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Recycling oceanic lithosphere
Drives plate tectonics

Successful kinematic model
No fully dynamical model yet

Subduction process
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Earth’s Magnetic Field
Surface field extrapolation
Outside of core, current density is ~zero:
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Earth’s Magnetic Field
Surface field extrapolation
Outside of core, current density is ~zero:

Scalar potential:

Solution to Laplacian:
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Large-scale flux patches
Field changes over relatively short times

Core-Mantle Boundary Br (t)

Movie: 
Chris Finlay (DTU)

Monday, February 11, 2013



Induction Equation:

Relatively simple equation for B-evolution

Rm must be ~ 100 for dynamo action 

The Induction Equation
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Field changes over relatively short times
Infer core flows with Re ~ 10^8; Ro ~ 10^-7

Core-Mantle Boundary Br (t)

Movie: 
Chris Finlay (DTU)

Complex
 Flows
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Break up B (and u) into poloidal and toroidal vector fields
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Poloidal-Toroidal Decompositions
Break up B (and u) into poloidal and toroidal vector fields

BP lies in plane containing r
BT on surfaces perpendicular to r

NB: Curl of a T gives a P; Curl of a P gives a T

Magnetic Fields in the Core
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For axisymmetric fields & only s-varying zonal velocities:

The -effect: angular T-shears convert P field (here Bs) 
into T field (B) Ω
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The -effect: angular T-shears convert P field (here Bs) 
into T field (B)

However, axisymmetric flows do not convert T into P 
fields

Any initial Bp will eventually decay away and the 
axisymmetric dynamo field will fail   

Oversimple dynamos fail: Requires complex flows

Axisymmetric Fields
For axisymmetric fields & only s-varying zonal velocities:
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Earth’s core parameters: 
Re ~ 10^8; Ro ~ 10-7 (thus, E ~ 10^-15)
Pr ~ 10^-2; Pm ~ 10^-6
Rm ~ 10^3, Elsasser ~ 0.1

Complex Dynamics

Laminar present day dynamos
Earth-like Rm, Earth-like B 

Low Re, high Pm and high 
E thermal convection 
models

Are they accurate? 

Li\Oð1Þ is imposed in the limit E-0 (Chandrasekhar, 1961).
This prediction is tested by comparing the characteristic wave-
numbers of the flow field in the dynamo and non-magnetic
models

ku ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lu

2
þmu

2

q
, ð7aÞ

where

lu ¼
Xl ¼ lmax

l ¼ 0

lðul % ulÞ
2EK

ð7bÞ

and

mu ¼
Xm ¼ mmax

m ¼ 0

mðum % umÞ
2EK

, ð7cÞ

here ul is the velocity at spherical harmonic degree l, um is the
velocity at spherical harmonic order m, and EK is the kinetic
energy. The time-averaged values, given in Supplementary
Table 6, show that the presence of dynamo-generated magnetic
fields alters the value of ku by at most 14% in comparison to the
associated non-magnetic cases. Thus, these dynamo models do
not produce the fundamental change in length scale that linear
theory predicts.

3.2.3. Columnarity
We can also quantify the style of convection using axial

vorticity measurements. Quasigeostrophic convection is domi-
nated by axial, vortical columns that extend in ẑ across the entire
shell. We define ‘columnarity’ using a measure of the axial
variations of axial vorticity, oz, in the bulk fluid outside of the

tangent cylinder

Coz ¼

P
s,f9/x0 % ẑSz9P

s,f/9x09Sz
, ð8Þ

here /Sz indicates averages in the axial ẑ direction, x0 indicates
vorticity calculated using only the non-axisymmetric velocity
field, and the summation occurs over the equatorial plane ðs,fÞ.
Columnar convection has relatively large columnarity, Coz\0:5,
because vorticity, x0, is dominated by its axial component, x0 % ẑ.
We consider cases with Coz\0:5 to be columnar, similar to our
convention for f. Thus, we define the transition between Regimes
II and III to occur where C & 0:5. Comparison of axial vorticity
isosurfaces shows this convention to be an adequate proxy for the
breakdown of columnar convection.

Fig. 3a shows columnarity as a function of the Rayleigh number
for the E¼ 10'4 models. The Coz values agree to within an average
of 4% between the dynamo and non-magnetic models, with a
maximum difference of 14%. The presence of magnetic fields,
therefore, does not change the basic planform of convection.

Columnar convection breaks down near Ra¼ 19Rac , where
Cozo0:5 (Fig. 3a). King et al. (2009, 2010) argue that the break-
down of columnar convection occurs when the thermal boundary
layer becomes thinner than the Ekman boundary layer. We
calculate these boundary layer thicknesses and find that they
indeed cross at the transition between Regimes II and III.

This columnarity transition does not, however, coincide with
the magnetic field morphology transition at Ra¼ 5:1Rac . There-
fore, columnar convection can generate both dipolar (Regime I)
and multipolar (Regime II) magnetic fields. It is also worth noting

Fig. 2. Instantaneous radial magnetic fields near the outer shell boundary (top row) and isosurfaces of instantaneous axial vorticity for select E¼ 10'4 dynamo (middle
row) and non-magnetic (bottom row) models. Purple (green) indicates radially outward (inward) directed magnetic fields. Red (blue) indicates cyclonic (anticyclonic)
vorticity. Each subplot has its own color scale. The inner yellow sphere represents the inner shell boundary. The outer boundary layer has been excluded for clarity. Below
each image is either the dipolarity, f, or the axial vorticity columnarity, Coz . (For interpretation of the references to color in this figure caption, the reader is referred to the
web version of this article.)

K.M. Soderlund et al. / Earth and Planetary Science Letters 333–334 (2012) 9–20 13

d)
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The interplay between helicity and rotation in turbulent flows 5

FIG. 1: Slices of vorticity in the xy plane in simulations of turbulence in periodic boxes. Top left: 5123 simulation of non-helical
non-rotating turbulence, Reynolds number Re = 1100. Top right: same with Ω = 8 (Rossby number Ro = 0.07). Bottom left:
15363 simulation of helical turbulence at early times with Ω = 9 (Re = 5100 and Ro = 0.06). Bottom right: same at late times.
Note the development of strong and smooth vorticity in the latter case, identified as columnar “ Beltrami Core Vortices”. In
the top right plot, vortices associated to columns are barely observable, being less organized and with more small scale features.

Specifically, what is assumed is that the energy and helicity spectra take the form:

E(k) = CEεa
Eεb

HΩfk−e , H(k) = CHεc
Eεd

HΩgk−h , (4)

with εE and εH the energy and helicity flux rates respectively, CE a generalized Kolmogorov constant and CH the
corresponding constant for the helicity spectrum, and with Ω the rotation frequency in the presence of an imposed
solid body rotation as stated before. This choice covers the physics we examine in this paper and most cases studied
in the literature, with energy, helicity and rotation all taken into account; the eight indices [a, b, c, d, e, f, g, h] are the
exponents to be determined through a combination of dimensional analysis and phenomenology, with e, h the spectral
indices.

The results of this analysis are summarized in Table I; in its nomenclature, K41 stands for the classical Kolmogorov
(1941) phenomenology, extended to a joint energy-helicity cascade; D92 stands for the energy cascade mediated by
inertial waves (Dubrulle and Valdettaro 1992; Zhou 1995) and for its new extension to the helical case. B73 is for
the dual cascade of energy and helicity as spelled out in Brissaud et al. (1973), including the case of zero energy
flux. K04 stands for the case of a cascade fashioned by the helicity time-scale (Kurien et al. 2004). The case of a
helicity cascade predominant over energy and mediated by rotation is M09 (Mininni and Pouquet 2009ab). Finally,
the generalization to the case where the time-scale based on helicity is the relevant feature of the cascade is dealt
with in case tHcE without rotation (the similar case with rotation is omitted for simplicity but yields e + h = 3).
In bold-face (K41, D92 and M09) are indicated cases that have been observed in the laboratory, in atmospheric
flows or in direct numerical simulations; note that for a k−4/3 helicity cascade (K04), the DNS observation concerns
the so-called bottleneck effect between the classical Kolmogorov range and the dissipation range, an effect which may

a)
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b) c)

Vorticity in 3D Rotating Turbulence:  a) initial horizontal slice; b) after 30 overturn times;         
c) 3D rendering also after 30 overturn times.  Parameters: Ekman E = 1e-5; Reynolds Re = 5100.

Li\Oð1Þ is imposed in the limit E-0 (Chandrasekhar, 1961).
This prediction is tested by comparing the characteristic wave-
numbers of the flow field in the dynamo and non-magnetic
models

ku ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lu

2
þmu

2

q
, ð7aÞ

where

lu ¼
Xl ¼ lmax

l ¼ 0

lðul % ulÞ
2EK

ð7bÞ

and

mu ¼
Xm ¼ mmax

m ¼ 0

mðum % umÞ
2EK

, ð7cÞ

here ul is the velocity at spherical harmonic degree l, um is the
velocity at spherical harmonic order m, and EK is the kinetic
energy. The time-averaged values, given in Supplementary
Table 6, show that the presence of dynamo-generated magnetic
fields alters the value of ku by at most 14% in comparison to the
associated non-magnetic cases. Thus, these dynamo models do
not produce the fundamental change in length scale that linear
theory predicts.

3.2.3. Columnarity
We can also quantify the style of convection using axial

vorticity measurements. Quasigeostrophic convection is domi-
nated by axial, vortical columns that extend in ẑ across the entire
shell. We define ‘columnarity’ using a measure of the axial
variations of axial vorticity, oz, in the bulk fluid outside of the

tangent cylinder

Coz ¼

P
s,f9/x0 % ẑSz9P

s,f/9x09Sz
, ð8Þ

here /Sz indicates averages in the axial ẑ direction, x0 indicates
vorticity calculated using only the non-axisymmetric velocity
field, and the summation occurs over the equatorial plane ðs,fÞ.
Columnar convection has relatively large columnarity, Coz\0:5,
because vorticity, x0, is dominated by its axial component, x0 % ẑ.
We consider cases with Coz\0:5 to be columnar, similar to our
convention for f. Thus, we define the transition between Regimes
II and III to occur where C & 0:5. Comparison of axial vorticity
isosurfaces shows this convention to be an adequate proxy for the
breakdown of columnar convection.

Fig. 3a shows columnarity as a function of the Rayleigh number
for the E¼ 10'4 models. The Coz values agree to within an average
of 4% between the dynamo and non-magnetic models, with a
maximum difference of 14%. The presence of magnetic fields,
therefore, does not change the basic planform of convection.

Columnar convection breaks down near Ra¼ 19Rac , where
Cozo0:5 (Fig. 3a). King et al. (2009, 2010) argue that the break-
down of columnar convection occurs when the thermal boundary
layer becomes thinner than the Ekman boundary layer. We
calculate these boundary layer thicknesses and find that they
indeed cross at the transition between Regimes II and III.

This columnarity transition does not, however, coincide with
the magnetic field morphology transition at Ra¼ 5:1Rac . There-
fore, columnar convection can generate both dipolar (Regime I)
and multipolar (Regime II) magnetic fields. It is also worth noting

Fig. 2. Instantaneous radial magnetic fields near the outer shell boundary (top row) and isosurfaces of instantaneous axial vorticity for select E¼ 10'4 dynamo (middle
row) and non-magnetic (bottom row) models. Purple (green) indicates radially outward (inward) directed magnetic fields. Red (blue) indicates cyclonic (anticyclonic)
vorticity. Each subplot has its own color scale. The inner yellow sphere represents the inner shell boundary. The outer boundary layer has been excluded for clarity. Below
each image is either the dipolarity, f, or the axial vorticity columnarity, Coz . (For interpretation of the references to color in this figure caption, the reader is referred to the
web version of this article.)

K.M. Soderlund et al. / Earth and Planetary Science Letters 333–334 (2012) 9–20 13

d)

Li\Oð1Þ is imposed in the limit E-0 (Chandrasekhar, 1961).
This prediction is tested by comparing the characteristic wave-
numbers of the flow field in the dynamo and non-magnetic
models
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here ul is the velocity at spherical harmonic degree l, um is the
velocity at spherical harmonic order m, and EK is the kinetic
energy. The time-averaged values, given in Supplementary
Table 6, show that the presence of dynamo-generated magnetic
fields alters the value of ku by at most 14% in comparison to the
associated non-magnetic cases. Thus, these dynamo models do
not produce the fundamental change in length scale that linear
theory predicts.
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variations of axial vorticity, oz, in the bulk fluid outside of the
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here /Sz indicates averages in the axial ẑ direction, x0 indicates
vorticity calculated using only the non-axisymmetric velocity
field, and the summation occurs over the equatorial plane ðs,fÞ.
Columnar convection has relatively large columnarity, Coz\0:5,
because vorticity, x0, is dominated by its axial component, x0 % ẑ.
We consider cases with Coz\0:5 to be columnar, similar to our
convention for f. Thus, we define the transition between Regimes
II and III to occur where C & 0:5. Comparison of axial vorticity
isosurfaces shows this convention to be an adequate proxy for the
breakdown of columnar convection.

Fig. 3a shows columnarity as a function of the Rayleigh number
for the E¼ 10'4 models. The Coz values agree to within an average
of 4% between the dynamo and non-magnetic models, with a
maximum difference of 14%. The presence of magnetic fields,
therefore, does not change the basic planform of convection.

Columnar convection breaks down near Ra¼ 19Rac , where
Cozo0:5 (Fig. 3a). King et al. (2009, 2010) argue that the break-
down of columnar convection occurs when the thermal boundary
layer becomes thinner than the Ekman boundary layer. We
calculate these boundary layer thicknesses and find that they
indeed cross at the transition between Regimes II and III.

This columnarity transition does not, however, coincide with
the magnetic field morphology transition at Ra¼ 5:1Rac . There-
fore, columnar convection can generate both dipolar (Regime I)
and multipolar (Regime II) magnetic fields. It is also worth noting

Fig. 2. Instantaneous radial magnetic fields near the outer shell boundary (top row) and isosurfaces of instantaneous axial vorticity for select E¼ 10'4 dynamo (middle
row) and non-magnetic (bottom row) models. Purple (green) indicates radially outward (inward) directed magnetic fields. Red (blue) indicates cyclonic (anticyclonic)
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each image is either the dipolarity, f, or the axial vorticity columnarity, Coz . (For interpretation of the references to color in this figure caption, the reader is referred to the
web version of this article.)

K.M. Soderlund et al. / Earth and Planetary Science Letters 333–334 (2012) 9–20 13

e)

Vorticity in 3D Dynamo 
Simulations: 
d) E = 1e-4; Re = 95, 
Ra/RaC = 4.9.
e) E = 1e-4; Re = 2014, 
Ra/RaC = 562.
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Laminar present day 
dynamos

Earth-like Rm, Earth-
like B 

Possibly kinematically 
accurate; but 
dynamically inaccurate

E=1e-5

E=1e-7

Complex Dynamics

Limited predictability
Or bulk turbulence is 
2nd fiddle, i.e., BCs
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Thermochemical convection: not obviously superadiabatic 
in terrestrial planets

Mechanically-forced core flows?

Complex Dynamics

Mechanical driving: Precession, nutation, libration
Can possibly tap into massive resevoirs of planetary 
rotational energy
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Effects of 
BCs on 

dynamos

What powers 
turbulent 
dynamo?

Behavior of 
core-like 

turbulence?

Couplings b/w 
M-OC-SIC?Silicate Mantle

Liquid
Outer Core

Solid 
Inner
Core
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APPENDIX 
SLIDES
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Silicate Mantle

Liquid
Outer Core

Solid 
Inner
Core

CMB
(core-mantle
boundary)
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Silicate Mantle

Liquid
Outer Core

Solid 
Inner
Core

CMB radius = 
3485 km

Inner Core 
radius = 1220 

km

CMB
(core-mantle
boundary)

Radius = 6470 
km

Fe+10%?

Q~45 
TW

~15- 5 
TW
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P-waves
Primary waves: Compressional (or dilatational) waves

Solution:

Non-dispersive, propagating dilatations in the form 
of longitudinal waves (wave velocity parallel to displacements)
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S-waves
Secondary waves: Shear waves (only in “solids”)

Solution:

Non-dispersive, propagating “shears” in the form of 
transverse waves (wave velocity perpendicular to displacements)
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Seismic Phases
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Adams-Williamson Equation
Adiabitic radial density gradient 

Seismic Parameter, phi:

Hydrostatic pressure gradient:

Lastly, we need a g(r) equation: 
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Earth Structure - 1D

Vp =
Vs =

1st

2nd

Fe-rich

Silicates
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Earth Structure - 1D
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Earth Structure - 2D/3D
Can carry out 3D 
inversions for best 
fitting seismic 
velocities to fit 
modern, massively 
overlapping data 
sets

Shows anomalies of 
S-wave velocities 
relative to 1D PREM 
model
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D

D = Fluid Shell 
thickness

Ekman E = /(D^2)

Ekman boundary 
Layers (EBL) 
~E^1/2 D

Stewartson
Layer 
~E^1/3 D
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D

EBL’s

D = Fluid Shell 
thickness

Ekman E = /(D^2)

Ekman boundary 
Layers (EBL) 
~E^1/2 D

Stewartson
Layer 
~E^1/3 D
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D

EBL’s

IC
 T

an
ge

nt
 C

yl
in

de
r

Stewart-
son Layer

D = Fluid Shell 
thickness

Ekman E = /(D^2)

Ekman boundary 
Layers (EBL) 
~c1 E^1/2 D

Stewartson
Layer 
~c2 E^1/3 D

c1 ~ c2 ~ 1

Monday, February 11, 2013



Magnetic Polarity Reversals

Reversals ~ 5 kyr event,  every ~ 0.25 Myrs
How & why do reversals happen?

Boundary conditions AND/OR core 
turbulence

Image: P. Olson
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The 
MHD 
Approx-
imation
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Poloidal-Toroidal Decompositions
Break up B (and u) into poloidal and toroidal vector fields

BP lies in plane containing r
BT on surfaces perpendicular to r

Magnetic Fields in the Core
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Axisymmetric Fields
Inserting axisymmetric P-T vectors into Induction eq:
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Inserting axisymmetric P-T vectors into Induction eq:

Now, let’s let 

Axisymmetric Fields
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Inserting axisymmetric P-T vectors into Induction eq:

Now, let’s let 

Axisymmetric Fields
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Inserting axisymmetric P-T vectors into Induction eq:

Now, let’s let 

Axisymmetric Fields
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Inserting axisymmetric P-T vectors into Induction eq:

Now, let’s let 

Axisymmetric Fields
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Inserting axisymmetric P-T vectors into Induction eq:

Now, let’s let 

where

Axisymmetric Fields
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