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XV-1) Cellular detonations at strong overdrive

Clavin et al (1997) Clavin Denet (2002) Daou Clavin (2003)

Order of magnitude and scaling

Same limit as in § XII-3

Overdriven detonations in the Newtonian approximation

My =uy/an =M < 1, M2 =0(1/e), (v —1) = O(e?)

gy = O(1) & Always unstable to transverse disturbances

gN = Qm/cpTN
Clavin et al (1997)

Underlying linear mechanisms _ o4 lecture XIV |

z=a(t,y)

longitudinal oscillation of the complex shock reaction zone Fresh mixture

+
transverse oscillatory mode of the lead shock

xT

Shocked gas

[ E—

Transverse| wave

Longitudinal oscillation
see pp 4-8 lecture XII -—>

period of oscillation: x = 7,.(Ty)

—> |wavelength of unstable disturbance axty = dy /€|

transverse velocity of the shock disturbances: ay : ; —
see pp 7-8 lecture XIV detonation thickness d N =1 Nty —{seep 11 lecture X )
tN =7 (TN)

The unstable wavelengths are much larger than the detonation thickness

Reduced mass-weighted coordinates of order unity  (generalization of p 4 lecture XI7)
1
pul_)%N

x = a(y, z,t) instantaneous shock position e

v t
/ p(x' y, z,t)dz’ t = . y = (ey/dn,ez/dy)
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Non-dimensional variables of order unity
denoting w the original dimensional quantities and w the dimensionless quantity
u=d/uy, v=ev/uy, p=p/py, T=T/Ty and a=a/dy, dyv =Tunly

where the scaling of the transverse velocity v comes from the Rankine-Hugoniot condition
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A

notations

VN /Ty o (0d/dy, Od/dz) and the scaling of the transverse coordinates 0/dy = edy'0/dy, 0/0z = edy'0/0z
Formulation (ciavin et al. 1997, Clavin 2002)

1 x
X= ——— (2, y, 2z, t)da’ D 0 0
PNUNEN /a(,\ﬁ.f = t)] —
_ ! _ i j Dt 8t [ ( ) U(X7y7 )] 8}( +Vvy A
y = (ey/dn,ez/dw) b= tn _ X change of variable
m(t) where| m(t) =1 — (04/0t)/D  and v(x,y,t) = V.v dx’' = 0(1) oo
VIFITAE (e ading choek : v fv=el
continuity Q @ _ ﬁ = — = /=
(in the linear approximation) ot + m(t) Ox o Ox [u + T(X)U(X7 Y t)] where T(X7 Y t) = PN /p n(%ﬂg
tability limat —~ — s
S Y N = qm/cpTn gn 20(62) UN/D:O(EQ) = m(t) = 1+O(62)
] ] 9 Clavin Denet (2002)  Daou Clavin (2003)
Expanswn m powers o f € small variations across the shocked gas
aN = €2¢2 u =14 uy(x) + du T =1+ ¥To(x) + 6T p=1+¢€Dy+0p
Linear equations
o 0 du dp ( 0,9 ) o2
Su— v— | = - 222 (V.v) = —uV-<ip
/ [( 8X> " UdX] ox ot Ox
PNTUN /PN = lw (0 0 0 =
—— =+ =)op+=—(6 = qn (0% ' =¢?
Wp@Hva+&“”W>@“W”W’ o = g,
Rankine-Hugoniot conditions = (In/dn)0a/0t =Ty'06/0t = O(1) Vo= edy @2‘,22‘) —0(1)

—2€%6, 0TN ~ —(y — 1)cy

op ~

1 -1 .
x=0: 6uz[1+M3—(72 )}at,

[
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P.Clavin XV Outer flow in the burnt gas

a = aexp(ot +iK.y) Sf(x,y,t) = f(x)aexp(ot +ik.y)
burnt gas
o= aty, k= |k|unty /e, o(k) = s(k) + iw(k) —
The flow of the unperturbed solution is uniform in the burnt gas N
Up

U:Jo+€202+...

Acoustic waves D TR i the bumt s
J— 2 2 Y \ VY
D? 0* o lu, (d 1 d 2 2| = | P e
——0p — ax =0 —— | — S 7 — . =
Dz (3 20 2) = YDy \dx o €2 dx? TR 0 px) =0 —= [ ’1‘* v
2 = N2 _ 2
~ ix | = | €20+ evo? + 22 — €252 = (Ywpy)k® ~ &7 + € (h + g2)r” + . where qN:quQ
p(x) = pyave il = - €2 = (W/7Py)e* = (y—D=ch
anticipating . 2 X 2. .
gy = O(€?) = o2 L k2 = 0(62) = il =0(e%), |il = €ila, | il =0(1)
the sound waves propagate in the burnt gas in a direction quasi-parallel to the front
modification of dp across the is of order ¢*

p(e?x) = —2€%0 exp(ie?lox) + O(e*)

x=0: 0p=—2a, =

Vorticity wave

<g %) su® =0, (% + %) vi®d =0 valid up to €? in the burnt gas
Order unity
x=0: du=xd;, veVa = Jfu () g—(t—x,y), Véi) =Va(t — x,y)
Continuity
86u((f) /Ox + V.vé” =0 = 0?a/0t? — Via =0, og = *ik the growth or damping r;}?t() is small of order €2
oo
ily = 09 — \/20002 +(h+qg—1)K? where gy = €2¢s (v — 1) = €2h
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P.Clavin XV (y’ ) eottiR.y Su — a(x)deatﬂ—in.y Sv = {,(X)deaﬁrm y Sp = p( ) ottik.y

Outer flow ( burnt gas)

6 0 sul =0, 9 + 9 v =0 valid up to €2 in the burnt gas ;
" ox ot " ox p & og = *ik o9?
) = [00 + eZugzj e 7 v.v® = [—FLQ + €2V, \7(()’2) e~ VI = ooigy
unknown constants of integration
B(e2x) = —2e20elx = a(®) = 262ilgei€ Lax V.0 = _9e2p20i¢ l2x
. . 2 B . .
the acoustic flow is of order ¢ P(e?x) = —26¢%0 exp(i€?lox) + O(e?) ily &~ 09 — /20002 + (h 4 g — 1) K2

the acoustic flow is small, of order €, and varies on a long length scale

Inner detonation structure (inner zone)

Inner flow (reacting gas)

splitting i =U9(x) + @@ (ex) v = VO (x) 4+ v(@)(2x) 00x) =0(1)  VO(x)=0()
lmw [0 ad ad _ . — d ~ (i B (i _ ‘ x o
5% (8‘5 + 3}() op + &(5u+uv) =gy (0w +ow), —=> & {U( ) + U(X)’U( )(X)] A N <W + U( i) ) ﬁ(z) — / V.V(l)dX/
subtracting out the acoustics 0

valid up to €2 gy = €2¢o

du/dx = gvw => df](i)/dx +aV. VO ~ gyw

( 2,2 ) (V.ov) = —av2ap = (9/0t+0/0x)V.VD ~ 0 validup to ¢
subtracting out the acoustics
x=0: v= [1 — ]\/1[2] Va V(@) = 92,2 = V.{[(i) ~ |:_1 + 62 (2 + 5 1 2)‘| /Qze_o.x valid up to €
Rankine-Hugoniot see 5.6 lecture X and p.6 lecture XIII 1 € 1Mu « L
x=0: (SuN[lJrl—(v_l)}(jzt @' = 262, = U9(x)— |1+ 5 — T o + 2€%ily —|—E(X)/ V.VOix ~
M?2 2 MU 2 0

qN / (VTV + o W) dx’
6 0




P.Clavin XV oo = +ik o = +ik + €202 oo?

Matching

internal solution

o 1 1 x o X
U9 (x) — [1+W - 72 :|O'+2€2ilg +ﬂ(x)/ V.Y(\l)dx'% qN/ (W—|—’U(()z) )dx N = €2q>
0
- 1 x / 1 K2
(1) ~ | _ 2 —ox i _ox
V.V N{ 1+¢€2 (2+€2M3)]ne p— /O V.V()dxfz{lJre (2+ 2M2>}U(le )

at the end of the reaction w =0, w =0: U®(x) — constant term + oscillatory term

constant 1 v—1 . ) 1 K2 e9 ()=
term {1—1—@— 5 :|0'—2€ 1l3\—ub |:—1—|—€ <2+€2M5>} ;—l—qN/O <W+U )dx =0

112%00—\/20'00'2—{—(}1—‘—(]2—1),‘62

external solution _(3) 2 (1)

oscillatory term with an amplitude varying on a long length scale, Re(s) = O(€?)

matching => the constant term of the internal solution should be zero =- equation for ¢ when w is known

Reaction rate and dispersion relation o2(k)

or ~or ONE oY o (). (i) K2 s
E"‘&—CIN(l‘FUo )W a-l-& (14 vy )W vy :—U—O(l—e 0) x=0: T=Tn(y,t), v=0

Clavin et al (1997)

method similar to that used for galloplng detonations see p-7-8 lecture XII additional effect of wrinkling Daou Clavin (2003)

(o)) 0002 0002 3

S e 0T g = [ o s = /2 h —1- 1—2p =256 tion f
/O (FHafF)ar == [1489m)] = | o Thta = 17 5 (k)| equation for o2(k)

SO (k) = Bn(y = 1)s5) (k) + s{) (k) sY) (x / Q’ Je " dx s (k) / (1 + irx)Q(x)e " dx
0
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Linear growth rate  paou Clavin (2003)

Re(o)/k ; My
oRe(0)/k, _ . [3(1)(,@.)] _ N s@) (k)
qN 7 VAN N
o o o e o7 . 1 oys o o1 s
quasi-isobaric instability mechanism ' stabilizing effect due to compressibility
. ‘ _ Im 3(7’) <0 (’y—l)
SD (k) = (7 — 15 () + 50 () @) =2 [tmy | T 4 s ) -
. strong instability due to wrinkling N
sensitivity to Tn o 0o B . tabilisati \
i o0 i s (k) = 1+ ikx)Q(x)e™ " dx Stablllsation
= [Conweeas =, 1 0Re v o=
0 still working when By =0 instability /'
7 0.005 25
6 Br-1) =5 @ ©
— ] 2.01
= 5 0.0025 Nonphysical;| ~ Unstable branch Im|o]
:f;] 4 R.e[a] ‘\f‘ qN = 004 1.5
= s Bly—1) = 0 ; _
le 5 \ /.' S 1.0
1 3(’7 - 1> =0 ~0.0025 / Stable \
branch kN 0.5+
0 gn =0.03 N Unstable branch
1 -0.005 . . . 0.0 . . . .
0 2 4 6 , 8 10 0 05 10 15 20 , 25 0 05 10 15 20 , 25
Arrhenius law with Sygny = 0.1 (y—1)=0.1, By = 10, M2 =50
Threshold of linear instability for Gy =0 v = 1.05, M? =20
0.002 (MN = 0.267)
Re[o] qn =0.26
Nurr|1eric
good agreement between theory and numeric ° |
Analytic
-0.002 an :y0'24
-0.004 —
0 02 04 06 08 10,12
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Weakly nonlinear analysis of cellular detonations
Clavin Denet (2002)

Near to the instability threshold the dominant nonlinear effects are those responsible for singularity formation

on the inert shock front (representative of Mach stem), see p.12 of lecture XIV

Model equation
A weakly nonlinear analysis leads to a combination of the linear equation for the multidimensional instability

of an overdriven detonation and the nonlinear equation for the lead shock

equation of the detonation front z = a(y,t)

0% d|Val? , — 0
2v72
y —CVia+t = gL (@) — 2M y/an = L (a)
nonlinear S)ynamics of the lead shock quasi-isobaric instability stzgl isation due to compressibility
A =1+3(y-1)/2 LD (¢) = Bn(y — l)lg])V () + l((]i)(a) L(a) ~ ka/2 in Fourier space

19 (a) = % /0 Yoy alt - xdx,  19(a) = V2 /O T Walt—x)/dx  where D(x) = D) + d(x0)/dx

Good qualitative agreement with the experimental observation

:
|
I
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Growth rate
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XV-2 Cellular instability near the C] condition
(small heat release)

Clavin Williams 2009, 2012

Formulation
Extension of the analysis of galloping detonations (planar case) pp 9-13 lecture XII

Reactive Euler equations in 2-D geometry

Same as in p.9 lecture XII but with

D/Dt = 0/0t + ud/dz + wd/dy
1 D*¥p 1D* m W0 D*
1D% D% gu W 0w DT _0 9 ,,2 Du_ _1dp
vp Dt a Dt Tty Oy Dt 0Ot Ox oy Dt p Oy
Dy _w 1DT (y=1)1Dp _ gm W
Dt iy T Dt v pDt T, tn
Distinguished limit

Near the CJ regime the instability threshold concerns transonic conditions associated with small heat release
Same distinguished limit as in pp 9-10 lecture XII

62 (’7"‘ 1) dm

. 2
notation
. . t
With the notations of p.10 lecture XII  t = T X=
N

<1

(v =1) = O(¢)

cply
x

S

p— u A
= —, =—, T=
autN Ay

the form

Clavin Williams 2009

acoustic wave

w(y, 0)

U= w/au and Y = y/auzN
Anticipating that the transverse convection wd/dy introduces negligible corrections, the reduced equations take

1 . (T—-T, .
; In (p%) , 0= T one introduces
0 0 ov 0 0 orn
—+(1+a)—|(Fxd) =ew— — — L =
gp T (LG | (FE8) = v =20 aﬁ“ax}”
LI
ot 0x a

vorticity wave

entropy wave

10

Boundary conditions: Rankine-Hugoniot at the shock front and boundedness condition in the burnt gas x — oo
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Time scale

Scalings

As in p. 11 lecture XII the slow time scale is controlled by the upstream-running acoustic
_t
T =

- =€t =t/t
tN/E € /N

v Y
oscillations
<t
wave in the feed back loop between the shock and the reacting gas
T=0(1) 09/0t=ed/OT

>

(S5

Longitudinal variations

acoustic way
D
the downstream propagating acoustic wave and the voracity wave are quasi instantaneous
Im <K cpTy

eat release]
entropy wave

induction

=

U=

v

the variation across the detonation thickness are small
u 1 v T-T,

— =14 ep, %E—ln(£>:e7r, QEu:eQQ
Rankine-Hugoniot

m=0(1),
Transverse scaling (obtained by the linear approximation of the Rankine-Hugoniot relations)
wy = (D —un)ay,

j S = 0 :
(p-5 lecture IV, p.6 lecture XIII)

U = 2e\/fBa/dy, OU/dy = 2e\/f0%a/dy* where X = a(et
. o ov

non-dimensional

€ a = amplitude/(a,ty
y = y/(autn) = O(1/Ve)
v =w/a, = 0(e/?)
n=yve=0(1) v v=001)| =
Leading order relations 9 &
transverse convection wW—-— = =—v
downstream propagating acoustic wave Oy
g G ==
o U ox T+ U)=€W—

tn Oy
dy i
entropy-vorticity wave
0

equation of the
7% wrinkled shock front
Yy
= 0(e?) = 0%a/0y* = O(e) = {

v = ¢3/2

ar = da/0T = O(1)
x=a(r,n)| , _
a, = da/0n = O(1)
. C e 0 €
is negligible in front of the unsteady term — = —
ot tN
—(m+up) =0 . .
ox same relations as in the planar case
o 0 see p.11 lecture XII
} = ov or
7+”2 d)f 2+“7 ijfai a. — T a_
P o "ax|V T "oy 0x ”377

9
or

additional relation in the transverse direction
(vorticity wave)
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Model for CJ or near CJ regimes
Clavin Williams 2009, 2012

In the moving frame x = a(n, 7)

_ 0 0 0 0 , 0 0 o . 0
T_Etv n= \ﬁ% é-:X_a‘(?%T)u & - 8767 aiy - \E<8T]_an8§), a _>€<87__a'7'a§>

the equations for the downstream running acoustic mode and the entropy-vorticity wave yield

0 oy _ o om0

The boundary conditions at £ = 0 (Neumann state) for 7 and 0 are given by the Rankine-Hugoniot conditions in p.7 of lecture X where M,

(D — 0a/Ot)
ay [1 4 (0r/Oy)?]

0
8£(W+u) =0

is replaced by

173 that is, to leading order, M, —1+¢ [\/f —a, — (1/2)(&%)2] + ..
the first nonlinear correction is purely geometrical

Up to first order, the boundary conditions at £ = 0 for 6, p and 7 are the same as in the planar case p 12 lecture XII where &, — a, + (1/2) (a;,)2

E=0:| pt+m=\/f, —VF 426+ (1/2) @)% 0 =20[/F —ar— (1/2)@)2] [¢=0

VEZ0: m=—p+ \/?, 0 = h\/? — hp + 1| same relations as in the planar case see p. 13 lecture XTI

U pst’]"eam—’]"unning GCOUStiC WaAve additional terms coming from the front wrinkling
T
|:a_(1_1‘1)a:|(7¥r_a)_62w_817 = | 2 ﬁ—l—(,u—a)g —}Wzgw) @_a/\@
ot ox oy ar ") o A T T

P

g_g = Z_I:; — ag?%? with the boundary condition|( =0: v = 2\/_3 —2[a, + (1/2)(51;;)2]3/

1
z=a: w=(D—-u)a, (p.5 lecture IV)

where v is solution to

3 first order PDEs for v, 1 and ¢ with 3 boundary conditions at £ =0

An integral equation for a(n,7) is obtained when applying the downstream boundary condition

f 1 see Clavin-Williams 2009 for

a more general condition:

§—oo: =1, w=0, p=7,=—

12 radiation condition
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Multidimensional stability analysis (analytical expressions)

Analytical expressions for the linear growth rate vs the wave number, written o(x) in non-dimensional form, can be
obtained for a simplified reaction rate, assuming that it depends on temperature only at the Neumann state

w(0,v) =~ w(On, 1) with (v—=1)0n=0(1) [y = 0(1/62) see p. 7 lecture XII
This approximation is well verified for the main mechanism of instability that is associated with the variation

of the induction length
Model equation

Then the linear problem is reduced to solve a single ODE of second order (

e’y Ay K2 1dQ o
PR ___—Y:__ —h_Q/

with variable coefficients)

where d¢ = d¢/|f(€)], Q(€) is the distribution of heat release rate in the steady state and Q) (£) is the distribution
denoting the thermal sensitivity ( see p.8 lecture XII)

The dispersion relation is obtained by applying the 3 boundary conditions:
C=0:Y==2f, dY/d¢(=—-20f, (—o0:Y =0 Clavin Williams 2009

Analytical result

n d(£92 _
The equation for o becomes polynomial for a particular example Q2(§) = g—e_é Qn (&) = GU and [f1| ~ 1

o d¢
[is ﬁ) - ito+ (14 VTR e M=y
= 004 H=11
The multidimensional instability develops at a finite wave length (larger than § oce H=9 \\
the detonation thickness by a factor (M2 — 1)~1/2) when increasing the thermal 000 /,%x T
sensitivity Oy or the induction length n . The Poincaré-Andronov (Hopf) bifurcation “%o0 02 o4 W(g;genusn-ger KXO 12

occurs before the planar instability with a pulsating frequency larger than the transit time by a factor (M2 —1)~*

Bifurcation scenario similar to that of the strongly overdriven regimes see the scaling of length and time p.11




