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Short circuits in the Corrsin—Obukhov cascade
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Experiments show that a blob of scalar released in the inertial range of scales of a turbulent medium
is rapidly converted into a set of disjointed sheets whose spectrum exhikit$ shape for wave
numbers larger than the injection wave numbet. IThe sheets diffusive uniformization onsets at

a timetg=(d/u)f(So with f(S¢~In(Sc) function of the injection time of the blob in the medium

d/u, of the Schmidt numbe®c, independently of the Reynolds number. This time is appreciably
smaller than the time needed to cross the Kolmogorov cascade, which is “bypassed” by a strong
and constant stretching rate acting at the injection scale20@1L American Institute of Physics.
[DOI: 10.1063/1.1324006

I. INTRODUCTION scaler) and assumed to occur successively in time. From
) ) ] there, it is not difficult to estimate the timeg for the blob to

_Itis a known fact that the timé, necessary t0 achieve -5ye| through the cascade from its injection sitéo the
unlformlty_ at the molecular Ievc_al of a passive .constltuentscale where it is dissipated. Let be the stretching rate of
released in a closed volume of linear scaland stirred at &  geajer, andt; its associated persistence time: one obviously
typical velocityu(L) is hasy;t;=0(1) (see Ref. 7 for a discussion of the constant

L After the first step of the cascade, the transverse size of the

-~ (1)  blob isr;=de™ 1", after the second,=r;e”?2'2, and so

u(L) on down tor,=r,_,e "n'n so that aften steps, the typical

with a prefactor depending on the detailed geometry of th transverse size of the stretched blolb,js-de™". Now, if the
b P 9 9 y blob initially has a size lying in the inertial range of scales

mixing v_olume, the stirring deyme, _ar!d the nature of th? dye(that is, p<<d<<L), the time necessary to cross each step is
being mixed. The above relationship is a rule of thumb in the YN T R 3 :

. : . X . i~e 7, with e~u(L)®/L according to the standard
engineering practice and is known to hold independently Ol ctimate®-

:EZangqc,)zlqrigL:imbz:e%rtogi'gqe?igt'sg)gﬁiggsl;g?/’ers;y dli?_rger The timety for the blob to reach the viscous scale of the
' PP plictty flow 7, where the stretching timds become scale indepen-

ficulties. First, the fac_t that_ the mixing tintg, relates to the _dent and are all equal to, = (v/€)2=L/u(L) Re 2 is
largest scales of motions in the flow may appear contradic: g

N o+ _—1/342/3 ; ; ;
tory with the fact that the ultimate molecular uniformization te=2i_yli~ € “"d7"for n>1. The timety is dominated by
) the injection time scale. Assume that the Schmidt number of
of the scalar occurs at small scales compareld. tbhe mix-

ing time (1) bears no trace, however, of straining motionsthe dye is larger than unity. The thin sheets of scalar at the

and characteristic times associated with small scales. Corlﬁolmj%qlsgi[engurther dissipate at the Batchelor scale
71_ .

sider, for example, a dye with a Schmidt numiss= »/D Ko . .
close to unity, where stands for the kinematic viscosity of Ihe time neegled o travifrom to 7g 1S fB:Eimzlt‘
the fluid andD for the molecular diffusion coefficient of the =Ei:1t,7=mt,7_, with 7g= 7€ . an_d thuSB:jnln S¢ .
dye. The dye dissipation scale is, in that case, usually esti- Thg to}al time to reach uniformity thus defines as “cas-
mated as being identical to that of vorticity, namely the Kol—c"’lde time” for the scalar
mogorov scale =L Re 3% whose turnover timet, t=te+tg=e Y3d?3+ It In(S0). o)
=L/u(L) Re *?is appreciably smaller than,. 7

Second, it is clear that the intrinsic diffusive properties The cascade picture, at least as it has been originally con-
of the dye(i.e., its diffusion coefficienD) should appear in ceived, assumes stationarity, meaning that the decay time of
(1), the molecular uniformization requiring an infinite time in the scalar variance in the flo@'%(t) is long compared to all
the limit D— 0. the time scales$; involved in the cascade. In this limit, the

These difficulties are partly removed in the cascade detate at which the scalar varian@?(t) is injected is the rate
scription of turbulence stemming from Kolmogordv, x at which the variance is transferred to smaller scales and
Obukhov* Corrsin® and Onsaget Mixing of a passive sca- also the rate at which it is dissipate®gVC)?. The funda-
lar is in this frame represented as a succession of reductiomental property of this stationary, forward cascade is that the
of length processes, from the injection scale of the scalafeéasoning can be reformulated for any mean squared concen-
blob to the scale where the thinning action of the stretchration increment Cz(r)=<(C(x+r)—_C(x))2) averaged
balances the spreading rate of the dye by molecular diffuever a volume of size (with r<d), c?(r)/x representing
sion. These processes are assumed to be local in $pacethe time needed to reach the dissipation scale, starting from
blob of scaler is stretched at a rate corresponding to ther. This time is precisely given by2) for the special case
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FIG. 1. Instantaneous planar cuts of the scalar figisodium fluorescein in wate§c=2000) downstream of the injection point illustrating how a scalar blob,
initially compact and smooth, is progressively converted into disjointed sheets with broad fluctuations in thickness and concenrtiatom. Left: the
picture covers the region just downstream of the injection tube/@<4. Right: further downstream<4x/d<8.

=d; that is, c2(r)/y=t.(r)=€ Y23+ In(Sg. The downstream of the exit of the main jet and the turbulence
Fourier spectrunt (k) ~ [ CZ(r)dr is thug Reynolds numbeRe=u’L/v is varied from 6000 to 45 000.
u’ denotes the local rms velocityu(/u~0.25). The exit

Fk)~x(e Y&+ 3t k tIn(S0). (3)  velocity of the injection tube is maintained constant and

The relation(3) is a slightly altered reformulation of the €dual to the mean velocity of the main jet carrying the tur-

Corrsin>° Obukhov* Batchelof theory. The spectrum inter- bulence at the injection point in such a way that the tube
polates from & 53 behavior in the inertial rang@vheret, behaves neither as a source, nor as a sink of momentum, in

is dominated bye %23 to ak~! dependence in the vis- 1€ mean. o _ _
cous range(where%tﬂln(Sc) dominatest,). The crossover Figure 1_shows how th_e scalar, mmally confined in a
scale isy(In(SQ))¥2 larger thany (this result is reminiscent compact region of space, is progressively fragmented into
of high Schmidt number experimeffavhere the spectrum Packets whose frontier gets more and more corrugated.
has been observed to bend earlier than ardupg 1). How- These corrugauons uIt|mat_er degenerate in th_ln elongated
ever, the spectrum of the passive scalar usually exhibits gheets, W|t_h broad fluctuations of transve_rse size and local
dependence less steep tha®/3 in the inertial rang&®~14 qoncentratlon along the sheets. Fluctgatlons of congentra-
the phenomenon being particularly clear in shear fIWw& tions 'and temperature' are megsured in the th'ree different
the existence of a-1 range at high wave numbers is not XPeriments on the axis of the jet by a fiber optics probe, a
firmly established even at very large Schmidt numBess cold film thermometer, and a cold wire thermometer con-

that it appears useful to re-examine the assumptions summétfucted at the laboratory, respectively. The resolution of the
up above on a novel experimental basis. probes matches the Kolmogorov scale, in all cases; we relate

space to time byx=ut for x up to about one local integral

scale, and we convert frequencieisto wave numbers via

Taylor hypothesis, i.e., 2f =ku. As can be seen in Fig. 2,
The sequential cascade picture does not leave room fdahe presence of the injecting tube does not perturb a region of

singular, efficient events which would directly connect injec-more than two to three diametatgdownstream of the injec-

tion scales to dissipative scales, thus participating majorly irion point. The longitudinal velocity spectra recorded on the

the variance decay. We report in this paper on experimentaxis of the jet are essentially identical to their free stream

suggesting that these events are the rule rather than the exnalog(i.e., with the tube removedat x/d= 4.

ception. In this configuration, Villermauwset al!® have measured
We follow the dilution of three types of scalars, diso- the shape and the evolution as time progresses of the result-

dium fluorescein $c=2000), temperatureSc=7) in water, ing one point concentration probability density function

and temperatureSc=0.7) in air, hastened by the high Rey- (PDPF). The scalar concentration fluctuations PBPEC/C,),

nolds number turbulence produced in the far field of a watewhereC, denotes the injection concentration, rapidly exhib-

jet. The experimental setup is described in Villermaux andts a self-preserving shape, whose tail is an exponential with

Innocenti® The scalar stream is injected continuously on thean argument increasing linearly in times

axis of the jet carrying the turbulence, through a tube whose

diameterd is smaller than the local integral scdlgthat is, C t C

d/L=0.05, 0.1, 0.16and larger than the Kolmogorov scale P Co —exp — ts Co/’

L Re ®“ so that the scalar injection scale lies in the inertial

range of scales. The injection point is located 30 diameterfor t>tg, with the mixing timetg being found to be

Il. EXPERIMENTS

4
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FIG. 2. Spectra of the longitudinal velocity fluctuations measured on the 0.001 - —
center line and 30 diameters downstream from the exit of the main jet. The 1 10 100
local integral scale i€ =6 cm. Dashed line: Ax/d=4 downstream of the ut/d
exit of the injection tube, witld=1 cm. Solid line: With the injection tube o L
removed. The straight line has-5/3 slope. FIG. 4. Decay of the rms fluctuatior®' (t) downstream from the injection
point for three different Schmidt number®, d/L=0.16; A, d/L=0.1;
®, d/L=0.05.
d
ts=—"1(So), (5) . N . .
u >t;. The use of three different injection diameters indicates

that the characteristic time of the onset of the decay is actu-
ally proportional tod (Fig. 4), unlike tx, ort., which scale
like d?° [see(2) and Ref. 9.

The power spectrum of the stationary scalar fluctuations
signal recorded at different locations downstream of the in-
0jection point displays a clede ! range, between the injec-

tion scaled and the vicinity of the dissipation scatPe /2,

as shown in Fig. 3. The factd(Sc¢) is a slowly increasing
function of the Schmidt number. A fit consistent with the
data isf(Sc)=0.12In(550), but a power-law dependence of
the formf(Sc ~Sd@?is not inconsistent as well.

The mixing timet; is both consistent witlil) and with
the fact that the uniformization period increases with n

bounds in the limitD —0. when the latter can be resolved by the prdtee Sc=0.7

The full PDF incorporates a Dirac delta at the origin series of experiment®r down to the resolution scale of the
(C=0) accounting for the dispersion of the scalar support in P

the diluting medium so that the average concentration Variegirrzﬁzrlmr;?rlv:rsee(FISgéhai dt -rTJ?nk?s:}?(t):aindc?g?s/irialr(lzs?aerlli:es
as (ut/d) 2 (see Ref. 15 However, the leading contribution y g g

to the concentration fluctuatior@'2(t)={(C—(C))?) de- from the injection point, and tend to deviate slightly from the

e . . . —1 slope at moderate, or order unity Schmidt numbers, by
cay 1S given by.the evolution of tr,lze PDF t2a|I, an_ds accordlngdeveloping a more and more pronounced, but still slight cur-
to (4), the variance decays a8'“(t)~Cg(t/ts) ° for t

vature.

At the same location in the flow, the velocity spectrum
displays a decay very close ko % from 1/ to higher iner-
tial range wave numbei§ig. 2). As can be seen from Fig. 5,
the “k ™! shape” is indeed the gross feature of the spectra.
Their detailed shape is even not a pure power law, and their
evolution reveals a more and more pronounced curvature as
time elapses, particularly sensitive at low Schmidt numbers.
It is not our aim to discuss this secofahd probably impor-
tant aspect here; we emphasize tkat, or close-tok 2, is
certainly different fromk~ >3, as expected from the cascade
arguments summed up in Sec. I.
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The observations reported above suggest that the process
0 01 02 03 04 05 06 : P ve sugg b
of reduction of scale by sheet thinning in turbulent flows
C/C :

does notfollow step by stepihe cascade prescribed by the
FIG. 3. Fluctuations PDFs, normalized by the initial concentratiem- pre-existing hierarchy Of. Strucwt?s in the ﬂPW' even at large
peraturg, recorded for the three Schmidt numbers 20 diametedown- ~ Reynolds numbers, but instead “bypasses” the cascade by a
stream from the injection point. The PDFs exhibit an exponential dgeay ~ permanent, and efficient, stretching rate associated with the
(4)] of the form P(C/Co)~exp(—aC/Co). Inset: The argument of the jnitia| size of the blob and the maximal velocity in the flow.
exponentials for different distancgéd=ut/d and three Schmidt numbers is We introduce below a mechanism which accounts for
such thatae=(ut/d)/[0.12In(55¢)]. @®: Sc=2000,Re=6000 and 12 000, . .
d/L=0.05, 0.1, 0.60]: Sc=7, Re=6000,d/L=0.05, 0.1, 0.16M: Sc=0.7,  the continuous generation of scalar sheets by the small-scale
d/L=0.08,Re=23 000;0, A: Sc=0.7,d/L=0.08, Re=45 000. (smaller thand, see Fig. 1 activity of the flow as an inter-
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number, precisely such tha,=\5v/y~d/\Ju’d/v. The
size of the initial scalar lamellae scales like the Taylor scale,
based on the injection diameter

Then, the dissipation scale yD/y=s,Sc 2
~d/\Ju"d/D =dPe ' decreases like the square root of the
Peclet numberPe= u’d/D based on the injection diameter
d. Note that according to the lines above, both the initial
sheet thickness and the dissipation scale are expected to be
independent of the turbulence integral scaland are both
proportional to the injection diametel

The ratio of the mixing timeg given by (5) to the time
t. needed to travel through the “Kolmogorov cascade),
ie.,

log{kF(K)}

d
t, 0.12L]In(SSc)

te

L
€ 3?3+ GRe Y2n(S0)

1/3
In(5S0), (7)

!

~0.12—
u

L

is notably smaller than unityof the order of 0.1 in the
present experimentseven for large Schmidt numbers. From
there originates the bypass.
The timetg is the time needed to connect the initial
r peeled-off structures of sizg (these are produced in a very
3 Y Y E U S S short time of the order ofju’d/v times smaller thariy),
1 kd 10 100 with the dissipation scaléPe 2. The scalar field is indeed
found to be composed mainly of thin sheets, although larger
FIG. 5. Compensated power speck&(k) of the scalar fluctuations at blobs do persist for all times. These larger scales originate in
different successive times of the mixing process for the two extremesan incomplete peel off, or result from a subsequent diffusive
Schmidt numberskd=d/r). Top: Sc=0.7, d/L=0.16,L=20 cm,u=2 reamalgamation of disjointed sheets.

m/s. The dissipation scaldPe *2 corresponds here to a dimensionless = | | th in the directi ¢ ds th
wave number equal tBe'?>~55, below the resolution wave number of the or scale larger thans, In the direction towards the

probek.d=165. In the direction of the arrow=ut=10, 13, 15, 18, 21 and  inertial range of scales, up thwhich isa priori the largest
30 cm. Bottom:Sc=2000, d/L=0.1, L=6 cm, u=0.4 m/s. The probe initial transverse size of a scalar lamellae, the sheet forma-

resolution cutoff wave number ig.d=30 and the dissipation scale in that tjon timety(r) is somewhat larger than(s,), within a loga-
case is not resolvedPe’?>~700). In the direction of the arrowsx=ut rithmic correction
=15,3,45,6,7.5and 9 cm.

log{kF(k)}

t(r)~y ! In( P mé). )

irpseﬂgﬁttg ztiigig;;cigi.fragmentanon process of a scalar blob IEquations(G) and(8) are equivalent. Equatiof8) is the ver-

Let s, be the transverse size of a scalar sheet peeled ofion of (6) holding fora priori any scaler <d, thus formal-
from the initial blob G,<d a priori). The timety(sy) nec-  izing the idea of the bypass for any scale up to the injection
essary to reduce the transverse thickness of this diffusingcale of the scalad and therefore allowing us to make a
lamellae down to the equilibrium value/D/y where Prediction on the shape of the spectrum. Indeed, as soon as
stretching-induced thinning balances diffusive spreading unthe global variance decay rate [1/C'?(t)][dC'?(t)/dt]

der the action of a permanent stretching rates ~ 1t is smaller than 14(r) for Pe”?<r/d<1, the quasi-
equilibrium limit for any mean squared concentration incre-

-1 2
Y SoY 200y i
ts(so)~TIn F) (6) menf (r) IS
2 12
Equation(6) is reminiscent of the experimental mixing time ci(r) - ¢ (v )
(5) provided thaty '/2~0.12/u; that is, y~4u/d. The ts(r)  ts(d)

scale reduction process of the scalar sheets is mediated bya, ¢ (d) being the largest sheet formation time of the few
constant stretching rate, acting at the injection scale. Thgiyctures whose size has remained of odiat timet. The

experiments reported in Fig. 3 also suggest that the mixing-qrier spectrum derives fro8) and (9) as
time is independent of the Reynolds number. This fact con- 2
C'“(t

strains the initial sizesy of the scalar lamellae peeled off F (k) ~ K1 (10)
from the blob to be a decreasing function of the Reynolds In(PelJZ) '
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scaled. Moreover, the mixing time has been found to be
smaller than the cascade time/u’ (d/L)?3. We have thus

d — —— suggested that the process of mixidges notfollow the
sequential route expected from cascade arguments, but is on
the contrary dominated by a more efficiefite., with a

P @Q o shorter time scajemechanism, that we call bypass and for
which we have imagined a possible scenario in Sec. lll.
| Q @? o Thek ! shape is the “natural” spectral signature of an
intermittent collection of disjointed sheets whose approach to
So |- ‘\j J uniformity is governed by a permanent stretching rate related

to the injection scale of the scalar. We have interpreted this

S | \/ J \ ] as a sign of nc_)nlocal i_nte_racFions bridging_ the injecti_o_n scale
So(Sc) of the blobd with the dissipation scale, which we anticipated
to be given bydPe 2 and we have underlined the spectral
FIG. 6. Sketch of the route to dissipation by the “cascade bypass.” Allconsequences of this point of view.

: fecinAati —1/2_ —12 L. R X
scales are directly connected to the dissipation sgg8e “=dPe “*via The permanence of the injection features of the scalar in
the injection scale stretching rate~u/d. Possible diffusive reamalgam- . . .
ation of the sheets produces larger scales. the flow is manifested by the Reynolds number indepen-
dence of the mixing timés~ d/u’ In(5S¢) and by the fact
that the scalar dissipation scale depends solely on its initial
segregated scalé and on its molecular properties through

the Pelet numberu’d/D.

which holds for all wave numbers between the injection
wave number H and the dissipation wave numbee*?d.

hln ﬂ;'s p|(|:tur_e, ;l:et(lehed_m Fig. ?,tthle pre-ex:jstlngdhltir- Molecular viscosity does, however, play a role. The
archy of scajes In the Tlow 1S completely ignored, an Scascade bypass” scenario we have imagined in this paper
bypass also holds when a developed, nonintermittent spec- : . .
D . - involves, as an intermediate step, the formation of scalar la-
trum prevails in the underlying velocity field, as for the

present experiments. We do not interpret the intermittenp?e"ae peeled off from the initial segregated blob, whose

(k™) character of the scalar spectrum as reflecting intermit>'2€ SO, scales like the Taylor-s.cale based a@nas SO..
tency in the velocity spectruff.On the contrary, these ex- .~d/\/u.d/v. These structures ongmatse from the destgblllza-
periments rather suggest that the scalar distribution and tHiPn Of internal shear layers consecutive to the relative mo-
underlying displacement field are very loosely coupled tofion of the blob with its surrounding environment. The de-
each other and that the mixing properties of a turbulent flowstabilization of these shear layers is made po§5|ble as soon as
are very little sensitive to its detailed structdfé® the Reynolds number based on th%r own thickne's /v

The spectrum given iffi10) decays in amplitude for in- = Vu’d/v is larger than about 158; otherwise the insta-
creasing Reynolds number and Schmidt numbEi(k] bility is smoothed out by viscous spreading. The injection
~[C'2()/In(Ped) k1), but its integralff,gllz’dF(k)dk Reynolds numbeu’d/v has thus to be large enough, that is

=C'?(t) is actually conserved, independent of the Reynoldéypicazny larger than 1% for this “mixing transition” to
number, and with no spurious Schmidt number dependerfRCCUr: Provided this condition is fulfilled, that is, provided
factor other than that originally contained @/2(t), which ~ the Reynolds number ibigh enough the mixing time be-
itself decays faster in time than the upper bound of the inficomesindependendf the Reynolds number as we have ex-

nite Schmidt number limit! plained in Sec. II.
The persistence of the injection conditions of the scalar
IV. CONCLUSION goes even further. It not only determines the global decay

rate of the inhomogeneities through the mixing time, but also
>t<he whole statistics of the concentration distribution, as

segregated scalar blob in a sustained turbulent medium. TH ownﬂm F'ga 2. j’h|s ((j)bbservanon has zlalreadya?béeﬁenhmade n
kinetics and spectral features of the mixture have beefi c2' flows dominated by a mean scalar gradienthere

shown to be at odds with the sequential Corrsin—Obukhoyne Skewness of the temperafu@ncentration derivative
cascade picture of scalar advection in turbulent flows. parallel to the mean gradient was found to be of order unity,
The starting point of this work was exposed in Sec. 1and very weakly dependent on the Reynolds number.
where it was recalled that the sequential Corrsin—Obukhov The disjointed scalar sheet distribution resulting from a
cascade picture has a direct consequenc@anixing times, ~ Punctual injection in a flow is the “quantum” of scalar mix-
and therefordii) on the spectral content of the mixture. This ing. The interaction between several distributed sources and
picture is confronted by an experiment designed to test it anéhe amalgamation of the sheets as they diffuse, which occurs
the facts are presented in Sec. II: the mixing time of a blob ofll the more early when the Schmidt number is Itand is
size d scales asts~d/u’In(5S¢, as opposed to probably aphenomenon sensitive to the Reynolds nuniber
L/u’(d/L)?? in the Corrsin—Obukhov vision and the spec-the next ingredient to examine for understanding how the
trum of the mixture ik %, as opposed t&~ >3 in the iner-  scalar field finally adapts to the hierarchical structure of the
tial range of scales, and for scales smaller than the injectioatirring field in the uniform, well-mixed limit®1%2¢

periment consisting of following the dilution of an initially
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