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Abstract. We explore the consequence of isotropy on the growth of material lines and surfaces in complex
flows. We show that the key parameter is the persistency γτ , defined as the product of a typical stretching
rate γ to its associated coherence time τ . In particular, we derive the dependence of the net growth rate of
both lines and surfaces on γτ . Their growth rates increase strongly with increasing persistencies for small
γτ , and then saturate for γτ ≥ 10. Making use of measurements of Girimaji and Pope [1], we estimate the
persistency γτ to be of order 1 in isotropic turbulence. We then comment on the evolution of the shape
of an initially spherical material blob. While its length increases, one of its tranverse dimension increases
slowly and the other one decreases. This quasi-two-dimensional deformation leads a final ribbon-shape.

PACS. 47.27.Ak Fundamentals – 47.27.Gs Isotropic turbulence; homogeneous turbulence – 47.27.Qb
Turbulent diffusion

1 Introduction

Turbulent mixing is ruled by two complementary pro-
cesses: the first of them is advection, possibly distributed
over many scales in high Reynolds number flows and the
second is diffusion responsible for the ultimate uniformiza-
tion of the quantity being mixed (this is notably the case
for the study of passive scalar mixing discussed in this
paper, but this is also true for the mixing of the vortic-
ity). Advection results in the reorganization of the spatial
distribution of the scalar, inducing a reduction of the stri-
ation thickness [2], and enhancing large-scale dispersion,
but keeping the intensity of segregation (a measure of the
fine-scale uniformization of the mixture [3]) constant.

At the same time, rearrangements caused by advection
increase local gradients in the scalar field and therefore ac-
celerate the diffusion process. The rate of decrease of the
scalar inhomogeneities is then fixed by the equilibrium be-
tween smoothing by diffusion and gradient production by
advection-induced stretchings. It is therefore important to
characterize the efficiency of this gradient production. We
study here the deformation of simple material elements in
a caricature of a turbulent flow, aiming at understanding,
through the evolution of the dimensions of these elements,
how stretching contributes to their deformation.

It is well known that in homogeneous isotropic tur-
bulence material lines and surfaces grow in length and
area. The stretchings experienced by the fluid elements in
the course of their deformation, align material lines with
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the direction of maximum stretching, and material sur-
faces with the plane of the two directions of the maximum
stretching, and this provided stretching is coherent for a
sufficient long time (see e.g. [4]). In the case when per-
fect alignment is reached the growth rate of length and
area are simply related to the eigenvalues of the deforma-
tion tensor. These eigenvalues are measurable through in-
compressibility and isotropy and the measure of the third
moment of the longitudinal velocity spatial derivative [4].

Discussing incompressible flows, Cocke [5] and
Orszag [6] consider the deformation due to a more com-
plex history: they do not consider the effect of a single
event, but the global evolution of material element due
to cumulated stretchings in time. Cocke and Orszag sum-
marize this history in a one deformation tensor, and by
isotropic considerations show that lines and surfaces grow
in a turbulent flow. No indication on the effective growth
rates is given however, from their considerations. Cocke
and Orszag results are very similar, both of them demon-
strate the growth of lines and of surfaces independently,
computing the effect of the advection on line and surface
elements, and then averaging this effect on an isotropic
distribution of the initial directions of these elements.

Kraichnan [7] relates the two growth rates. Through an
assumption on the nature of the velocity field, he shows
that the growth rates of lines and surfaces should be
equal, but the assumption is not valid for isotropic turbu-
lence. Kraichnan develops furthermore a model of white
noise velocity field with short correlation time (i.e. in the
limit where the coherence time tends to zero, but with
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finite temporal auto correlation for the deformation ten-
sor, the velocity field magnitude being taken inversely pro-
portional to the square root of correlation time) for which
he shows that lines should grow as a consequence of the
dimensionality of space (for d > 1), but with a growth
rate which can be equal to zero. However, Kraichnan also
obtains that the mean growth rate of line elements (and
also surface elements) is proportional to the temporal auto
correlation of the deformation tensor, therefore underly-
ing the role of the flow coherence time on the efficiency
of the lengthening of line elements at least in the limit of
small coherence times.

Between these two limits, namely the very long co-
herence time [4] and the very short coherence time [7]
may lie real world turbulence. Numerical simulations [1]
showed that the rate of growth of lines and surfaces are
much smaller than the ones predicted by Batchelor and
Townsend [4]. These authors [1] invoked a deficiency of
coherence, arguing that the coherence is, in fact, much
shorter than the one necessary to reach the asymptotic
value of Batchelor and Townsend.

In this paper, we consider the effect of successive sim-
ple deformations on lines and surfaces. The velocity field in
which the line element is embedded is fully characterized
by the rate of the deformation tensor e = eij = ∂ui

∂xj
, which

can be decomposed into the sum of its symmetric part γ =
(e+te)/2 and its antisymmetric part ω = (e−te)/2 respec-
tively the strain rate tensor, and the vorticity tensor. We
define the intensity of the strain to be γ =

√
γ2
x + γ2

y + γ2
z ,

where (γx, γy, γz) are the eigenvalues of γ, and the inten-

sity of vorticity ω =
√
ω2
x + ω2

y + ω2
z to be the norm of

the vorticity vector. We show that the final growth rate
of lines and surfaces actually depends on the time coher-
ence τ of each individual event, and more precisely on the
persistency γτ , where γ denotes the stretching rate. Ana-
lytical results are provided in two dimensions, whereas in
three dimensions we derive analytical bounds, a numeri-
cal integration giving interesting result in the special case
where the ratio of the stretching rates of each axis is fixed
and matches those obtained in grid turbulence [4].

We focus on the effect of stretching distribution
isotropy, to recover the fact that lines and surfaces always
grow, whatever the coherence time may be (which is the
result of Cocke and Orszag) and we propose an estimation
of the mean persistency in real flows through the compari-
son of our predictions with Girimaji and Pope simulation.
At the Kolmogorov scale, γτ ≈ 1 is found to be a good
estimation. Because of dimensional constrains, we further
argue that this result holds for any scale in the flow. The
influence of vorticity is checked, and is found to be weak.

Finally, comparing the growth rate of lines and sur-
faces, we comment on the evolution of the shape of ini-
tially spherical material passive blobs. It is found that one
transverse length is only weakly altered (it grows slowly),
whereas the tranverse thickness decreases, and the length
increases, leading finally a kind of a ribbon shape.
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Fig. 1. Deformation of a line element in a 2D saddle point
flow. The angle between the line element and the direction of
stretching progressively goes to zero. The alignment time has
to be compared to the coherence time of the saddle point flow
to estimate the effective growth rate of the line.

2 Two-dimensional case

We are first interested in the stretching of a material line
elements in a two-dimensional flow. We represent the flow
as successive independent saddle points coherent on a time
τ and on scale larger than the length of the line (Fig. 1), so
that the deformation is uniform along the line for all times.
The model can thus then be understood as a description of
what happens in the regular range of scales in a turbulent
flow, and for scales not affected by molecular diffusion
i.e. larger than

√
D/γ if D denotes the scalar diffusion

coefficient. The model also describes the evolution of the
separation distance between two fluid particles [8,9].

A saddle point flow is completely characterized by
its two orthogonal main axes x and y, and the rate
γx = γ/

√
2 of stretching along the x-axis (in an incom-

pressible flow γy = −γ/
√

2). The extension of our results
to a compressible flow is straightforward.

We first investigate one step of the construction of the
line deformation: the element of line of initial length r is
before the stretching at an angle θ from the x-axis, so
that its coordinates in the (x,y) axes are (r cos θ, r sin θ)
and become (r cos θ exp(γxτ), r sin θ exp(−γxτ)) after the
stretching. The line has grown by a factor

r′/rÊ =
√

cos2 θ exp (2γxτ) + sin2 θ exp (−2γxτ) (1)

where r′ stands for its final length. We see that the two
important parameters which determine r′

r are the initial
angle θ and the product γτ , the latter being hereafter
named persistency.
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Note that in the compressible case, considering the di-
latation rate γd = (γx+γy)/2, and writing γ′x = γx−γd =
−(γy − γd) we have a growth factor of

r′/rÊ = exp(γdτ)
√

cos2 θ exp (2γ′xτ) + sin2 θ exp (−2γ′xτ)
(2)

which is the same as 1 but with an homotetic dilatation
factor exp(γdτ).

Since we are interested in isotropic flows, the x-axis
is isotropically distributed in space, whereas the inten-
sity of the persistency is distributed independently, with
a probability density function P (γτ). After n steps (i.e. n
consecutive isotropically distributed, independent stretch-
ings) the line element has grown by a factor

r(n)

r(0)
=
n−1∏
i=0

r(i+1)

r(i)
=
〈
r′

r

〉n
g

(3)

where the brackets 〈.〉g denote the geometrical mean, and
r(n) denotes the length of the line after the nth step.

We have, assuming n is large enough so that the en-
tire distribution P (γτ) has been visited for all values of θ
(remind that γ =

√
2γx),

ln

(〈
r′

r

〉
g

)
=
∫

dγτP (γτ)
∫ 2π

0

dθ
2Êπ

× ln
(√

cos2 θ exp (2γτ/
√

2) + sin2 θ exp (−2γτ/
√

2)
)
.

(4)

The average over the isotropic distribution of the main
axes of deformation can be split in the integral (4) and
then exactly computed,

ln

(〈
r′

r

〉
g

)
=
∫

dγτP (γτ)f(γτ) (5)

with

f(γτ) =
1

2Êπ

∫ 2π

0

dθ

× ln
(√

cos2 θ exp (2γτ/
√

2) + sin2 θ exp (−2γτ/
√

2)
)

= ln(cosh(γτ/
√

2)). (6)

Since f(γτ) = ln(cosh(γτ/
√

2)) ≥ 0, lines grow within
each class of γτ and then whatever the persistency distri-
bution P (γτ) may be.

In a turbulent flow, stretchings are assumed to be due
to eddies: an eddy of scale l with a characteristic velocity
difference δu(l) causes a stretching at rate γ ∼ δu(l)/l.
The coherence time of the stretching is related to the
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Fig. 2. Mean growth rate of a line in a 2D flow as a function of
the persistency γτ . For large persistencies the effective growth
rate of the line tends to the stretching rate of the saddle point
flow. For small persistencies, it goes to zero.

turnover time of the eddy τ ∼ l/δu(l), so that the per-
sistency γτ is some constant C. The probability P (γτ) is
then centered around C, with some dispersion δC around
the mean. We obtain a mean field result by considering
that the persistency is monodispersed. The growth rate is
then

γeff = ln(
〈
r′

r

〉
g

)/τ = f(C)/τ = γ ln(cosh(C))/C. (7)

It is proportional to the eigenvalue of the tensor defor-
mation γ, through a multiplicative factor ln(cosh(C))/C
smaller than unity, but always positive (see Fig. 2).

The existence of a distribution of C around its mean
results in a shift from the stretching rate expected in the
absence of dispersion (i.e. for δC = 0). For a Gaussian dis-
tribution of coherence time (and for a fixed stretching rate
γ), the shift is proportional to the curvature of f(C)/C
around the mean value:

δγeff

γeff
=

1
2

(
∂2f(C)/C
∂C2

f(C)/C

)
≤ 0.35

(
δC

C

)2

(8)

the maximal error being reached for C = 2 where the
curvature of Figure 2 is maximum.

3 Three-dimensional case

We describe the flow stretchings by a set of consecutive
stretching events defined by their three main axes of de-
formation x,y, and z, and their associated eigenvalues
γx, γy and γz. For simplicity we still work in incompress-
ible flows so that γx + γy + γz = 0. These events are
distributed in intensity (γ = (γ2

x + γ2
y + γ2

z)
1
2 ), in coher-

ence time τ , in direction (the x direction of the stretch-
ing is taken isotropically distributed) and in aspect (the
relative stretching rate along each direction is not fixed,
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Fig. 3. Evolution of a surface in a 3D saddle point flow. The
evolution of the “inverse thickness” w is imposed by the dual
saddle point flow: the same main axes of stretching but with
the opposite stretching rates.

the intermediate relative stretching rate γy/γ varies be-
tween −1/

√
6 and 1/

√
6).

To follow the evolution of a plane surface, we follow
the evolution of two non collinear vectors of this surface
(u,v). The area of the total plane scales with the area of
the parallelogram delimited by (u,v), provided the defor-
mations are homogeneous all over the plane, which is the
assumption of homogeneity of our model. We have

S ∝ |w| = |u ∧ v| (9)

where S denotes the area of the surface element.
After a stretching, u = (ux, uy, uz) becomes u′ =

(eγxτux, eγyτuy, eγzτuz) and so does v = (vx, vy, vz) which
becomes v′ = (eγxτvx, eγyτvy, eγzτvz). The vectorial prod-
uct w = (wx, wy , wz) becomes

w′ =

 eγyτ eγzτ (uyvz − uzvy)
eγxτ eγzτ (uzvx − uxvz)
eγxτeγyτ (uxvy − uyvx)

 =

 e(γy+γz)τwx
e(γx+γz)τwy
e(γx+γy)τwz

 .

(10)

The evolution of w (which describes the evolution of S)
is the same as the evolution of a line element in the dual
saddle point flow, defined by the same main axes (x,y, z)
but the eigenvalues (γy + γz, γx + γz , γx + γy), equivalent
to (−γx,−γy,−γz) as a consequence of incompressibility
(Fig. 3). We then see that the growth rate of the area S of
a surface element is the growth rate of a line in the dual
flow, and that the direct and dual flows are the image one
of each other through symmetry of time, in incompressible
flows.

The physical meaning of w is that its norm w is in-
versely proportional to the thickness e of a material sheet:
by construction, w is in the direction tranverse to the sheet
extent. Since w is proportional to S, we find, by mass con-
servation (S×e = const.), that it is inversely proportional
to e.

Consistently with an analogy proposed by
Kraichnan [7], the growth of the surface area is the
growth of its thickness in the dual flow. Kraichnan
considers the evolution of hypersurfaces and lines in d di-
mensional flows. Under the assumption that any average
of the velocity field is invariant under time reversal (in our
vocabulary the flow is statistically auto-dual), he showed
that lines and hypersurfaces grow at the same rate. We
recover this result for d = 3, although we show here that
the time reversal symmetry assumption is very restrictive,
and that Kraichnan’s result should be interpreted in
this limit. The hypothesis of time reversal is notably
not verified in the case of homogeneous turbulence (for
instance the third moment of the velocity gradients at
the dissipative scale is not zero, or as noted by Kraichnan
himself, the transfer of energy dissipation function does
not vanish).

According to the above remark, we can now restrict
our analysis to the study of line elements. As in the two
dimensions case, we will separate the effect of the distri-
bution of the eigenvalues (γxτ, γyτ, γzτ), and the effect of
the isotropic distribution of the main axes of the deforma-
tion tensor. We will also consider that the distribution of
the eigenvalues is peaked around its most probable value.

We use the Euler angles (ψ,Ω, θ), ψ being the az-
imuthal angle between z and r, Ω specifying the meridian
of z and θ pointing y in the normal plane to z (we can
choose θ = 0 for y parallel to (z ∧ r)). In this frame (see
Fig. 4),

rÊ = (r cos θ sinψ, r sin θ sinψ, r cosψ)

becomes

r′ = (r cos θ sinψ exp(γxτ), r sin θ sinψ exp(γyτ),
r cosψ exp(γzτ))

so that r′/r is independent of Ω. Averaging over an
isotropic distribution of the line element r consists in
integrating over ψ and θ with the normalized measure
1

4π sinψdψdθ.
As in the two-dimensional case, we define an isotropic

average growth rate within each class of constant persis-
tency (γxτ, γyτ, γzτ),

f(γxτ, γyτ, γzτ) =
∫

dθdψ sinψ
4π

×ln
(√

(e2γxτ cos2 ψ + sin2 ψ(e2γyτ cos2 θ + e2γzτ sin2 θ)
)
.

(11)

No analytical expression can be further derived, except in
the special case where the deformation is axisymmetric,
with two equal eigenvalues of the deformation tensor equal
(for example γy = γz = −γx/2). In that case we get (see
Fig. 5) for γx ≥ 0

f(γxτ,−γxτ/2,−γxτ/2) =

γxτ − 1 +
arctan(

√
exp(3γxτ)− 1)√

exp(3γxτ)− 1
, (12)
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Fig. 4. Euler angles which define the main axes of deformation,
for a given r.

and for γx ≤ 0

f(γxτ,−γxτ/2,−γxτ/2) =

γxτ − 1 +
arg tanh(

√
1− exp(3γxτ))√

1− exp(3γxτ)
· (13)

This case provides a lower limit for the growth rate: for
some given persistency γxτ along the x-axis, the growth
rate of lines is always larger than in the axisymmetric case
(γxτ,−γxτ/2,−γxτ/2).

Indeed, introducing

g(δ) = f(γxτ,−γxτ/2− δ/2,−γxτ/2 + δ/2) (14)

with

δ = −γyτ − γxτ/2 = γzτ + γxτ/2 (15)

being the shift to the axisymmetric case, one has

d
dδ
g(δ) =

∫
dψdθ sin3 ψ

× exp(δ) cos2 θ − exp(−δ) sin2 θ

e3γxτ cos2 ψ + sin2 ψ(cos2 θ exp(δ) + sin2 θ exp(−δ))
= h(δ)− h(−δ) (16)

with

h(δ) =
∫

dψdθ sin3 ψ

× 1
e3γxτ cos2 ψ + sin2 ψ(1 + exp(−2δ) tan2 θ)

· (17)

The function h(δ) is increasing with δ and then dg
dδ

∣∣∣
δ

is of
the sign of δ. The function g thus presents a minimum for
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Fig. 5. Growth rate of a line in the axisymmetric case
(γx,−γx/2,−γx/2). As in the two-dimensional case, the growth
rate of a line vanishes for small persistencies. In the limit of
large persistencies, the line element is aligned with the direc-
tion of main stretching, and then grows at a rate fixed by
this direction. In the axisymmetric case, whether there is one
direction of stretching at a rate γx and two directions of com-
pression, or there exists one direction of compression and two
directions of dilatation at a rate −γx/2.

δ = 0, which corresponds precisely to the axisymmetric
case.

An upper limit of the growth rate is given by using the
concavity of the logarithm (the logarithm of the mean is
larger than the mean of the logarithms). We have

f(γxτ, γyτ, γzτ)

≤ 1
2

ln(
1
3

(exp(2γxτ) + exp(2γyτ) + exp(2γzτ))). (18)

We see that whatever the persistency of the stretching
may be, lines and surfaces always grow, as demonstrated
by Cocke [5], and that the growth rate lies between the
two bounds 12 or 13 and 18. For a given value of f we
deduce the growth rate of line and surfaces as

γL =
f(γxτ, γyτ, γzτ)

τ
(19)

for the line growth rate and

γS =
f(−γxτ,−γyτ,−γzτ)

τ
(20)

for the surface growth rate.
In order to apply this model to the context of turbu-

lence, we make use of the mean eigenvalues of the stress
tensor measured by Batchelor and Townsend [4]. These
authors measured the third moment of the derivative of
the longitudinal component of the velocity and deduced
from the assumption of isotropy and incompressibility, the
mean eigenvalues (γx, γy, γz), and obtained

(γx, γy, γz) =
(

0.43
√
ε

ν
, 0.12

√
ε

ν
,−0.55

√
ε

ν

)
(21)
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Fig. 6. Effective growth rate of lines (lower curve) and sur-
faces (upper curve) as a function of the persistency. In this
case we chose (γx, γy, γz) = (0.43τ−1

η , 0.12τ−1
η ,−0.55τ−1

η ) for
the stretching rates. With τη interpreted as a Kolmogorov

timescale (τη =
�
ν
ε

� 1
2 ) these are the values measured by

Batchelor and Townsend (1956) for the mean eigenvalues of
the deformation tensor (and these are in good agreement with
the Girimaji and Pope (1990) simulation).

where ε is the viscous dissipation rate and ν the kinematic
viscosity of the fluid. The scale associated with these de-
formations is of the order of the Kolmogorov scale.

As in two dimensions, we will consider the isotropic
distribution only, neglecting the effect of the distribution
of the persistency γτ , which is assumed to be peaked, and
of the aspect ratio γy/γ. All the events are considered to
be of the same persistency and of the same aspect. The as-
pect γy/γ = 0.18 is chosen to match the result of Batchelor
and Townsend [4]. Ashurst et al. [10] computed from nu-
merical simulations of homogeneous turbulence and shear
flows the distribution of the aspect. It was found to de-
pend on the intensity of the stretching: for small stretching
intensities all aspects are possible whereas for more inten-
sive stretchings the most probable aspect is found to be
about (3 : 1 : −4) in quite good agreement with Batchelor
and Townsend measurements.

We plot the numerically integrated value of γL and γS
as a function of the persistency γτ (Fig. 6). The asymp-
totic growth rate of lines (0.43

√
ε
ν ) proposed by Batchelor

and Townsend is nearly reached for persistencies γτ ≥ 10.
Girimaji and Pope [1] measured in a (direct) numer-

ical simulation of homogeneous, isotropic turbulence the
mean eigenvalues of the deformation tensor and the mean
growth rate of lines and surfaces. The deformation ten-
sor was found to be about (0.4τ−1

η , 0.1τ−1
η ,−0.5τ−1

η ) with
τη =

√
ν/ε being the Kolmogorov timescale, thus in

good agreement with the measured value of Batchelor and
Townsend [4]. The effective growth rate for lines and sur-
faces were found to be respectively 0.13τ−1

η and 0.16τ−1
η .

These values are appreciably smaller than the ones ex-
pected from the perfect alignment hypothesis. We recover
independently the growth rate of lines and the growth rate
of surfaces measured by Girimaji and Pope for persistency
γτ of about 1 (see Eqs. (19, 20) and Fig. 7).
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Fig. 7. Zoom of the Figure 6 for shorter persistencies. The
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Fig. 8. Deformation geometry effect: the line growth rate
depends on the deformation aspect ratio. For a persistency
γτ = 1, this dependance is weak, and the growth rate varies be-
tween 21%γ for an axisymmetric deformation with one stretch-
ing direction, to 17%γ for an axisymmetric deformation with
two stretching directions.

We obtain here a mean result through a mean field
theory, since neither the distribution of persistencies nor
the distribution of stretching aspect ratio are taken into
account. The correction due to persistency distribution is
weak, as Figure 7 shows a very light curvature around
γτ = 1. The geometrical distribution effects are more dif-
ficult to discuss. The growth rate of line γL as a function
of the aspect ratio γy/γ for a constant γ (Fig. 8) and a per-
sistency of 1 exhibits a weak dependence: the ratio of the
effective growth rate to the intensity of stretching varies
between 17% and 21%. It is 18% for the aspect ratio we
select for our computation. The relative error induced by
this choice on the estimation of the mean persistency is
then of order one sixth.

4 The role of vorticity

Our model purposely ignores vorticity i.e. the antisym-
metric part of the deformation tensor ω. We now come
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to this point. In the absence of vorticity, the alignment of
a line element with the direction of maximum stretching is
due to stretching, and when perfect alignment is reached,
the line grows at its maximal rate. A measure of the time
tal needed to reach this state is given by the time needed
for the line effective growth rate to reach its asymptotic
value. It is found that γtal ≈ 2

√
2 in two dimensions and

1
5γ

2tal ≈ γx, that is γtal ≈ 3 in three dimensions. There-
fore the average angular velocity of the line element solely
due to stretching is about γ/2

√
2 in two dimensions and

γ/3 in three dimensions. If now we consider a flow in-
corporating both stretching and vorticity, one sees that
vorticity will have a negligible contribution as long as ω/γ
is smaller than 1/2

√
2 in two dimensions and 1/3 in three

dimensions.
A convincing example consists in choosing for the ba-

sic flow, instead of a pure saddle point, a shear flow where
vx = 2γxy and vy = 0 (in two dimensions). The eigenval-
ues of the rate of strain tensor are the same as those of the
saddle point flow but now a pure rotation is superimposed
(see e.g. [2]) so that ω/γ = 1. This flow incorporates more
vorticity than the threshold we derived heuristically above
(ω/γ = 1/2

√
2), but even in that case, the line growth rate

f(γτ)/τ is identical to that of the saddle point flow for
small persistencies (γτ → 0) and is only 15% smaller for
γτ = 1. The difference shows-up for persistencies larger
than 3 (see Fig. 9).

The knowledge of the symmetric part of the deforma-
tion tensor γ is thus sufficient to estimate material line
growth. The fact that the growth rate measured by Giri-
maji and Pope DNS are recovered within this assumption
for both lines and surfaces at the same persistency of order
unity is an a posteriori justification.

5 Evolution of the shape of initially compact
blobs

The fact that surfaces grow does not necessary imply
that an initial spherical “blob” immersed in a three-
dimensional flow will form two-dimensional thin sheets.

To estimate the three characteristic dimensions of an
object in the course of its cumulated stretchings, we sim-
ply need to compare the growth rate of lines, surfaces, and
volumes. Indeed the evolution of the largest length of an
object is given by the evolution of a line; the product of
the two largest lengths gives the typical surface of the ob-
ject and finally the product of the three largest lengths is
a volume.

The typical dimensions (l1, l2, l3) (see Fig. 10) of an
object scale like (exp(γ1t), exp(γ2t), exp(γ3t)) with γ1 =
γL = f(γx, γy, γz)/τ (the growth rate of a line) and
γ1 + γ2 = γS = f(−γx,−γy,−γz)/τ (the growth rate of a
surface).

It then appears that in the case of an isotropic flow,
one of the transverse direction of the blob will vary much
more slowly than the two other directions. Starting with
an initial spherical blob of size l0 we thus obtain a kind
of ribbon with one direction much stretched, another one
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Fig. 9. Comparison of the line growth rate in two dimensions
for the generic case of saddle point stretching (without vortic-
ity) and for a shear flow (the vorticity being then as intense as
the stretching). For relevant persistencies (γτ ≈ 1), both cases
are not significantly different: vorticity plays the poor rule in
the growth of lines in turbulent flows. The bottom picture is a
zoom of the upper one.

much compressed, the third direction remaining at a size
of the order the initial size l0 (Fig. 10).

The evolution of the shape of the blob is dictated by
two parameters. One is the aspect of the deformations. If
there are two axes of stretching we form pancakes (two-
dimensional structures) as if there are two axes of com-
pression we form cigars (one dimension filaments) – the
nomenclature is from [1].

The other parameter is the persistency. For small per-
sistencies indeed, lines and surfaces are found to growth
at the same rate (1/5)Êγ2τ (Eq. (3.3) for small γτ gives
f ∼ (1/5)γ2τ2). In this limit the final shape of the blob
will be the ribbon shape. In the case we have studied and
for a persistency of about 1, we obtain a final deforma-
tion aspect of (0.13τ−1

η , 0.03τ−1
η ,−0.16τ−1

η ), close to the
asymptotic aspect of [4]. This distinguishes notably the
short correlation model of Kraichnan [7] from the mea-
surements of Girimaji and Pope [1].

6 Conclusion and further comments

We have shown how lines and surfaces grow under the sim-
ple effect of isotropically distributed stretchings, and we
have shown the importance of the coherence time of these
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Fig. 10. Evolution of the shape of a blob element in time.
From a spherical shape of characteristic size l0, the blob
becomes stretched in one direction, compressed in another,
the third direction being nearly unchanged. The character-
istic dimensions of the blob evolve as l1 ∼ l0 exp(0.13t/τη),
l2 ∼ l0 exp(0.03t/τη), and l3 ∼ l0 exp(−0.16t/τη).

stretchings on the net growth rate. Comparison between
our results and numerical simulations allowed us to give
an estimation of the persistency: γτ ≈ 1. This result is
an average result since it is assumed in our model that all
the stretchings in actual flows have the same persistency
and that the relative rate of stretchings of deformation
(what we called the aspect) is constant. We also take av-
eraging over the number of stretchings (in our model) for
time averaging (used in experiments and in DNS). This
ergodic assumption becomes invalid if the coherence time
τ is widely distributed.

To properly study the impact of the gap between real
turbulent flow and our ideal model, it would be useful to
measure these several distributions by Lagrangian statis-
tics. However we have seen that the mean field model
was reasonable, and allowed us the estimation of the
persistency.

Turbulent flows present a hierarchy of scales: the
statistics of the velocity fields exhibits a scale dependence
such that the stretching rate observed at a scale r de-
creases as r−

2
3 . This scale hierarchy is directly observable

in the evolution of a material line. The total length of the
line increases faster than the separation distance of its
two extremities because of the rippling of the line [11,12].
The model we developed does not take into account this
rippling and only describes the separation distance of the
extremities of the line. The evolution of this separation
distance was computed for constant persistency along the
evolution, and with this assumption, the scale depen-

dence of the stretching rate can be taken into account.
The effective growth rate of the separation distance de-
pends on the scale (with the same dependence than the
stretching rate) and then it evolves algebraically in time
r ∼ t

3
2 [13]. This can be interpreted as an exponential

growth in the number of events r(n)/r(0) ∼ en (with
n =

∑n
1 γiτi), with events less and less intense, but last-

ing longer and longer ( τi ∼ r
2/3
i ). The time dependence

t =
∑n

1 τi =
∑n

1 e(2/3)i ∼ e(2/3)n is then dominated by the
last event (the longer one), so that the number of events
having occurred at time t is logarithmic (n = (3/2) ln t)
and that r grows algebraically (ln r = 3/2 ln t).

We explored the consequences of isotropy over scales
larger than the line element. Strictly speaking we should
then restrict ourselves to scales below the Kolmogorov
scale, but the application of the model can be extrapo-
lated to larger scales, as we only required that there exists
some coherent flow that rules the dispersion of the two
extremal points of the line (i.e. that the two points are
within the same integral scale). Corrsin [14] studied the
complementary case where the two points are separated
by a distance larger than the integral scale. The statistics
of the evolution of each particle are then independent one
of each other. Under the assumptions that both of these
statistics are isotropic, Corrsin showed that the separation
distance grows, so that the extension of the line persists
above the integral scale.

We have shown here that lines and surfaces grow in
isotropic flows, so that even in the absence of molecu-
lar diffusion, we have a sign of the irreversibility of time.
There is no strict need for the existence of a smallest scale
in the flow, so that the model is still applicable to infinite
Reynolds turbulence. The origin of the growth of line and
then of the irreversibility is just related to the isotropy of
the flow, and molecular diffusion plays no role in it.

Mixing, however is a matter of stretching enhanced
diffusion. Considering the transient mixing of a scalar
blob injected in a sustained turbulent flow, Villermaux
et al. [15] show how the blob is first fragmented in struc-
tures of dimensions of the order of the Taylor scale and
how these structures further experience stretchings so that
their tranverse size decreases until it reaches the dissipa-
tion scale

√
D/γ, D being the diffusivity of the scalar.

The resulting concentration probability density function
presents an exponential tail (sharpening in time) and this
is interpreted as the sign that all structures born at the
same time have not the same history i.e. they have expe-
rienced different numbers of stretchings n. The transverse
size of the initial blob is reduced little by little. Since we
have shown that during a stretching event the tranverse
size of the structure is reduced by a factor exp(−γSτ) with
γSτ = γS

γ γτ ≈ γS/γ ≈ 0.2, and since the ratio between
the dissipation scale and the initial scale is found experi-
mentally to be (5Sc)−1/2, the mean number of stretching
events necessary to reach the dissipation scale is of order
of 4 for temperature in air (Sc = 0.7), of 9 for tempera-
ture in water (Sc = 7), and of 23 for disodium fluorescein
in water (Sc = 2000). These numbers appear to be suffi-
ciently large so that the PDF of the number of stretchings
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on a structure at a given time can be represented as Nor-
maly distributed around its maximum as foreseen in [15].
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