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XIlI-1) Acoustic waves and entropy-vorticity wave

Shock wave =~ hydrodynamic discontinuity + Rankine-Hugoniot conditions
The flow of shocked gas in a planar wave is uniform
D > a, = the upstream flow in a wrinkled shock is not perturbed

Flow velocity uy is sufficiently large = the diffusive fluxes are negligible: Ds/Dt = 0
The entropy of shocked gas is modified at the Neumann state of a wrinkled shock = Vs(r,t) # 0

Linearized Euler equations

(written in 2-D for simplicity. Extension to 2-D is straightforward)

Y

dw
Loy

T

u=7uy+ou, w=o0w, p=py+Iip, p=Dy+0p
1 D 0 0
— —0p+ —du+ —ow =0,
PN Dt Oz ay in the frame of the unperturbed planar shock
_ _ D 0 _ D 0 M =1D/a
D/Dt = a/at + UNa/a.CE pNﬁéu = _a_x§p7 pNﬁ(Sw = _a_y6p7 initial fluid shocked fluid, Neumann state
D D D D > a, EN <an
Op/0p|s=cst = a E(Ss =0 = ﬁdp = E?VE(S/), — |
M, >1 My <1
, : (Pus pu) | (P, PN)
Wave equation for the pressure (d’Alembert equation) L A x
e 1 D 0 0
eliminating 0p = o E&p + %(M + 8—y5w =0
D? 9*
eliminating du and dJw = W&? —ay <@ + (9_3/2) op=20

the pressure fluctuations are fully propagated by acoustic waves in the shocked gas moving at constant velocity uy
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Flow splitting

(a)

Y

du = ou' + su®
dw = dw® + sw®
1

op = dop

Normal-mode analysis

Incompressibility condition

=

0%511,(i) =uyN a—ay(Fw(i)

acoustic wave + vorticity wave

A

Y
z = at,y)
Fresh mixture
z
Shocked gas
l:l: (Ua k)
ot
No length-scale other than |k|~! 1@ =
in the problem
_ D 0 ~(a)
—du=——94§ u = —
=
D 0
DW= ——§ nla) — _

Linearized flow field

DBt - % +EN8% 96w 96w :
Do /Dt = 0 o TUNT = 6ut (y,t — z/uy)
Dow™ /Dt =0 Osw® T 05w _ A sw D (y,t — z/Ty)
ot ox
%&L + %50} =0 = %&L(i) + %5w(i) =0 = %&L(i) = EN%&U(”
aly,t) = ae*vrot Sf(z,y,t) = f(x)evtat| /{:UEGRZe o(k)?

op = pn exp (ilrx + iky + ot)

2nd-order algebraic eq.

2 2 2
(O‘-l—ilj:ﬂ]\f)2 —|—6§V(li +k2) =0 = %6})—6?\, (;ﬂ—i_@ay?) Sp=0  wave eq.
Vi ./ 2 ,
il:l:ﬂN ﬁN eili:c ,a(z) = |ay + lliﬂN ﬁN e—a:r/ﬂN
o+ il Un PNUN ’ o+ iliuy pNUN ’
ikun DN RIS @ — [@N n ikuy DN } 00T/
o+ iliun pyUN ’ o+ iliun pNUN ’

Neumann state

r=0:0p=2dpn(y,t) =pne

iky+ot

N RH conditions

Neumann state

o (iliO‘ +ﬂNk2) PN
(0 +ilpun) pyUN

N =)
un
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XIlI-2 Analyses

Dispersion relation for general materials

Compatibility condition

)§p 0

il o +uyk®) p i
(o FUNKD) Py N g =g
Uy) PNUN un

g  _

(at‘FU

0

2
82
) 5y @ (32

82

N 37 (o +ilzan)? +an(i+%k) =0 = 0%+ 2olpuy — 12a® +ax (3 +k*) =0

—(ilpuyo + unk?) = o +ileouy + (ay —ux) (3 +k?)

ax (% + k%) = —(0 +ileuy)? = = (o +iltuy) [0’ - (1 - MN) (o + 1liﬂN)]
M V/ 2 oo ——2 —2\. _
ili:MNSi 1+5 with Szig 1 = = (o +ilyuyn) [JMN—(l—MN>1liuN}
‘k| 1 7M2 G,N|]€‘ 17M2
V N \ N

—(ilpTno +Tak?) =

(vw.,.g\m _ [ﬁ: 1+ 52} Ik|ay

B (iliO' +ﬂNk‘2> PN
(0 +iliun) pyUN

N

—oIN ik =0 = = —a;—N—l—ikzDN:O
N N

/11—y [j: 1+S2} k[T =2
PN

uy
DN an| iklony] My
+VS?2 + |——H = o =0
PNONTUN un| |klan Y
— My
(Buckmaster Ludford 1988. Clavin et al. 1997)
o
The Rankine Hugoniot relations yields an equation for S o 7]
an
5]?]\] dt pN a 5UN dt uN Q 5’(1}]\[ , 1I)N
— X —, | = xic— — X —, |=/— xic— — X, | —— xik&
PN un PN un UN un Uun UN UN un

Downstream boundary condition

r — OO

op = py exp (ilrx + iky + ot)

bounded condition (in the unstable case, Rec > 0)

selection of the the sign in /4 such that €”** does not diverge
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Rankine Hugoniot relatio

ns (general material)

uadratic equation for o2 /a3 k>
N

6

Clavin Williams 2012

non-dimensional parameters
2
M=D/a Y p E7M>07 5 _ 1 pu 25
initial fluid shocked fluid, Neumann state PN de / dp N PN = r \p PN
: PN
Droite ﬁN MN
D > a, un < any Fresh mixture Courbe & de Rayleigh MNH n=-—— 5~
— x d'Hugoniot 7 Pu (1 — MN)
M, 1| M 1 Shockgd 925 Pu
u > N < ow, ‘v
(Pus pu) | (P pN) (27 |
1/pn  1/pu 1/p
Jump conditions  p.5 lecture IV
_ Oa
mass pn(uy — 0a /Ot — wnOa/Oy) = pu (D — da/Ot) = dpNnun + Py (duny — Oa/Ot) = —p, O/ Ot om Pu gy
tangential momentum wy = (D — UN)%; = dwy = (D —un)da/dy
o 1 (puD)?6
tangent to the Hugoniot curve (geometrical construction) = @ = fyﬂ
] ] Pn T PNPN PN
longitudinal momentum pN — pu = —m? ( - > 1_ Pu
PN Pu = opN L T by ) Oa/Ot opN L <N 3 1> r  Oa/ot
5pzv_2(1pu)p8a+ m*_dpy by (-1 D px  \p (1-r) D
Py ™ PN PNPN PN Sun (pN B 1) l+7r 0a/ot  dwy _ (Pn 1) da
. un Pu (1-r) D un Pu dy
Linear rate
R P L\ SR L2\ L
PNANTN N IkluN /1 7?\] +2M nSV1 + S2 (1 + rS? 4+ (1—7r)n
aly,t) = aelkvtat da _ =oa = ika 5= a |k\ —2
’ ot 5y V1=
4 2 2 o’ 1
taking the square aS™ +2b5“ 4+ c=0, S = — 5 5
ayk? (1 — Mg)
—2 —2
=(1+7r)?—4My, b=1—-7)n—-2My, c=(1—-7)*n*>0.
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w Classification of normal modes

Normal modes for general materials o P
2 non-dimensional parameters
+2MNSV1+82=(1+7)S?’+(1—r)n (puD)? 0 PN
= - 7 Droite
o 1 ' dﬁN /dﬁj_\ll -0 Courpe i) ¢ de Rayleigh
— d'Hugoniot
CLS4—|—2bSQ+C:0 S:6N|k| — o . — 9 Pu !
L= My =Py _ My N~
= — :
az(1+r)274M?v, bz(lfrz)anM?V, c=(1-7r)*n?>0. P (1_MN) 1/pn 1/pu 1/p

only the roots that satisfy boundedness condition should be retained Re(ily) <0, Re (MNS +v1+ S2> <0

Re(o) < 0 : stable mode exponentially damped
Re(o) > 0 : unstable mode exponentially amplified
S?2<0: Re(o)=0, w=Im(c)+#0 neutral oscillatory modes § = +iQ, szw/(amw >0 Q>1  ily =il
op = py exp [iK.( r — Uy eyt +ay ext)] w=an VI + k% — Tyl (l/|k|)ﬁ:HNQ+M>O

r =uxe; +ye, K =le, + key ex = K/|K| Normal mode

longitudinal component of the velocity (unperturbed shock) of the sound wave:

s \
- e
&\ ™
ex'(ﬂNeCE‘ o aNeK) =unN — EN; lui? T Nonradiative |
AV [2 == k2 D itiﬁ acoustic wave
\ 1
\
. b\ -
Neutral oscillatory modes Y \},\,/-/*g\fw
1z \ Yan
\ (S,u\f\*\

Vorticity wave

Spontaneous generation of sound. Radiating condition: unxv/12 + k2 —anl > 0 (shear flow)
Non-radiating condition: wxv/ 12 + k2 —anl <0
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o Spontaneous emission of sound and instability
D’Yakov Kontorovich 1954-57

Oscillatory neutral modes

radiating waves: [/|k| = [MNQ -V - 1} /\/1 fﬂf\,, /\/1 fM?V,

HIMNSVI+ 52 = (147)8+ (1 —r)n 2MNQVQ2 —1=-Q*(1+7)+ (1—7r)n >0,
neutral oscillatory mode :>
S=1iQ, Q>1 non-radiating waves: [/|k| = [MNQ +vQ2 - 1} /11— M?\,,

—2MNQV2 —1=-Q*(1+7)+(1—7r)n <0
shocked material

Transmitted or reflected sound wave D>a, | uy < an D>a, | uy <ay
<

i X
BN N

transmitted
' T TH-
/\>z\ inciéent

If a normal mode is radiating the response of the shock diverges when the reflected (or transmitted) waves matched the radiating normal mode

shocked material

. 7
incident.

reflected — Pr _ RMyNOVO2Z—1—-02(1+7)+ (1—7)n]
incident — Di [2MNQVQ2—1-Q2(1+7)+ (1 —r)n] <«— denominator goes trough 0

A neutral oscillatory mode that is radiating is considered as unstable
D’Yakov Kontorovich 1954-57

Power laws of neutral modes

Square root in the dispersion relation +2M yQv/Q2 — 1 — Q? 1+7r)+(1-=rn=0 :> cut in the complex plane :} power laws
Bates 2007

Damping (n < 0) or amplification (n > 0) involving power laws t"
can be described by Laplace transform not by Fourier transform

Neutral modes with non-radiating acoustic waves relaxe follc ing a power law in time " n<0

Neutral modes with a radiating acoustic wave is unstable according a power law in time t" n >0
8
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p
2 non-dimensional parameters ‘
= PN
r=— (puD) > 0 /Droite
- — ——1 ’ Cour de Rayleigh
de/de d'cl)-|uu ;gniot/
Pu
_ —2 :
n = PN My ‘V
= — :
Pu (1_MN> 1/pn 1/pu 1/p

Normal mode

Neutral oscillatory modes

Spontaneous generation of sound. Radiating condition: uyv/ 12 + k2 —anl >0 -
\ =TT ¥ o)
. . _ _ S ou " aN
Non-radiating condition: ux+/12 + k%2 —anl <0 4&\ w
. g o
gal AR _
_ -\ - - Non-radiative
D > \, x EE acoustic wave
\

Y AL o
Classification of the normal modes in the parameters space L ﬁ R
Lou |
Vorticity wave

UNSTABLE STABLE (shear flow)

oscillatoty modes |

Re(o) >0 Re(o) =0 Re(o) < 0
non

radiating radiating i

AN n—\/(l—MfV)<1—5—;>
~(12My) ol r* 1 roor= )
n+1

9 Clavin Williams 2012
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Stability of shocks in ideal gases

. _ uy  pu (Y= 1MZ+2 PN 2yMZ — (v —1) 2 (y—1)MZ+2
polytropic gas, y =cst- 5= =05z w- Gry 0 M Taamonon
) —2 -2
— (puD)21: 12, n:_—N MN _ Mu
dpy/dpy' T, pu(1-30y) (M, -1)
_ — —2
LMy SVI+52 = (14782 + (1-r)n, = £25My/1+ 52 = §° (1 +M, ) +1 UNSTABLE STABLE
oscillatofy modes ;
Mu S1, y>1 = (n—l)/(n—l—l) < r < Re(o) >0 Re(o) =0 Re(o)<0§
radiatin ra(rilioartlin
i (og) W@y e -y e
- gl 2Mi—1<ﬁi< oM —1 SR T " "

Clavin Williams 2012
Shock waves in polytropic gases have neutral modes with non-radiating acoustic waves

They are stable with a relaxation of initial disturbances in power laws 1/ £3/2

OK with experiments
Freeman 1957 Lapworth 1959

FicURe 6 (plate 1). Photographs of shéck wave at M, = 141,

Formation of Mach stems
10 (see next lecture)




Stability of reacting shocks

Clavin Williams 2009 2013

Reacting shocks = detonations considered as an hydrodynamic discontinuity

thickness = 0: no modification of the inner structure

5 1
__ pDr g 14V o — — (1=X) + 5=
= -7 T —_1 = - _—o5__ — — = _ _ r= -4
=22 ——2\2-—2 ——2
0 <y <1 S S R (1 T
CJ wave overdriven regime
_(m\ M, 1 1
n = _ — == f— — = —
pu)1-M, M, -1-2V, X
1 1
U=t oy [T UNSTABLE STABLE
"TlUro+ L \n+l) [1+= (11+ ; oscillatoly modes :
" 94 Re(o) >0 Re(o) =0 Re(o) < 0}
non
n—1 radiating radiating ;
( +1> < r | I | 77 7 7
n >
—(1+2My) n—1 r* 1
n+1

Clavin Williams 2009 # Majda Rosales 1983

Overdriven reacting shocks in polytropic gases have neutral modes with non-radiating acoustic waves

They are stable with a relaxation of initial disturbances in power laws

For the CJ marginal regime the acoustic waves in the burned gas propagate in the direction

parallel to the unperturbed planar solution




