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Mo*va*on	
  

•  The	
  interior	
  of	
  the	
  ocean	
  is	
  no	
  quieter	
  than	
  the	
  upper	
  free	
  surface.	
  
•  This	
  is	
  readily	
  discovered	
  by	
  making	
  measurements	
  and	
  is	
  manifest	
  as	
  surface	
  

expressions	
  of	
  interior	
  mo*on	
  and	
  interior	
  oscilla*ons	
  of	
  temperature	
  and	
  salinity.	
  

(Image:	
  Global	
  Ocean	
  Associates)	
   (Image:	
  Fu	
  et	
  al.	
  2012)	
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History	
  
•  As	
  early	
  as	
  1762	
  Benjamin	
  Franklin	
  had	
  no*ced	
  that	
  waves	
  can	
  be	
  formed	
  at	
  the	
  

interface	
  between	
  oil	
  and	
  water	
  in	
  a	
  glass	
  tumbler.	
  
	
  

“At supper, looking on the lamp, I remarked that tho’ the surface of the oil was perfectly tranquil, and duly 
preserved its position and distance with regard to the brim of the glass, the water under the oil was in great 
commotion, rising and falling in irregular waves, which continued during the whole evening. The lamp was 
kept burning as a watch light all night, till the oil was spent, and the water only remain’d. In the morning I 
observed, that though the motion of the ship continued the same, the water was now quiet, and its surface 
as tranquil as that of the oil had been the evening before. At night again, when oil was put upon it, the water 
resum’d its irregular motions, rising in high waves almost to the surface of the oil, but without disturbing 
the smooth level of that surface.”


	
  
(Oil	
  &	
  Water,	
  Benjamin	
  Franklin	
  1762)	
  



History	
  

•  An	
  early	
  report	
  of	
  internal	
  gravity	
  waves	
  was	
  by	
  Fridtjof	
  Nansen	
  (1897)	
  

	
  

“We approached the ice to make fast to it, but the Fram had got into dead-water, and made hardly any way, 
in spite of the engine going full pressure. It was such slow work that I thought I would row ahead to shoot 
seal. In the meantime the Fram advanced slowly to the edge of the ice with her engines still going at full 
speed.”



“The ice that covered the sound north of Teimur Island was in a state of dissolution and apparently melting 
very rapidly, and this was probably the main cause of of the sea in the sound being covered with a fresh-
water layer. I only say in the journal that the water at the surface was almost fresh (drinking water), 
whereas through the bottom-cock of the engine room we got perfectly salt water. I suppose that the bottom-
cock at that time was about 4m or more below the surface of the water, and accordingly the Fram struck the 
salt water.”

	
  

•  Dead	
  water	
  is	
  a	
  consequence	
  
of	
  internal	
  wave	
  dynamics.	
  

	
  

video	
  

	
  

(Movie:	
  Mercier	
  &	
  Dauxois)	
  



History	
  
•  Ekman	
  (1904)	
  explained	
  the	
  true	
  nature	
  of	
  dead	
  water.	
  
•  PeYerson	
  (1909)	
  reported	
  on	
  measurements	
  of	
  temperature	
  fluctua*ons	
  in	
  a	
  [ord,	
  

although	
  he	
  was	
  preceded	
  by	
  lake	
  measurements	
  in	
  Lac	
  de	
  Longemer	
  in	
  the	
  Vosges	
  region	
  
of	
  France	
  (Thoulet	
  1894)	
  and	
  Loch	
  Ness	
  in	
  Scotland	
  (Watson	
  1903).	
  	
  

•  AYen*on	
  given	
  to	
  internal	
  waves	
  waned	
  in	
  1920’s-­‐1940’s,	
  their	
  presence	
  being	
  regarded	
  
as	
  noise	
  –	
  “One	
  man’s	
  noise	
  is	
  another	
  man’s	
  signal”	
  (Walter	
  Munk).	
  

•  Interest	
  rekindled	
  in	
  1960’s-­‐70’s	
  by	
  the	
  role	
  of	
  internal	
  waves	
  in	
  diapycnal	
  heat	
  transfer	
  
(Munk	
  1966)	
  	
  

•  The	
  “St.	
  Andrew’s	
  Cross”	
  laboratory	
  experiments	
  of	
  Mowbray	
  &	
  Rarity	
  (1967)	
  were	
  very	
  
visual.	
  

•  Interest	
  in	
  internal	
  waves	
  grew	
  due	
  to	
  their	
  impact	
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submarine	
  opera*ons	
  during	
  the	
  Cold	
  War.	
  

	
  

•  Interest	
  resurged	
  due	
  to	
  results	
  from	
  satellite	
  al*metry	
  data	
  revealing	
  the	
  strong	
  
genera*on	
  of	
  internal	
  *des	
  by	
  deep	
  ocean	
  ridges	
  (Ray	
  &	
  Mitchum	
  1996)	
  and	
  
reconsidera*on	
  of	
  their	
  poten*al	
  significance	
  to	
  ocean	
  mixing	
  (Munk	
  &	
  Wunsch	
  1998).	
  

	
  

(ParIal	
  source:	
  The	
  Turbulent	
  Ocean,	
  Thorpe)	
  



Basic	
  Equa*ons	
  

(Image:	
  Drew,	
  SIO)	
  



Basic	
  equa*ons	
  

•  The	
  star*ng	
  point	
  for	
  modeling	
  oceanic	
  internal	
  gravity	
  waves	
  is	
  the	
  linearized,	
  Boussinesq	
  
equa*ons	
  for	
  a	
  fluid	
  on	
  a	
  rota*ng	
  earth	
  within	
  the	
  tradi*onal	
  f-­‐plane	
  approxima*on:	
  

•  These	
  can	
  be	
  reduced	
  to	
  the	
  linear	
  internal	
  wave	
  equa*on:	
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Ver*cal	
  modes	
  

•  Since	
  the	
  ocean	
  has	
  both	
  a	
  surface	
  and	
  a	
  boYom,	
  a	
  convenient	
  and	
  reasonable	
  
approxima*on	
  is	
  to	
  treat	
  the	
  ocean	
  surface	
  as	
  a	
  rigid	
  lid,	
  so	
  that	
  the	
  boundary	
  
condi*ons	
  are:	
  

	
  
•  Assuming	
  waves	
  that	
  are	
  sinusoidal	
  in	
  *me,	
  i.e.	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  and	
  two-­‐dimensional,	
  

i.e.	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  the	
  internal	
  wave	
  equa*on	
  reduces	
  to:	
  

	
  
•  This	
  can	
  be	
  solved	
  using	
  the	
  method	
  of	
  ver*cal	
  modes:	
  

•  Together	
  with	
  the	
  boundary	
  condi*ons,	
  this	
  cons*tutes	
  a	
  Sturm-­‐Liouville	
  problem	
  
and	
  its	
  solu*on	
  is	
  formed	
  by	
  a	
  set	
  of	
  eigenvalues,	
  kn,	
  and	
  eigenfunc*ons,	
  Wn.	
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Ver*cal	
  modes	
  

•  Within	
  the	
  linear	
  approxima*on,	
  the	
  other	
  physical	
  variables	
  can	
  all	
  be	
  expressed	
  
in	
  terms	
  of	
  the	
  ver*cal	
  velocity.	
  For	
  example:	
  

•  The	
  ver*cal	
  modes	
  sa*sfy	
  an	
  orthogonality	
  rela*on:	
  

•  The	
  general	
  solu*on	
  of	
  the	
  wave	
  equa*on	
  consists	
  of	
  a	
  superposi*on	
  of	
  modes:	
  

	
  
where	
  wn	
  is	
  the	
  complex	
  amplitude	
  of	
  mode	
  n	
  (i.e.	
  how	
  much	
  and	
  what	
  phase).	
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Constant	
  stra*fica*on	
  

•  For	
  a	
  constant	
  stra*fica*on,	
  the	
  modes	
  can	
  be	
  determined	
  analy*cally.	
  	
  
•  The	
  governing	
  equa*on	
  for	
  the	
  mode	
  shapes	
  becomes:	
  

	
  
•  	
  Solving	
  using	
  the	
  boundary	
  condi*ons	
  at	
  the	
  ocean	
  surface	
  and	
  floor	
  gives:	
  

•  The	
  ver*cal	
  structure	
  is	
  independent	
  of	
  forcing	
  frequency.	
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   for   n =1, 2,3....

Mode	
  shapes:	
  
H =	
  4000m,	
  
N =	
  0.005rad/s	
  
ω =	
  0.0001405rad/s	
  
f =	
  0.0001046rad/s	
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Wave	
  fields	
  

•  Wave	
  fields	
  for	
  the	
  
different	
  ver*cal	
  modes	
  
are	
  manifest	
  as	
  follows:	
  

•  Horizontal	
  wave	
  lengths	
  
are	
  on	
  the	
  order	
  of	
  
50-­‐100km	
  for	
  modes	
  1	
  
and	
  2,	
  and	
  phase	
  speeds	
  
are	
  on	
  the	
  order	
  of	
  1m/s.	
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Mode	
  1:	
  

	
  

Mode	
  2:	
  

	
  

•  The	
  dispersion	
  rela*on	
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  propaga*ng	
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  for:	
  
	
  
•  Rewri*ng	
  the	
  dispersion	
  rela*on,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  the	
  phase	
  and	
  group	
  veloci*es	
  of	
  the	
  

modes	
  are:	
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Higher	
  modes	
  
propagate	
  more	
  slowly.	
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Laboratory	
  experiments	
  

•  A	
  novel	
  internal	
  wave	
  generator	
  developed	
  by	
  Gos*aux	
  et	
  al.	
  (2007)	
  enables	
  the	
  direct	
  
excita*on	
  of	
  ver*cal	
  modes	
  in	
  laboratory	
  experiments.	
  

•  Laboratory	
  experiment	
  for	
  H =	
  0.416	
  m,	
  N =	
  0.85	
  rad/s,	
  ω =	
  0.6	
  rad/s	
  (Mercier	
  et	
  al.	
  2010).	
  

•  Horizontal	
  wavelength	
  of	
  mode	
  2	
  is	
  0.416	
  m	
  with	
  a	
  phase	
  speed	
  of	
  	
  0.040	
  m/s.	
  

(Movie:	
  Mathur)	
  

video	
  

	
  



Laboratory	
  experiments	
  
•  Using	
  an	
  oscilla*ng	
  sphere	
  arrangement,	
  the	
  lower	
  and	
  upper	
  bounds	
  of	
  the	
  frequency	
  of	
  

propaga*on	
  can	
  be	
  observed	
  (Peacock&	
  Weidman,	
  2005).	
  
	
  
	
  

Experimental	
  arrangement	
  

	
  

SyntheIc	
  schlieren	
  visualizaIon	
  

	
  

Results:	
  
N =	
  1.06rad/s,	
  	
  
Ω1	
  =	
  0.0rad/s	
  	
  
Ω2	
  =	
  0.205rad/s	
  	
  
Ω3	
  =	
  0.383rad/s	
  

	
  

Results:	
  
N =	
  1.43rad/s,	
  	
  
Ω1	
  =	
  0.0rad/s	
  	
  
Ω2	
  =	
  0.285rad/s	
  	
  
Ω3	
  =	
  0.484rad/s	
  

	
  



Superposi*on	
  

•  The	
  wavelength	
  of	
  the	
  first	
  mode	
  is	
  twice	
  that	
  of	
  the	
  second,	
  three	
  *mes	
  that	
  of	
  the	
  third,	
  
etc…	
  (i.e. k1=k2/2=k3/3	
  …)	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  A	
  superposi*on	
  of	
  modes	
  is	
  horizontally	
  periodic.	
  	
  

•  What	
  happens	
  if	
  we	
  start	
  adding	
  modes	
  (we	
  have	
  freedom	
  to	
  choose	
  amplitude	
  and	
  phase)?	
  

	
  

w,ρ:	



	
  

u,v,p:	
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1-­‐20	
  

	
  

•  As	
  a	
  result	
  of	
  the	
  superposi*on	
  of	
  modes,	
  spa*ally	
  coherent	
  internal	
  wave	
  beams	
  become	
  
evident.	
  

	
  



Wave	
  beams	
  

•  The	
  appearance	
  and	
  nature	
  of	
  coherent	
  internal	
  wave	
  
beams	
  in	
  this	
  idealized	
  ocean	
  is	
  a	
  consequence	
  of:	
  

1.  Individual	
  modes	
  being	
  a	
  superposi*on	
  of	
  upward	
  and	
  
downward	
  plane	
  waves,	
  i.e.	
  

2.  The	
  ra*o	
  of	
  ver*cal	
  and	
  horizontal	
  wavenumbers	
  is	
  
independent	
  of	
  mode,	
  i.e.	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
3.	
  	
  	
  The	
  proper*es	
  of	
  the	
  underlying	
  plane	
  waves,	
  i.e,	
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•  Par*cle	
  mo*on	
  is	
  along	
  beams	
  (and	
  into	
  the	
  page);	
  phase	
  propagates	
  through	
  beams.	
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Energy	
  flux	
  

•  An	
  important	
  considera*on	
  is	
  the	
  energy	
  flux	
  of	
  the	
  ver*cal	
  modes.	
  
•  Mul*ply	
  linear	
  momentum	
  equa*ons	
  as	
  follows:	
  

	
  
•  Calculate	
  *me	
  averaged,	
  depth	
  integrated	
  energy	
  flux	
  for	
  mode	
  n:	
  

•  For	
  constant	
  stra*fica*on,	
  this	
  becomes:	
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•  Of	
  course,	
  the	
  density	
  stra*fica*on	
  of	
  the	
  ocean	
  is	
  not	
  constant	
  but	
  typically	
  varies	
  
significantly	
  within	
  the	
  upper	
  few	
  hundred	
  meters.	
  

	
  

	
  

Nonuniform	
  stra*fica*ons	
  

•  Due	
  to	
  combina*ons	
  of	
  water	
  from	
  different	
  origins,	
  and	
  also	
  physical	
  processes	
  such	
  
as	
  double	
  diffusion,	
  for	
  example,	
  the	
  stra*fica*ons	
  can	
  be	
  complex.	
  

(Image:	
  Pinkel	
  2005)	
  

Western	
  ArcIc	
  Ocean	
  

(Image:	
  Timmermans	
  et	
  al.	
  2008)	
  

Canada	
  Basin	
  



Modes	
  

•  For	
  a	
  nonuniform	
  stra*fica*on,	
  generally	
  the	
  modes	
  need	
  to	
  be	
  calculated	
  numerically	
  
(the	
  WKB	
  method	
  provides	
  approximate	
  solu*on,	
  but	
  not	
  ideal).	
  

•  S*ll	
  a	
  Sturm-­‐Liouville	
  problem,	
  so	
  useful	
  results	
  apply,	
  namely:	
  
	
   	
   	
  (i)	
  Infinitely	
  many	
  solu*ons	
  with	
  wavenumber	
  kn,	
  	
  
	
   	
   	
  (ii)	
  Modes	
  are	
  orthogonal,	
  	
  
	
   	
   	
  (iii)	
  Linear	
  rela*ons	
  between	
  physical	
  variables	
  persist,	
  i.e.	
  

	
  
	
  
•  Energy	
  flux	
  of	
  mode	
  n:	
  

•  General	
  solu*on	
  is	
  a	
  superposi*on	
  of	
  modes:	
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Modes	
  

•  The	
  mode	
  shapes,	
  which	
  are	
  now	
  a	
  func*on	
  of	
  frequency,	
  become	
  biased	
  towards	
  the	
  
surface,	
  and	
  the	
  horizontal	
  wave	
  numbers	
  no	
  longer	
  sa*sfy	
  kn=nk1	
  

	
  

•  Consider	
  reasonable	
  model	
  of	
  an	
  ocean	
  stra*fica*on.	
  

	
  

w	



	
  

u,v,p	



	
  

H =	
  3800	
  m,	
  	
  
Nmax = 0.0055 rad/s,	
  	
  
Ndeep	
  =	
  0.0006	
  rad/s,	
  	
  
f	
  =	
  0.0001046	
  rad/s.	
  

	
  

u
 

	
  



Wave	
  fields	
  
w,ρ	



	
  

u,v,p	



	
  
Mode	
  1:	
  

	
  

Mode	
  2:	
  

	
  

•  Wave	
  fields	
  for	
  the	
  different	
  
ver*cal	
  modes	
  are	
  manifest	
  
as	
  follows:	
  

•  Horizontal	
  wave	
  lengths	
  are	
  
on	
  the	
  order	
  of	
  50-­‐100km	
  
for	
  modes	
  1	
  and	
  2,	
  and	
  
phase	
  speeds	
  are	
  on	
  the	
  
order	
  of	
  1m/s.	
  

	
  
	
  
	
  

•  Because	
  of	
  the	
  nature	
  of	
  the	
  wavenumber	
  spectrum,	
  a	
  superposi*on	
  of	
  15	
  modes	
  is	
  not	
  
spa*ally	
  periodic.	
  	
  

	
  

w,ρ:	



	
  



Modal	
  decomposi*on	
  

•  Presented	
  with	
  a	
  harmonic	
  wave	
  field,	
  it	
  is	
  possible	
  to	
  extract	
  the	
  modal	
  content.	
  
•  Provided	
  the	
  forcing	
  frequency,	
  ω,	
  stra*fica*on,	
  N(z),	
  and	
  background	
  rota*on,	
  f,	
  is	
  

known,	
  the	
  ver*cal	
  modes	
  and	
  their	
  wavenumbers,	
  kn,	
  can	
  be	
  calculated.	
  
•  We	
  exploit	
  the	
  fact	
  that	
  the	
  measured	
  wave	
  field	
  is	
  assumed	
  to	
  be	
  of	
  the	
  form:	
  	
  

•  If	
  a	
  ver*cal	
  profile	
  of	
  horizontal	
  (or	
  ver*cal)	
  velocity	
  is	
  measured	
  at	
  two	
  different	
  *mes, 
t1 and	
  t2,at	
  the	
  same	
  loca*on,	
  x0,	
  for	
  example,	
  the	
  real	
  and	
  imaginary	
  parts	
  of	
  the	
  
complex	
  amplitude	
  un	
  can	
  be	
  determined	
  from:	
  

	
  
where	
  	
  
	
  

•  The	
  approach	
  can	
  do	
  an	
  excellent	
  job	
  even	
  with	
  incomplete	
  informa*on.	
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Modal	
  decomposi*on	
  

•  For	
  our	
  example	
  stra*fica*on,	
  we	
  can	
  
start	
  with	
  a	
  wave	
  field	
  comprising	
  10	
  
modes	
  with	
  10	
  different	
  phases.	
  	
  

•  By	
  applying	
  modal	
  decomposi*on	
  
rou*nes	
  one	
  can	
  extract	
  the	
  modal	
  
amplitudes	
  and	
  phases.	
  

•  The	
  method	
  readily	
  accounts	
  for	
  image	
  
loss	
  up	
  to	
  20%	
  of	
  the	
  ver*cal	
  domain	
  
(the	
  key	
  is	
  to	
  not	
  lose	
  all	
  the	
  informa*on	
  
in	
  the	
  upper	
  stra*fica*on).	
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iModes	
  

http://web.mit.edu/endlab/downloads 




Observa*ons	
  

•  Are	
  modes	
  just	
  an	
  idealiza*on	
  only	
  observed	
  in	
  analy*cal	
  models?	
  –	
  No.	
  There	
  is	
  
clear	
  observa*onal	
  evidence	
  of	
  propaga*ng	
  modes	
  in	
  the	
  ocean.	
  

•  Surface	
  displacement	
  at	
  M2	
  
frequency	
  is	
  alternately	
  reinforced	
  
and	
  reduced	
  by	
  mo*ons	
  consistent	
  
with	
  mode-­‐1	
  and	
  mode-­‐2	
  
wavelengths	
  (Ray	
  &	
  Mitchum	
  1997).	
  

•  ADCP	
  measurements	
  of	
  across	
  shore	
  
and	
  along	
  shore	
  components	
  of	
  velocity	
  
in	
  the	
  ocean	
  water	
  column	
  of	
  coast	
  of	
  
Italy	
  (Carniel	
  et	
  al.	
  2012).	
  

Hawaii	
   Italy	
  



Genera*on	
  



Genera*on	
  in	
  the	
  deep	
  ocean	
  

•  There	
  are	
  currently	
  understood	
  to	
  be	
  two	
  principle	
  (linear)	
  sources	
  of	
  internal	
  wave	
  
energy	
  flux	
  into	
  the	
  deep	
  ocean:	
  

1.	
  Flow	
  past	
  topography	
   2.	
  Ocean	
  surface	
  forcing	
  

(Image:	
  Sarkar)	
   (Image:	
  NASA)	
  



Genera*on	
  in	
  the	
  deep	
  ocean	
  

•  There	
  are	
  currently	
  understood	
  to	
  be	
  two	
  principle	
  (linear)	
  sources	
  of	
  internal	
  wave	
  
energy	
  flux	
  into	
  the	
  deep	
  ocean:	
  

1.	
  Flow	
  past	
  topography	
   2.	
  Ocean	
  surface	
  forcing	
  

(Image:	
  Sarkar)	
   (Image:	
  NASA)	
  



Internal	
  *des	
  
•  Barotropic	
  (depth-­‐independent)	
  *des	
  exist	
  at	
  frequencies	
  such	
  as:	
  

•  The	
  	
  barotropic	
  *des	
  force	
  the	
  ocean	
  to	
  pass	
  back	
  and	
  forth	
  over	
  ocean	
  floor	
  
topography,	
  disturbing	
  the	
  background	
  stra*fica*on.	
  

M2	
  -­‐	
  lunar,	
  semi-­‐diurnal	
  =	
  12.42	
  hours	
  	
  
K1	
  -­‐	
  lunar,	
  diurnal	
  =	
  23.93	
  hours	
  
S2	
  -­‐	
  solar,	
  semi-­‐diurnal	
  =	
  12.00	
  hours	
  

(Image:	
  NASA/GSFC)	
  

(Image:	
  Garrea	
  2007)	
  

video	
  

	
  



Linear	
  model	
  

•  An	
  important	
  parameter	
  is	
  the	
  *dal	
  excursion	
  parameter	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ;	
  provided	
  this	
  is	
  small	
  we	
  
can	
  s*ll	
  use	
  the	
  linearized	
  equa*ons.	
  	
  	
  

•  It	
  convenient	
  to	
  work	
  with	
  the	
  stream	
  func*on:	
  
•  We	
  decompose	
  the	
  flow	
  into	
  barotropic	
  and	
  baroclinic	
  components:	
  	
  

	
  
•  The	
  governing	
  equa*on	
  and	
  boundary	
  condi*ons	
  for	
  the	
  perturba*on	
  wave	
  field	
  are:	
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Point	
  sources	
  

•  A	
  star*ng	
  point	
  is	
  to	
  determine	
  the	
  wave	
  field	
  for	
  a	
  point	
  source	
  of	
  internal	
  wave	
  
energy	
  at	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  subject	
  to	
  rigid	
  	
  boundary	
  condi*ons	
  at	
  	
  	
  	
  	
  	
  	
  	
  	
   and	
  	
  	
  	
  	
         :	
  

	
  
•  For	
  a	
  constant	
  stra*fica*on,	
  N,	
  this	
  equa*on	
  is	
  solved	
  by	
  separa*on	
  of	
  variables,	
  

giving:	
  

•  The	
  Green’s	
  func*on	
  is	
  a	
  sum	
  over	
  the	
  ver*cal	
  modes	
  of	
  the	
  stra*fica*on	
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Topographic	
  genera*on	
  

•  Robinson	
  (1969)	
  and	
  Petrelis	
  et	
  al.	
  (2006)	
  proposed	
  that	
  the	
  wave	
  field	
  generated	
  can	
  
be	
  aYributed	
  to	
  the	
  sum	
  of	
  waves	
  emiYed	
  from	
  a	
  distribu*on	
  of	
  point	
  sources	
  on	
  the	
  
topography.	
  

	
  
•  Mathema*cally,	
  we	
  write	
  this	
  as:	
  
•  Since	
  the	
  wave	
  field	
  generated	
  by	
  point	
  sources	
  already	
  sa*sfies	
  the	
  internal	
  wave	
  

equa*on,	
  all	
  that	
  remains	
  is	
  to	
  sa*sfy	
  the	
  boundary	
  condi*ons.	
  
•  The	
  top	
  boundary	
  condi*on	
  (rigid	
  lid)	
  is	
  also	
  already	
  sa*sfied.	
  The	
  boYom	
  boundary	
  

condi*on	
  reduces	
  to	
  the	
  following:	
  

•  Discre*ze	
  integral	
  in	
  x	
  and	
  choose	
  how	
  many	
  modes	
  n	
  to	
  represent	
  Green’s	
  func*on	
  
(see,	
  for	
  example,	
  Echeverri	
  &	
  Peacock	
  (2010))	
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Valida*on	
  
•  To	
  test	
  the	
  method,	
  comparisons	
  were	
  made	
  between	
  theory,	
  laboratory	
  experiments	
  

and	
  numerical	
  simula*ons	
  (Echeverri	
  et	
  al	
  2009).	
  

•  Very	
  good	
  agreement	
  for	
  sub-­‐	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  super-­‐cri*cal	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  wave	
  fields.	
  	
  	
   ! = topographic slope
internal  ray slope

!

"
#

$

%
&(! <1) (! >1)

! <1 ! >1

Expt:	
  

	
  
Numerics:	
  

	
  
Theory:	
  

	
  

•  Experiments	
  were	
  performed	
  in	
  the	
  
frame	
  of	
  reference	
  of	
  the	
  barotropic	
  
*de.	
  

Visualiza*ons	
   Modal	
  decomposi*on	
  



Nonlinear	
  regimes	
  
•  By	
  increasing	
  the	
  amplitude	
  of	
  oscilla*on	
  of	
  the	
  topography	
  (and	
  thus	
  the	
  *dal	
  excursion	
  

parameter),	
  the	
  wave	
  field	
  becomes	
  increasingly	
  nonlinear.	
  
excursion	
  =	
  4.2%	
  

	
  

excursion	
  =	
  8.4%	
  

	
  

excursion	
  =	
  14.7%	
  

	
  

•  Nevertheless,	
  the	
  linear	
  model	
  s*ll	
  
does	
  a	
  remarkably	
  good	
  job.	
  

•  Addi*onal	
  harmonics	
  are	
  evident	
  in	
  
a	
  ver*cally	
  average	
  FFT	
  spectrum.	
  

! <1 ! >1



Isolated	
  ridge	
  
•  Further	
  use	
  of	
  the	
  theore*cal	
  method	
  reveals	
  the	
  nature	
  of	
  internal	
  *de	
  genera*on	
  by	
  

isolated	
  ridges.	
  

•  The	
  modal	
  structure	
  of	
  the	
  
radiated	
  wave	
  fields	
  can	
  
also	
  be	
  inves*gated.	
  

•  Both	
  the	
  lerward	
  and	
  
rightward	
  energy	
  fluxes	
  
are	
  dominated	
  by	
  mode	
  1.	
  

Ledward	
  flux	
  

	
  

Rightward	
  flux	
  

	
  



Double	
  ridge	
  
•  The	
  presence	
  of	
  mul*ple	
  ridges	
  can	
  have	
  a	
  profound	
  (and	
  complex)	
  impact	
  on	
  the	
  

radiated	
  wave	
  field.	
  

	
  
•  Both	
  cri*cality	
  and	
  rela*ve	
  loca*on	
  play	
  key	
  roles,	
  making	
  it	
  difficult	
  to	
  an*cipate	
  

results.	
  



AYractors	
  

•  There	
  is	
  the	
  interes*ng	
  scenario	
  that	
  ridges	
  can	
  trap	
  wave	
  energy	
  giving	
  internal	
  wave	
  
aYractors.	
  

•  The	
  idea	
  of	
  an	
  internal	
  wave	
  aYractor	
  was	
  first	
  realized	
  by	
  Maas	
  et	
  al.	
  (1997).	
  	
  
•  The	
  linear	
  theory	
  is	
  able	
  to	
  reliably	
  predict	
  the	
  existence	
  of	
  internal	
  *de	
  aYractors.	
  	
  

•  While	
  it	
  may	
  seem	
  somewhat	
  idealized,	
  there	
  is	
  evidence	
  that	
  these	
  ideas	
  are	
  relevant	
  
to	
  the	
  Luzon	
  Strait	
  double	
  ridge	
  system	
  in	
  the	
  South	
  China	
  Sea.	
  	
  

Expt:	
  

	
  

Theory:	
  

	
  



Real	
  stra*fica*ons	
  

•  A	
  recent	
  advance	
  enables	
  the	
  Green	
  func*on	
  method	
  to	
  be	
  extended	
  to	
  arbitrary	
  
nonuniform	
  stra*fica*ons	
  (Mathur,	
  Carter	
  &	
  Peacock	
  2012).	
  	
  

•  What	
  makes	
  this	
  possible	
  is	
  that	
  for	
  a	
  nonuniform	
  stra*fica*on,	
  the	
  Green	
  func*on	
  
can	
  be	
  expressed	
  as	
  a	
  sum	
  over	
  the	
  ver*cal	
  modes:	
  

recalling	
  that	
  the	
  ver*cal	
  modes	
  Φp	
  are	
  obtained	
  by	
  numerically	
  solving	
  (subject	
  to	
  rigid	
  
lid	
  boundary	
  condi*ons):	
  

	
  
•  The	
  internal	
  wave	
  problem	
  is	
  again	
  solved	
  by	
  imposing	
  the	
  boYom	
  boundary	
  

condi*on:	
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Nonuniform	
  stra*fica*ons	
  
•  Using	
  this	
  approach,	
  it	
  is	
  possible	
  to	
  calculate	
  the	
  internal	
  *de	
  generated	
  by	
  two-­‐

dimensional	
  cross	
  sec*ons	
  of	
  realis*c	
  topography	
  in	
  realis*c	
  stra*fica*ons.	
  
•  We	
  use	
  the	
  Hawaiian	
  ridge	
  as	
  an	
  example.	
  

French	
  Frigate	
  
Shoals:	
  

	
  

Kaena	
  Ridge:	
  

	
  

Echeverri	
  &	
  Peacock	
  (2010),	
  Mathur,	
  Carter	
  &	
  Peacock	
  (2013)	
  



iTides	
  

http://web.mit.edu/endlab/downloads 




Three-­‐dimensionality	
  

•  So	
  what	
  about	
  the	
  fact	
  that	
  topography	
  in	
  the	
  real	
  ocean	
  is	
  three-­‐dimensional?	
  

	
  
•  Ridges	
  with	
  a	
  horizontal	
  aspect	
  ra*o	
  3:1	
  produces	
  an	
  energe*c	
  internal	
  *de,	
  nearly	
  an	
  

order	
  of	
  magnitude	
  than	
  for	
  similar	
  sized	
  seamounts	
  (40	
  *mes	
  larger	
  for	
  a	
  ridge).	
  
•  An	
  analy*c	
  es*mate	
  of	
  the	
  energy	
  flux	
  from	
  all	
  seamounts	
  is	
  2.4GW	
  (comparable	
  to	
  just	
  

the	
  Hawaiian	
  Ridge	
  system).	
  

Theory	
  
Theore*cal	
  modeling	
  for	
  ideal	
  
shapes,	
  such	
  as	
  sphere	
  (Voisin	
  
2003)	
  and	
  pillbox	
  (Baines	
  2007).	
  

Experiments	
  
Limited	
  research	
  only	
  in	
  
recent	
  years	
  (e.g.	
  Gaussian	
  
seamount,	
  King	
  et	
  al.	
  2010).	
  

Numerics	
  
Fundamental	
  modeling,	
  e.g.	
  
Holloway	
  &	
  Merrifield	
  (1999),	
  
Munroe	
  &	
  Lamb	
  (2005).	
  

(Image:	
  Baines	
  2007)	
  
(Image:	
  King	
  et	
  al.	
  2010)	
   (Image:	
  Holloway	
  &	
  Merrifield	
  1999)	
  



Finite	
  excursion	
  	
  
•  Internal	
  waves	
  need	
  not	
  be	
  generated	
  at	
  the	
  *dal	
  forcing	
  frequency.	
  
•  This	
  is	
  apparent	
  when	
  the	
  *dal	
  excursion	
  parameter	
  is	
  large,	
  for	
  example,	
  resul*ng	
  in	
  the	
  

genera*on	
  of	
  “lee-­‐waves”,	
  which	
  is	
  not	
  uncommon	
  in	
  shallower	
  coastal	
  waters	
  with	
  
smaller	
  topography.	
  

•  The	
  classic	
  “linear”	
  analysis	
  of	
  this	
  scenario	
  is	
  that	
  of	
  Bell	
  (1975)	
  –	
  retain	
  	
  

	
  
•  These	
  nonlinear	
  waves	
  are	
  readily	
  seen	
  in	
  numerics	
  and	
  experiments.	
  	
  

•  The	
  contribu*on	
  of	
  lee	
  waves	
  to	
  the	
  global	
  energy	
  budget	
  is	
  not	
  expected	
  to	
  be	
  significant	
  
(although	
  there	
  is	
  s*ll	
  some	
  more	
  work	
  to	
  be	
  done	
  regarding	
  the	
  ACC).	
  

	
  

•  As	
  excursion	
  parameter	
  is	
  increased,	
  harmonics	
  
of	
  the	
  forcing	
  frequency	
  are	
  excited:	
  

•  In	
  the	
  limit	
  of	
  very	
  large	
  excursion	
  parameter,	
  
the	
  lee	
  wave	
  frequency	
  dominates	
  :	
  	
  

! = n!0
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(Image:	
  Aguilar	
  &	
  Sutherland	
  2006)	
  (Image:	
  Rapaka	
  et	
  al	
  2013)	
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Nonlinear	
  genera*on	
  

•  When	
  *dal	
  flow	
  speed	
  	
  	
  	
  	
  	
  exceeds	
  
the	
  modal	
  internal	
  wave	
  phase	
  
speed	
  (i.e.	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ),	
  nonlinear	
  
internal	
  waves	
  arise	
  at	
  the	
  
genera*on	
  site.	
  

•  An	
  example	
  of	
  this	
  was	
  
demonstrated	
  in	
  lab	
  experiments	
  
by	
  Maxworthy	
  (1979).	
  

	
  
	
  
•  Related	
  phenomenon	
  are	
  observed	
  

at	
  many	
  different	
  global	
  loca*ons.	
  

•  	
  Although	
  locally	
  drama*c,	
  it	
  is	
  
believed	
  the	
  energe*cs	
  are	
  such	
  
that	
  this	
  is	
  not	
  a	
  significant	
  
contribu*on	
  to	
  the	
  global	
  energy	
  
budget.	
  

Knight	
  Inlet,	
  BriIsh	
  Columbia	
  
Straits	
  of	
  Gibraltar	
  

(Image:	
  Farmi	
  &	
  Armi	
  1999)	
  

(Image:	
  ERS	
  2006)	
  

(Images:	
  Maxworthy	
  1979)	
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Field	
  programs	
  
•  Several	
  major	
  field	
  experiments	
  have	
  focused	
  on	
  internal	
  *de	
  genera*on,	
  a	
  pioneering	
  one	
  

in	
  the	
  US	
  being	
  the	
  Hawaiian	
  Ocean	
  Mixing	
  Experiment	
  (HOME).	
  

•  Comparison	
  of	
  observed	
  and	
  
predicted	
  energy	
  fluxes.	
  

•  300m	
  amplitude	
  waves	
  
on	
  the	
  ridge	
  flank.	
  

•  Beams	
  of	
  internal	
  *dal	
  energy	
  radia*ng	
  
from	
  the	
  vicinity	
  of	
  the	
  Kaena	
  ridge	
  crest.	
  

•  Low	
  modes	
  dominate	
  the	
  
downslope	
  energy	
  flux.	
  

(Image:	
  Rudnick	
  et	
  al	
  2003)	
  
(Image:	
  Rudnick	
  et	
  al	
  2003)	
  

(Image:	
  Nash	
  et	
  al	
  2006)	
  
(Image:	
  Nash	
  et	
  al	
  2006)	
  



Field	
  programs	
  

•  Another	
  major	
  research	
  program	
  is	
  the	
  Internal	
  Waves	
  In	
  Straits	
  Experiment	
  (IWISE)	
  in	
  the	
  
South	
  China	
  Sea.	
  	
  	
  

•  While	
  2D	
  analysis	
  gives	
  some	
  insight	
  into	
  the	
  genera*on,	
  the	
  complexity	
  of	
  the	
  topography	
  
means	
  that	
  this	
  is	
  really	
  a	
  3D	
  genera*on	
  problem.	
  

(Images:	
  Alford	
  et	
  al	
  2011)	
  



Coriolis	
  experiment	
  
•  As	
  part	
  of	
  the	
  IWISE	
  program	
  we	
  performed	
  “the	
  most	
  ambi*ous	
  laboratory	
  experimental	
  

study	
  of	
  internal	
  *de	
  genera*on	
  of	
  all	
  *me”	
  (?).	
  

13m 

Prismatic 
barotropic tide 
generator 

Ultrasonic 
transducer  Array of CT 

probes  

Vertical laser 
sheet for 
planar PIV 

Removable 
gate for filling 
process 

Reflection 
barrier for 
baroclinic 
tides. 

Inner wall 
lined with 
Blocksom 
matting 

Overhead 
field of view 

•  Key	
  challenges	
  to	
  overcome	
  were:	
  (i)	
  Achieving	
  dynamic	
  similarity	
  with	
  the	
  ocean,	
  	
  	
  	
  	
  	
  	
  	
  
	
   	
   	
   	
   	
   	
   	
  	
  	
  	
  	
  	
  	
  	
  (ii)	
  Construc*ng	
  the	
  experiment,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
   	
   	
   	
   	
   	
   	
  	
  	
  	
  	
  	
  	
  	
  (iii)	
  Obtaining	
  data.	
  



Coriolis	
  experiment	
  



•  Dynamical	
  similarity:	
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deep ocean. For large scale processes, we thus consider the
total depth to be 3000 m, whereas for local processes, a more
appropriate choice for the ocean depth is 1500 m, as can been
observed in the strait between Batan and Itbayat islands for
instance[Pinkel et al., 2012]. The characteristic height h0 of
the topography is defined with respect to this choice for the
ocean depth. As can be seen in Table 2, h∗ is O(1) at all
scales and the small topography approximation is not appli-
cable. Examples of stratifications from the experiments and
the Luzon Strait are presented in figure 1(c). Practical con-
siderations, such as reasonable values for experimental forc-
ing and rotation frequencies, and limitations on the salinity
of the working fluid, guided the ratio of the ocean to lab
stratification frequency to be set to 1 : 141. Depending on
the experimental stratification considered, the characteris-
tic depth of the pycnocline δ matches or is slightly deeper
than the oceanic value, whereas the bottom exponential part
is systematically well reproduced. The strongest stratifica-
tion achieved corresponded to a typical winter stratification,
which is known to support the production of some solitary
waves, but less abundantly than the strong summer strat-
ifications [Zheng et al., 2007; Ramp et al., 2010]. Finally,
the values of N∗ and δ∗ are characteristic of a well defined
pycnocline, important for the generation and propagation of
internal solitary waves.

Para 13 - This paragraph covers criticality: The primary
parameter influencing the frequency of forcing, set by the
vertically moving prismatic plunger, was the criticality, �∗,
which is the ratio of the local topographic slope to the inter-
nal wave ray slope, ∇h/

�
(ω2 − f2)/(N2 − ω2), where the

slope considered is that in a vertical plane locally perpen-
dicular to the orientation of the ridge. This is a measure of
the ability of topography to generate internal tides. Super-
critical (�∗ > 1) and critical (�∗ ∼ 1) topographic features
are notably stronger sources than subcritical (�∗ < 1) topo-
graphic features [Laurent et al., 2003; Garrett and Kunze,
2007]. Relative to the ocean, the experimental slopes were
20 times steeper, so to preserve criticality, ω and f were
rescaled differently than the stratification frequency. Based
on the ratio chosen for the stratification (1:141), the appro-
priate ratio of the ocean to the laboratory is set to 1 : 2760.

Table 1. Characteristic values of key dimensional param-
eters for internal tide generation on the overall scale of the
Luzon Strait (Luzon) and on the local scale of strong topo-
graphic features, typified by the Batan Islands (Batan); the
corresponding values in the laboratory experiments are listed
as LabL and LabB , respectively. The scaling factors used to
set the laboratory parameters based on the ocean ones are
listed in gray. The parameters are: barotropic tidal frequency
(ω), Coriolis frequency (f), barotropic tidal velocity (U), max-
imum and bottom values of the ocean stratifications (Nm,Nb),
depths associated to the maximum and bottom stratifications
(δ,H), horizontal and vertical scales of the topography (L, h0),
and kinematic viscosity (ν).

ω (rad/s) f (rad/s) Nm (rad/s) Nb (rad/s)
Luzon 1.40 10−4 5.00 10−5 1.57 10−2 3.65 10−4

Batan 1.40 10−4 5.00 10−5 1.57 10−2 1.28 10−3

× 2.76 103 2.76 103 1.41 102 1.41 102

LabL 3.86 10−1 1.38 10−1 2.21 5.15 10−2

LabB 3.86 10−1 1.38 10−1 2.21 1.80 10−1

U (m/s) δ (m) H (m) L (m) h0 (m) ν (m2/s)
0.1 100 3.0 103 1.0 105 1.5 103 10−6

1.0 100 1.5 103 1.0 104 8.0 102 10−6

2.76 10−2 5 103 5 103 105 5 103 1
2.76 10−3 0.02 0.6 1.0 0.30 10−6

2.76 10−2 0.02 0.3 0.1 0.16 10−6

We note that this rescaling clearly preserves the ratio ω/f ,
but reduces the ratio f/N which implies a narrower fre-
quency band for progating internal waves. The distributions
of �∗ for the ocean and the lab are presented in Fig.1(d).
The ocean and laboratory values were computed using the
stratifications in Fig.1(c), the summer and 10/25/2010 ones
respectively. The two distributions are very similar, albeit
the laboratory one is slightly more supercritical than the
oceanic one. Since the slope distributions are in very good
agreement, this effect is mainly due to the discrepancies in
the top part of the stratification profiles. The range of val-
ues for �∗ covering more than 0.1% of the ridge system are
summarized in Table 2. Finally, by considering maps of crit-
icality, we found that critical and supercritical regions exist
primarily along the eastern ridge and to some extent along
the western ridge, in agreement with numerical models [Guo

et al., 2011; Zhang et al., 2011].
Para 14 - This paragraph introduces the plunger and the

values used for its forcing: Due to the inherently 3D nature
of the barotropic flow, one cannot simply scale the veloc-
ity of the tide in the Luzon Strait by considering a localized
value. Hence the amplitude of the forcing by the plunger was
chosen so that when rescaled, the volume flux across the Lu-
zon Strait in the experiment matched the oceanic barotropic
flux of 50 Sv (1 Sv = 106 m3/s) estimated from TPXO 7.1
for the semi-diurnal tide [Egbert and Erofeeva, 2002]. Based
on the spatial and temporal scalings described previously,
the corresponding laboratory flux is thus scaled by a factor
105 × 105 × 5 103/2.76 103 = 1.81 1010, leading to 2.8L/s.
Finally, it is worth noting that since the maximum depth of
the Pacific Ocean and South China Sea in the experiment
was the equivalent of 3000m compared to real ocean val-
ues of 5000m, the barotropic tidal velocities atop the ridge
system appropriately corresponded to those in the ocean,
whereas in the far field they were ∼66% stronger than the
ocean.

Para 15 - This paragraph covers the excursion param-
eter: The key parameter impacted by the amplitude and
frequency of the barotropic tide is the tidal excursion param-
eter, A∗, which is the ratio of the barotropic tidal excursion
to the characteristic horizontal scale of the topography, L;
the value of this parameter reflects the importance of non-
linear advection for the timescale of the barotropic tide. In
locations where A∗ is non-vanishing the internal wave field
is expected to contain an increasingly significant harmonic
component, having a propensity for local lee wave forma-
tion [Bell , 1975]. For simplicity, A∗ = U/ωL is often used
to estimate the tidal excursion, although peculiar attention
is needed in the estimation of U and L. The barotropic tidal
velocity varies significantly across the domain; U increases
by an order of magnitude from O(0.1m/s) in the deep ocean
[Ramp et al., 2010] to O(1m/s) in shallow straits of the Lu-
zon Strait [Pinkel et al., 2012]. Associated to these values,
for large-scale internal tide generation at the Luzon Strait
the logical choice for L is the characteristic width of the East
and West ridges, which is on the order of 100km, whereas the
local dynamic regime should be assessed using the scale of a
characteristics shallow strait, on the order of 10km [Pinkel
et al., 2012]. Overall, it can be seen that the large scale gen-
eration by the Luzon Strait is very much in the internal tide
regime (i.e. small excursion parameter) but lee-wave gener-
ation is possible at the Batan Islands where the excursion
parameter is O(1).

Para 16 - This paragraph covers Reynolds and Rossby
numbers: The Reynolds (Re∗ = UL/ν) and Rossby (Ro∗ =
U/fL) numbers are the ratio of inertia to viscous and Cori-
olis forces, respectively. It is impossible to match oceanic
Reynolds numbers in laboratory experiments, but the exper-
imental value was sufficiently large (O(103)) that the system
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deep ocean. For large scale processes, we thus consider the
total depth to be 3000 m, whereas for local processes, a more
appropriate choice for the ocean depth is 1500 m, as can been
observed in the strait between Batan and Itbayat islands for
instance[Pinkel et al., 2012]. The characteristic height h0 of
the topography is defined with respect to this choice for the
ocean depth. As can be seen in Table 2, h∗ is O(1) at all
scales and the small topography approximation is not appli-
cable. Examples of stratifications from the experiments and
the Luzon Strait are presented in figure 1(c). Practical con-
siderations, such as reasonable values for experimental forc-
ing and rotation frequencies, and limitations on the salinity
of the working fluid, guided the ratio of the ocean to lab
stratification frequency to be set to 1 : 141. Depending on
the experimental stratification considered, the characteris-
tic depth of the pycnocline δ matches or is slightly deeper
than the oceanic value, whereas the bottom exponential part
is systematically well reproduced. The strongest stratifica-
tion achieved corresponded to a typical winter stratification,
which is known to support the production of some solitary
waves, but less abundantly than the strong summer strat-
ifications [Zheng et al., 2007; Ramp et al., 2010]. Finally,
the values of N∗ and δ∗ are characteristic of a well defined
pycnocline, important for the generation and propagation of
internal solitary waves.

Para 13 - This paragraph covers criticality: The primary
parameter influencing the frequency of forcing, set by the
vertically moving prismatic plunger, was the criticality, �∗,
which is the ratio of the local topographic slope to the inter-
nal wave ray slope, ∇h/

�
(ω2 − f2)/(N2 − ω2), where the

slope considered is that in a vertical plane locally perpen-
dicular to the orientation of the ridge. This is a measure of
the ability of topography to generate internal tides. Super-
critical (�∗ > 1) and critical (�∗ ∼ 1) topographic features
are notably stronger sources than subcritical (�∗ < 1) topo-
graphic features [Laurent et al., 2003; Garrett and Kunze,
2007]. Relative to the ocean, the experimental slopes were
20 times steeper, so to preserve criticality, ω and f were
rescaled differently than the stratification frequency. Based
on the ratio chosen for the stratification (1:141), the appro-
priate ratio of the ocean to the laboratory is set to 1 : 2760.

Table 1. Characteristic values of key dimensional param-
eters for internal tide generation on the overall scale of the
Luzon Strait (Luzon) and on the local scale of strong topo-
graphic features, typified by the Batan Islands (Batan); the
corresponding values in the laboratory experiments are listed
as LabL and LabB , respectively. The scaling factors used to
set the laboratory parameters based on the ocean ones are
listed in gray. The parameters are: barotropic tidal frequency
(ω), Coriolis frequency (f), barotropic tidal velocity (U), max-
imum and bottom values of the ocean stratifications (Nm,Nb),
depths associated to the maximum and bottom stratifications
(δ,H), horizontal and vertical scales of the topography (L, h0),
and kinematic viscosity (ν).

ω (rad/s) f (rad/s) Nm (rad/s) Nb (rad/s)
Luzon 1.40 10−4 5.00 10−5 1.57 10−2 3.65 10−4

Batan 1.40 10−4 5.00 10−5 1.57 10−2 1.28 10−3

× 2.76 103 2.76 103 1.41 102 1.41 102

LabL 3.86 10−1 1.38 10−1 2.21 5.15 10−2

LabB 3.86 10−1 1.38 10−1 2.21 1.80 10−1

U (m/s) δ (m) H (m) L (m) h0 (m) ν (m2/s)
0.1 100 3.0 103 1.0 105 1.5 103 10−6

1.0 100 1.5 103 1.0 104 8.0 102 10−6

2.76 10−2 5 103 5 103 105 5 103 1
2.76 10−3 0.02 0.6 1.0 0.30 10−6

2.76 10−2 0.02 0.3 0.1 0.16 10−6

We note that this rescaling clearly preserves the ratio ω/f ,
but reduces the ratio f/N which implies a narrower fre-
quency band for progating internal waves. The distributions
of �∗ for the ocean and the lab are presented in Fig.1(d).
The ocean and laboratory values were computed using the
stratifications in Fig.1(c), the summer and 10/25/2010 ones
respectively. The two distributions are very similar, albeit
the laboratory one is slightly more supercritical than the
oceanic one. Since the slope distributions are in very good
agreement, this effect is mainly due to the discrepancies in
the top part of the stratification profiles. The range of val-
ues for �∗ covering more than 0.1% of the ridge system are
summarized in Table 2. Finally, by considering maps of crit-
icality, we found that critical and supercritical regions exist
primarily along the eastern ridge and to some extent along
the western ridge, in agreement with numerical models [Guo

et al., 2011; Zhang et al., 2011].
Para 14 - This paragraph introduces the plunger and the

values used for its forcing: Due to the inherently 3D nature
of the barotropic flow, one cannot simply scale the veloc-
ity of the tide in the Luzon Strait by considering a localized
value. Hence the amplitude of the forcing by the plunger was
chosen so that when rescaled, the volume flux across the Lu-
zon Strait in the experiment matched the oceanic barotropic
flux of 50 Sv (1 Sv = 106 m3/s) estimated from TPXO 7.1
for the semi-diurnal tide [Egbert and Erofeeva, 2002]. Based
on the spatial and temporal scalings described previously,
the corresponding laboratory flux is thus scaled by a factor
105 × 105 × 5 103/2.76 103 = 1.81 1010, leading to 2.8L/s.
Finally, it is worth noting that since the maximum depth of
the Pacific Ocean and South China Sea in the experiment
was the equivalent of 3000m compared to real ocean val-
ues of 5000m, the barotropic tidal velocities atop the ridge
system appropriately corresponded to those in the ocean,
whereas in the far field they were ∼66% stronger than the
ocean.

Para 15 - This paragraph covers the excursion param-
eter: The key parameter impacted by the amplitude and
frequency of the barotropic tide is the tidal excursion param-
eter, A∗, which is the ratio of the barotropic tidal excursion
to the characteristic horizontal scale of the topography, L;
the value of this parameter reflects the importance of non-
linear advection for the timescale of the barotropic tide. In
locations where A∗ is non-vanishing the internal wave field
is expected to contain an increasingly significant harmonic
component, having a propensity for local lee wave forma-
tion [Bell , 1975]. For simplicity, A∗ = U/ωL is often used
to estimate the tidal excursion, although peculiar attention
is needed in the estimation of U and L. The barotropic tidal
velocity varies significantly across the domain; U increases
by an order of magnitude from O(0.1m/s) in the deep ocean
[Ramp et al., 2010] to O(1m/s) in shallow straits of the Lu-
zon Strait [Pinkel et al., 2012]. Associated to these values,
for large-scale internal tide generation at the Luzon Strait
the logical choice for L is the characteristic width of the East
and West ridges, which is on the order of 100km, whereas the
local dynamic regime should be assessed using the scale of a
characteristics shallow strait, on the order of 10km [Pinkel
et al., 2012]. Overall, it can be seen that the large scale gen-
eration by the Luzon Strait is very much in the internal tide
regime (i.e. small excursion parameter) but lee-wave gener-
ation is possible at the Batan Islands where the excursion
parameter is O(1).

Para 16 - This paragraph covers Reynolds and Rossby
numbers: The Reynolds (Re∗ = UL/ν) and Rossby (Ro∗ =
U/fL) numbers are the ratio of inertia to viscous and Cori-
olis forces, respectively. It is impossible to match oceanic
Reynolds numbers in laboratory experiments, but the exper-
imental value was sufficiently large (O(103)) that the system
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Figure 1. (a) Schematic of the experiment (overhead view). The inner walls are lined with Blocksom matting to prevent

reflection of the baroclinic tides. The topography is near the center of the tank with vertical partition walls (1) extending

Taiwan and The Philippines to the side of the tank, creating two basins communicating only through the Luzon Strait

model. The barotropic tide is generated using prismatic plungers (2) and the after filling the Pacific Ocean and South

China Sea basins are separated using barriers (3). The green lines, the gray dashed square the overhead field of view

indicate the vertical PIV planes and overhead field of view. The red stars and circles symbolize the location of the CT and

acoustic probes respectively. (b) Three-dimensional plot of the experimental topography, with Taiwan (T), The Philippines

(P), Itbayat Island (I), Sabtang & Batan Islands (S) and Babuyan Island (B) indicated. (c) Typical winter and summer

stratifications in the Luzon Strait, and three different experimental stratifications. (d) Distributions of the topography

slopes (black) and the criticality parameter �
∗
(red) for the experiments (solid) and the ocean (dashed). The ocean slopes

have been multiplied by 20 to match the laboratory range.

3. Governing parameters

Para 10 - This paragraph introduces the dimensional and

non-dimensional parameter space: Taking a basic view of

the ocean possessing a pycnocline in the upper-ocean strat-

ification and a exponential profile for the deep ocean strat-

ification, there are ten dimensional parameters that char-

acterize the Luzon Strait, these being: the barotropic tidal

frequency (ω), the Coriolis frequency (f), the barotropic

tidal velocity (U), the maximum and bottom value of the

ocean stratifications (Nm,Nb), the depth associated to this

maximum value (δ), the horizontal (L) and vertical (h0)

scales of the topography, the depth of the ocean (H) and

the fluid viscosity (ν), be it kinematic or turbulent. With

ten parameters expressed in terms of two dimensions (length

and time), there are eight governing dimensionless param-

eters. Although the practical choice of these parameters is

established [Garrett and Kunze, 2007], prudence is necessary
when estimating their values. As such, we proceed to care-

fully consider their appropriate definitions and estimations.

In so doing, an important consideration is to also differen-

tiate the dynamics associated to large scale and local scale

processes; we will refer to Luzon for the former and to Batan
for the latter. A summary of the dimensional and dimen-

sionless parameters for the ocean are presented in Table 1

and 2 respectively, along with the laboratory ones expected

after the thorough choice of scaling coefficient described be-

low. Our ultimate goal is to preserve as many of these key

parameters for the dynamic as possible.

Para 12 - This paragraph covers depth ratio and both

stratification ratios: A practical starting point is to con-

sider the ratio of the topographic height to the characteristic

ocean depth, h
∗
= h0/H, and the ratios of the depth and

strength of the pycnocline and lower ocean stratifications,

δ
∗
= δ/H and N

∗
= Nm/Nb, respectively. In comparing

values of these parameters for the the lab and the ocean,

recall that we consider only the upper 3000 m of the ocean

system due to the limited impact of the weakly stratified
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Figure 1. (a) Schematic of the experiment (overhead view). The inner walls are lined with Blocksom matting to prevent

reflection of the baroclinic tides. The topography is near the center of the tank with vertical partition walls (1) extending

Taiwan and The Philippines to the side of the tank, creating two basins communicating only through the Luzon Strait

model. The barotropic tide is generated using prismatic plungers (2) and the after filling the Pacific Ocean and South

China Sea basins are separated using barriers (3). The green lines, the gray dashed square the overhead field of view

indicate the vertical PIV planes and overhead field of view. The red stars and circles symbolize the location of the CT and

acoustic probes respectively. (b) Three-dimensional plot of the experimental topography, with Taiwan (T), The Philippines

(P), Itbayat Island (I), Sabtang & Batan Islands (S) and Babuyan Island (B) indicated. (c) Typical winter and summer

stratifications in the Luzon Strait, and three different experimental stratifications. (d) Distributions of the topography

slopes (black) and the criticality parameter �
∗
(red) for the experiments (solid) and the ocean (dashed). The ocean slopes

have been multiplied by 20 to match the laboratory range.

3. Governing parameters

Para 10 - This paragraph introduces the dimensional and

non-dimensional parameter space: Taking a basic view of

the ocean possessing a pycnocline in the upper-ocean strat-

ification and a exponential profile for the deep ocean strat-

ification, there are ten dimensional parameters that char-

acterize the Luzon Strait, these being: the barotropic tidal

frequency (ω), the Coriolis frequency (f), the barotropic

tidal velocity (U), the maximum and bottom value of the

ocean stratifications (Nm,Nb), the depth associated to this

maximum value (δ), the horizontal (L) and vertical (h0)

scales of the topography, the depth of the ocean (H) and

the fluid viscosity (ν), be it kinematic or turbulent. With

ten parameters expressed in terms of two dimensions (length

and time), there are eight governing dimensionless param-

eters. Although the practical choice of these parameters is

established [Garrett and Kunze, 2007], prudence is necessary
when estimating their values. As such, we proceed to care-

fully consider their appropriate definitions and estimations.

In so doing, an important consideration is to also differen-

tiate the dynamics associated to large scale and local scale

processes; we will refer to Luzon for the former and to Batan
for the latter. A summary of the dimensional and dimen-

sionless parameters for the ocean are presented in Table 1

and 2 respectively, along with the laboratory ones expected

after the thorough choice of scaling coefficient described be-

low. Our ultimate goal is to preserve as many of these key

parameters for the dynamic as possible.

Para 12 - This paragraph covers depth ratio and both

stratification ratios: A practical starting point is to con-

sider the ratio of the topographic height to the characteristic

ocean depth, h
∗
= h0/H, and the ratios of the depth and

strength of the pycnocline and lower ocean stratifications,

δ
∗
= δ/H and N

∗
= Nm/Nb, respectively. In comparing

values of these parameters for the the lab and the ocean,

recall that we consider only the upper 3000 m of the ocean

system due to the limited impact of the weakly stratified
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