0 =h\/f—hpu+1

The problem is reduced to solve two ations for u and ¥
B) N Y
5—1_(“_&7)8_5}”__5’ 8—£—W(¢>9)

£E=0: p=—/f+24a, and ¢ =0,

Boundary condition in the burnt gas

§— o0 Y =1, p=rp,=—\f-1

yields an integral equation for a, (1)
12
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Nonlinear equation for a transonic reacting flow

0 e, ' 0 ) .
et ln=—g.  F =) W =1)=0

0 =h/f —hu+1
£=0: p=—/f+24 and ¢ =0, E—o0:  Y=1, p=pg,=-f-1

Result for simplified chemical kinetics

Simplification:

The reaction rate depends only on T (t)

The stability analysis is similar to that of strongly overdriven regimes !

Similar integral equation but with a delay controlled by the upstream running acoustic wave

3 d¢
A — -
o= e

)= [ [ﬁ%r@ " q‘@)] e (r — AE))de

Instability due to thermal sensitivity Stabilizing term due to residual compressible effects

Conclusion L oselliations

acoustic wayes

Jf

Galloping detonations are due to a phase shift in the loop between the lead shock and

o~ /\/tht release

. . ‘,Tltr'()py wave

the heat release, controlled by the entropy wave and the upstream running acoustic wave induction .

a=0 oft) x
<+—>

oscillations
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