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Tumbling of long flexible fibers in isotropic turbulence1
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In this study, we experimentally investigate the rotational dynamics of flexible fibers in
homogeneous and isotropic turbulence. Three high-speed cameras are used to determine
and track the three-dimensional conformation of the fibers. The rotational dynamics is
characterized here by both the rotation of the end-to-end vector and the rotation of the
eigenframe of the deformed fibers. We observe an increase of the rotation rate when the
flexibility of the fiber is increased. To model this increase, we propose a scaling law for
the evolution of the mean curvature, which depends on the mechanical properties of the
fiber and the properties of turbulence. This model extends the one proposed by C. Brouzet
et al. [Phys. Rev. Fluids 6, 024601 (2021)] for relatively stiff fibers. The evolution of the
curvature is then used to model the mean shape of a flexible fiber, which determines its
rotation rate. Our model is in very good agreement with our experimental measurements
as long as the mean conformation can be considered as planar—so for moderately flexible
fibers.
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I. INTRODUCTION19

The rotation of complex shape particles such as fibers, disks, and chiral particles in turbulent flow20

has received more and more attention since the early 2010s. These works have been motivated by21

both fundamental research and more applied aspects. For instance, in the papermaking industry, the22

transport of fibers in flows is ubiquitous [1]. In environmental sciences, the modeling of the transport23

of microplastics in the ocean requires a better understanding of the advection of particles with24

complex shapes and various sizes [2,3]. From a fundamental point of view, the rotational dynamics25

of complex shape particles smaller than the Kolmogorov length depends on their orientation26

within the gradient of the velocity field [4]. For axisymmetric rigid ellipsoids, the rotation can be27

decomposed into two motions: the tumbling, corresponding to the rotation of the axis of symmetry,28

and the spinning, corresponding to the rotation around this axis. The preferential alignment of fibers29

(respectively, disk) smaller than the Kolmogorov length leads to a higher spinning rate (respectively,30

tumbling rate) than tumbling rate (respectively, spinning rate). In 2014, Parsa and Voth [5] investi-31

gated the tumbling rate �T of nearly neutrally buoyant fibers whose length L is in the inertial range32

of turbulence, and highlighted that it scales as 〈�T �T 〉/(〈ε〉/ν)τ 2
k = 108C2/35(L/ηk )−4/3, where33

τk = (ν/ε)1/2 and ηk = (ν3/ε)1/4 are the Kolmogorov time and length, respectively. Here, ε is the34

turbulent dissipation rate per unit mass, ν the fluid’s kinematic viscosity, and C2 a Kolmogorov35

constant. This work has been extended to the spinning of nearly neutrally buoyant rigid rods by36

Oehmke et al. [6]. They showed that, when the diameter of the fiber is larger than the Kolmogorov37

length, the spinning rate �S follows a similar trend: 〈�S�S〉τ 2
k ∝ (d/ηk )−4/3 with a correction factor38

that depends on the ratio of the fiber length to the correlation length of the vortex filament. These39
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studies highlighted that, for nearly neutrally buoyant fibers whose length L is longer than ∼10ηk ,40

both tumbling and spinning are related to the transverse structure function. Brizzolara et al. [7]41

confirmed this point and showed experimentally and numerically that the two-points statistics of the42

turbulence can be recovered by measuring the tumbling rate of the two extremities of the fiber. More43

recently, Alipour et al. [8] and Giurgiu et al. [9] focused on the rotation of bent fibers in turbulent44

channel flows. The specific shape of the particles allows them to measure both their spinning and45

their tumbling rates. They found that an increase of the curvature leads to an increase of the rotation46

rates for relatively short fibers (L � 2.8ηk) [8], and that the spinning rate is in good agreement with47

numerical predictions for short fibers [9].48

For slender particles the deformations induced by the turbulent fluctuations may become im-49

portant and impact their dynamics. By assuming a viscous forcing proportional to the slip velocity50

u − ∂t X , the deformations of a homogeneous fiber are described by the Euler-Bernoulli equation:51

σ∂tt X + η∂t X − ∂s(T ∂sX ) + EI∂4
s X = ηu, (1)

where X is the position of one point of the fiber, t the time, s the curvilinear coordinate, σ = ρS the52

linear density with S the cross section of the fiber, η the resistance tensor, which will be assumed as53

isotropic here, T = ∫
f‖ds + EI|∂ssX |2 the tension term with f‖ the linear tangential force, E the54

Young’s modulus of the fiber, and I its quadratic moment of area (I = πd4/64 for a cylindrical fiber55

of diameter d). In this study, the deformations are overdamped, meaning that the inertial term σ∂tt X56

is negligible compared to the viscous term η∂t X . Two important length scales have been identified57

in this regime for flexible fibers [10]. The first one characterizes the onset of the deformation and is58

called the linear elastic length �e, first introduced by Brouzet et al. [11]:59

�e ∼ (EI )1/4

(ρηε)1/8 . (2)

This length scale has been interpreted as a balance between the turbulent power Pturb and the bending60

power Pel in a stationary regime [11]. For fibers smaller or of the order of �e only the first bending61

mode can be excited. The mean conformation of the fiber is then a U shape. The mean curvature κ̄62

has been shown to increase as κ̄L ∼ (L/�e)4 [12]. The second characteristic length scale is called63

the nonlinear viscous elastic length:64

Lv ∼
(

EI

ηε1/3

)3/10

, (3)

which characterizes the transition between the linear and the nonlinear regimes of deformation, as65

shown by the evolution of the maximal curvature of the fiber [13]. These two length scales are66

related to each other through the relation67

Lv

�e
∼

(
�e

ηk

)1/5

. (4)

In this study, �e � ηk , i.e., both regimes of deformations can be observed. In the nonlinear regime68

(L � Lv), the conformation of the fiber is expected to be fully three-dimensional (3D). It has been69

shown that, contrary to the maximal curvature, the mean curvature decreases with the fiber length70

and is smaller at the center of the fibers than close to the extremity due to the spatial correlation of71

the flow and the fiber inextensibility [14]. In the underdamped regime, an equivalent length scale72

has been identified and corresponds to the length above which the fiber deformations are enslaved73

to turbulent fluctuations [15].74

This article is focused on the evolution of the rotation rate of flexible fibers when the fiber length75

is increased from L ∼ �e to L ∼ 20Lv covering the different regimes of deformation that have been76

identified. The article is structured as follows. The experimental setup and the fiber properties are77

detailed in Sec. II. The 3D reconstruction and tracking algorithms are presented in Sec. III. Finally,78

our results and their modeling are presented in Sec. IV before the conclusion.79
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TABLE I. This table gives the different scales of the flow: the turbulent dissipation rate ε, the Kolmogorov
time and length scales τk and ηk , respectively, the integral length scale LI = U 3

rms/ε, and the Taylor Reynolds
number Reλ = λUrms/ν associated to the Taylor microscale λ = Urms

√
15ν/ε.

ε (m2 s−3) ηk (µm) τk (ms) Reλ Urms (m s−1) LI (mm)

(4.5 × 10−2)–1.24 30–69 0.89–4.7 400–820 0.12–0.41 42–55

II. EXPERIMENTAL SETUP80

A. The flow81

The experiments are made in a cubic tank having a side length of 60 cm, filled with degassed82

water to avoid the apparition of bubbles. The flow is generated by the rotation of eight impellers,83

whose diameter is 17 cm, fitted with eight straight blades (5 mm wide and thick). Each of them84

is located at one corner of the tank and driven independently by a 1.5-kW brushless motor. In this85

study, all the impellers rotate at the same frequency frot, varying from 6 to 18 Hz, but in opposite86

directions compared to their closest neighbors. At the center of the tank, the flow is close to a87

homogeneous and isotropic turbulence and has already been used in several other studies [6,16,17].88

The main quantities measured using particle image velocimetry in the center of the tank are given89

in Table I.90

Each face of the cube is equipped with a plane transparent polymethyl metacrylate plate that91

allows the lighting by using light-emitting diode panels as backlights, and the visualization of the92

particles. Three high-speed Phantom VEO 710 cameras, having their axis perpendicular to the93

window, are used to simultaneously image the fibers within a volume of reconstruction of nearly94

8 × 8 × 8 cm3 located at the center of the tank. The frame rate facq of the cameras varies with the95

rotation rate of the impellers as facq = 200 frot ∈ [1200; 3600] fps. The experimental setup is shown96

in Fig. 1(a). All the results presented in this article have been obtained in a statistically stationary97

FIG. 1. (a) Photo of the experimental setup. The blue symbols “+” and “−” show the polarity of the
motors. The laboratory frame axes are in orange (the origin is located at the center of the tank). (b) A typical
trajectory of a reconstructed fiber [(L, d, E ) = (15 mm, 130 µm, 5 kPa) and frot = 18 Hz]. The color codes
the time (from blue to red). The time lag between two snapshots is δt � 8.3 ms. The three 5-mm-long, thick,
dark lines at the bottom left scale the size of the box.
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TABLE II. Mechanical properties and deformability ratios L/Lv and L/�e of the fibers. In this study a set
of fibers will always be labeled as (L, d, E ) in (mm, µm, kPa). For instance, the second type of fiber is labeled
(10, 400, 70). The lengths �e and Lv are, respectively, the linear elastic length and the nonlinear viscous-elastic
length, defined respectively in (2) and (3).

L ± 0.5 (mm) d ± 10 (µm) E (kPa) � = L/d L/�e L/Lv Plot color Type

20 990 2000 20 0.77–1.2 0.24–0.33 I
10 400 70 25 2.2–3.4 0.96–1.3 II
20 990 5 20 3.5–5.2 1.4–2.0 III
15 400 70 37 3.3–5.0 1.4–2.0 IV
20 400 70 50 4.4–6.7 1.9–2.7 V
15 130 70 115 10–15 5.5–7.7 VI
15 130 5 115 20–30 12–17 VII

regime. To reach this regime, the measurements have been done approximately after 15 s, so at least98

75 integral time scales after all the impellers have reached their final rotation rate. Note that some99

measurements have been done after 1 min without any modification of the results.100

B. The fibers101

The fibers are molded in the laboratory using silicone to tune at wish their lengths L, diameters102

d , and Young’s moduli E . Three kinds of silicone from Esprit Composite have been used to vary the103

Young’s modulus: R1 55 (E � 2 MPa), Skin FX 10 (E � 70 kPa), and Skin FX 00-20 (E � 5 kPa).104

The manufacturing process is the following: parts A and B and a silicone dye (used to make the105

fiber opaque) are mixed together. The mixture is then degassed to avoid the apparition of bubbles.106

It is then injected into needles, used as molds that fix the fiber diameter. After curing, the fibers are107

finally cut at the desired length. The mechanical properties of the fibers used in this study are given108

in Table II.109

III. POSTPROCESSING: FROM 3D RECONSTRUCTION TO THE INDIVIDUAL TRACKING110

OF THE PARTICLES111

A. 3D reconstruction112

In this section we explain the principles of the 3D reconstruction of the fibers from the simultane-113

ous images taken by the three high-speed cameras. The first step is to determine the two-dimensional114

(2D) coordinates of the projected fibers on each image. To do so, the image is first removed from115

the background on each frame to make the fibers brighter. Then, a threshold is applied to get the list116

of pixels corresponding to particles seen by the cameras. Note that several fibers are usually imaged117

simultaneously by the cameras.118

The second step is to compute the 3D coordinates of the fiber from the list of pixels. This requires119

a model for the camera to convert the 2D coordinates on the images to the 3D coordinates in the120

laboratory frame. The model used here is the pinhole model, which assumes that all the rays of121

light propagate in straight lines from the object to the sensor by going through the pinhole [18].122

With this model, there is a linear relation between the 2D image coordinates q = (u, v)ᵀ and the 3D123

coordinates in the laboratory frame Q = (X,Y, Z )ᵀ (ᵀ is the transpose symbol) using homogeneous124

coordinates [19]:125

qh ∝ PQh, (5)

where Qh ∝ (X,Y, Z, 1)ᵀ and qh ∝ (u, v, 1)ᵀ are the coordinates of the points expressed in homo-126

geneous coordinates and P is the projection matrix, which characterizes the camera. This projection127

matrix depends on 11 parameters: 6 extrinsic, corresponding to the position and orientation of128
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(a) (b)

(No. of images)
(No. of images)

(No. of images)

FIG. 2. (a) Example of a 3D reconstruction. The spline function (in red) is computed from the positions of
the voxels (gray cubes). (b) Center: Superposition of the filtered and nonfiltered end-to-end vector projection
on the x axis Rex . (b) Top right: zoom on a maximum of the x coordinate of the end-to-end vector to help see the
difference between the filtered and nonfiltered data. (b) Bottom right: Evolution of the variance of the tumbling
rate 〈 ṗ2〉 (described later) as a function of the filtration parameter Nf . From Nf = 6 (red dot), the decrease
becomes slower, meaning that the noise is already filtered. Nf = 6 is the filtration parameter used in this study.
All the graphics on that figure have been made with data from fiber type VII (most flexible, see Table II).

the camera in the laboratory frame, and 5 intrinsic, containing the focal length in terms of pixels129

dimensions αx and αy, the coordinates of the projection of the pinhole onto the image plane x0130

and y0, and the skewness μs. The three projection matrices Pi are determined thanks to a prior131

calibration. Each camera is calibrated independently by imaging a sphere at known positions in132

space. The projection matrices are then determined using the relation qh × PQh = 0 for coincident133

points using homogeneous coordinates. By taking advantage that the projection of the center of the134

sphere corresponds to the center of the projected disk for all views, one can solve this relation with135

P as the only unknown. The projection matrices are then optimized by minimizing the distance136

between the coordinates of the projection of the sphere center and those measured on the images.137

The determination of the 3D conformation of the fiber is a two-step process. The first step is138

based on the shape from the silhouette method, also known as the convex hull method [20]. In this139

method the volume of reconstruction is subdivided into voxels, and only the ones whose projections140

belong to a flexible fiber onto the three cameras are stored. In this study, the voxels are cubes of side141

length lres = 2 mm initially. The resolution is then refined to lres = 0.2 mm around the reconstructed142

objects to increase the precision of the reconstruction. A two-stage process for the voxelization has143

been chosen to minimize the allocated memory needed for the reconstruction. The second step of144

the reconstruction process corresponds to the determination of the centerline of the fiber from the145

set of voxels. The coordinates of the centerline are defined as X (s), s ∈ [0, L]. In this study, the146

centerline is determined by fitting a spline function to the set of voxels by minimizing the distance147

between all the points of the spline and the voxels. Splines are parametric curves computed as a148

series of polynomial functions, of degree 4 in our case to ensure the continuity of the derivative149

of the curvature. Their shape is determined by control points (more details are given in [21,22]).150

Increasing the number of control points allows one to fit higher deformations. In practice, the voxels151

are fitted using 10 control points. Finally, the length of each spline Lspl is computed, and if 0.9 <152

Lspl/L f < 1.1, the reconstruction is considered as valid. An example of the voxels and the spline153

function computed from their coordinates is shown in Fig. 2(a).154
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B. Individual tracking of particles155

Once the centerline has been determined, it remains to track its evolution with time. The156

concentration of fibers being low, only the distance between fibers have been considered to157

implement the trajectory. In our process of reconstruction, the distance between two consecutive158

sets of voxels is considered, instead of the splines. It allowed us to test several methods to fit159

the voxels without having to compute the tracking stages several times. If several fibers satisfy160

the distance criterion at the same time step, only the one with the smallest distance between161

all the voxels is considered. The trajectories that are considered too short (less than 50 images) are162

discarded.163

To characterize the influence of the deformations on the fiber dynamics, we will consider both164

the rotations of the end-to-end vector Re linking the two extremities of the fiber, and of the165

eigenframe of the fiber, defined by the eigenvectors of the moment of inertia tensor (described166

later). As for our previous study on rigid fibers [6], the temporal evolutions of these quantities167

are filtered using spline to compute their derivatives [see Fig. 2(b)]. The number of control points168

N f
ctrl is defined as the closest integer of (t f − t0)/Nf , where t0 and t f are, respectively, the initial169

and final time of the trajectory, and Nf is a constant related to the cut-off frequency of the filter.170

For this study, Nf = 6 images has been chosen by analyzing the evolution of the variance of the171

tumbling rate 〈ṗ2〉 as a function of Nf ; see the evolution of the variance of the tumbling rate172

for fibers of type VII on Fig. 2(b) (similar evolutions have been observed for the other fibers).173

The exact value of Nf does not qualitatively impact the evolution of the results presented here174

as long as it remains of the order of 6. The filtered trajectories smaller than 70 time steps are175

discarded, and the first and last Nf points are removed to avoid the effects of the boundaries of the176

trajectory.177

C. Validation of the 3D reconstruction algorithm: the end-to-end vector178

To validate the reconstruction algorithm, the statistics of the norm of the end-to-end vector Re179

measured experimentally are compared with the results from the literature [11,14,23]. The end-to-180

end vector is defined as181

Re = X (L) − X (0), (6)

where X (L) and X (0) are the positions of the extremities of the centerline. The evolution of182

〈Re〉2/L2, where 〈·〉 corresponds to a time and ensemble average as a function of the fiber length183

normalized by the linear elastic length L/�e is shown in Fig. 3(a). Our results are compared with the184

numerical data from Sulaiman et al. [23] and predictions from the wormlike chain model [24]. In185

this model the tangent vector t (s) is assumed to decorrelate exponentially:186

〈t (s) t (s + �)〉 = exp(−�/�p), (7)

where �p is called the persistence length. With this relation, one can easily show187 〈
R2

e

〉
L2

= 2
�p

L
− 2

(
�p

L

)2[
1 − exp

(
− L

�p

)]
, (8)

where L is the polymer (here the fiber) length at rest. This model has been shown to well fit188

the evolution of the norm of the end-to-end vector of a flexible fiber in turbulence, �p being a189

function of L/�e [11]. In Fig. 3(a), the global trends of our datasets and those from the literature190

are in good agreement up to L/�e � 7. The fact that Re are slightly higher in the experiments191

than in the numerical simulations might be due to a Reynolds number dependence. Indeed, there192

is a small change in the numerical simulations when passing from Reλ = 51 to 97. The lowest193

Reynolds number tested here is Reλ = 400. Further investigations are needed to understand this194

point. For fibers longer than 7�e, the decrease of the norm of the end-to-end vector is slower in195

our measurements. This relative stiffening is compatible with the results of Gay et al. [14]. It has196
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(a) (b)

et al
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FIG. 3. (a) Evolution of the mean of the normalized end-to-end distance as a function of the fiber length L
normalized by the elastic length �e (2). The results are compared with the numerical results of Sulaiman et al.
[23] (blue cross) and with the wormlike chain model proposed in Brouzet et al. [11] (dashed line). The color
of the symbol codes the ratio L/Lv , i.e., the fiber flexibility (see Table II), from low value (dark) to high value
(bright). (b) Evolution of the pdf of the end-to-end distance, normalized by L. The figure on the top shows the
experimental data, and the one at the bottom the numerical data from the toy model detailed in Eq. (11).

been related to the fiber inextensibility and to an additional viscous dissipation during the fiber197

reconfiguration.198

The probability distribution functions (pdfs) of the norm of the end-to-end vector for different199

deformability ratios are shown at the top of Fig. 3(b). The distributions are negatively skewed. The200

qualitative evolution of the shape of the pdf can be easily reproduced with a simple model of a201

flexible dumbbell, i.e., two beads linked by a spring of stiffness k. By noticing that the stretching202

of the fiber is much harder than the bending, the stiffness of the spring k should be different for203

bending (compression of the dumbbell) and stretching (extension of the dumbbell) and should scale204

as [25]205

kbend ∼ EI

L3
for bending (Re < L), (9a)

kstr ∼ Ed2

L
for stretching (Re > L) (9b)

for a straight rod of length L at equilibrium, with a circular cross section of diameter d . The ratio206

of the two stiffnesses scales as kbend/kstr ∼ (d/L)2 � 1 for long rods. This model is valid for fibers207

close to the threshold of deformation, for which only the first bending mode is excited. Within this208

toy model, the dynamic of the length of the dumbbell Red is given by a Langevin equation:209

mR̈ed = ηd
(
UL − Ṙed

) − 2k
(
Red − L

)
, (10)

where m is the mass of the beads and η the fluid dynamic viscosity. In the overdamped regime210

(inertialess dumbell), the Langevin equation can be rewritten as211

Ṙed + 2k

ηd
Red = UL + 2k

ηd
L. (11)

Here, UL is a random noise δ correlated in time to mimic, at first order, the forcing by the turbulent212

fluctuations. Increasing the flexibility of the fiber can then be done by increasing the variance of the213

forcing σb or decreasing the spring stiffness. Here only the first choice has been considered. The pdf214

of the length of the dumbbell from this toy model are shown at the bottom right of Fig. 3(b). The215

evolution of these pdf exhibits a similar trend as the experimental ones: they are negatively skewed216
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FIG. 4. (a) Evolution of the variance of the tumbling rate normalized by the Kolmogorov time τk , as a
function of the fiber length normalized by the Kolmogorov length ηk . (b) Evolution of the tumbling rate
normalized by the Kolmogorov time τk , as a function of the fiber end-to-end vector normalized by the
Kolmogorov length ηk . For both figures, the dashed line corresponds to the evolution measured for rigid
fiber [6].

and increasing the flexibility leads to a broadening of the distribution. Note that, in the experiments,217

a second peak appears for the most flexible cases, which is not captured by our simple model. This218

is probably due to the nature of the deformations, which cannot be modeled with only one mode of219

deformation in these cases, as we will see later.220

IV. RESULTS AND DISCUSSIONS221

As mentioned in the introduction, the tumbling rate of a rigid axisymmetric fiber is defined as the222

rotation rate of its axis of symmetry. In general, there is no axis of symmetry for a deformed fiber.223

The tumbling rate is then defined here as the rotation rate of the end-to-end vector Re:224

ṗ = ∂t p = ∂t

(
Re

Re

)
. (12)

This definition is equivalent to the classic definition of the tumbling rate for axisymmetric rigid225

fibers. The evolutions of the variance of the normalized tumbling rate 〈ṗ2〉τ 2
k as a function of the226

normalized fiber length L/ηk are shown in Fig. 4(a). If a global trend 〈ṗ2〉τ 2
k ∼ (L/ηk )−4/3 seems to227

appear, there is an important scattering of the data with an increase of the tumbling rate with the fiber228

flexibility. For rigid fibers, higher rotation rate corresponds to smaller length. To collapse the data, it229

is appealing to look for an effective length, shorter than the fiber length, which decreases when the230

fiber flexibility is increased. The mean norm of the end-to-end vector is a natural candidate for the231

effective length as it decreases when the flexibility of the fiber increases, as we saw in the previous232

section [see Fig. 3(a)]. The evolutions of the normalized tumbling rate as function of the mean233

end-to-end distance normalized by the Kolmogorov length are shown in Fig. 4(b). The collapse of234

the data here is better than when the fiber length L is considered [Fig. 4(a)]. Moreover, the prefactor235

for flexible fibers is almost equal to the one measured experimentally for rigid fibers [dashed line236

in Fig. 4(b)]. This suggests that an analogy can be drawn between the rotation of rigid and flexible237

fibers by considering the end-to-end distance as the effective length of a fiber initially straight. In238

the following, a more complete description of the global rotation of flexible fibers is proposed.239
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(a) (b)

FIG. 5. (a) Evolution of the ratio of the reconfiguration rate of the eigenframe 〈α̇2
i 〉 against the rotation

rate of the eigenvectors 〈ė2
i 〉, as a function of the normalized mean curvature κL computed from the model

(29). (b) Evolution of the normalized mean of the rotation rates of the eigenvectors 〈ė2
i 〉τ 2

k , as a function of the
normalized mean extents 〈w j〉/ηk . For the rotation of e1, the transverse extent is w1. For the rotations of e2,3,
only the largest transverse extent w2 is considered. The dashed line represents the fit found by Oehmke et al.
[6] for the tumbling of rigid fiber (by replacing the fiber length L by the transverse extent w j). The inset is a
scheme of the extents of a deformed fiber.

Following the work from Giurgiu et al. [9], here we use the moment of inertia tensor as a proxy240

for the global shape of the fiber. The moment of inertia tensor is defined as241

Ii j =
∫

σ�i jds, (13)

where �ii = ∑
j �=i x2

j , �i j = −xix j , and x = X − 〈X〉 is the coordinate of a fiber point in the frame242

with its origin at the center of mass of the fiber. We remind one here that X is the coordinate of243

the centerline of the fiber computed from the 3D reconstruction process. The global rotation is244

then defined as the rotation of the eigenframe of the moment of inertia tensor. The eigenvectors are245

labeled ei. The corresponding eigenvalues λi are ordered as λ3 � λ2 > λ1. In the laboratory frame,246

the eigenvectors vary due to both the rotation of the deformed fiber and its reconfiguration. We will247

assume in the following that the variation of the eigenframe due to the reconfiguration is negligible.248

We have partially validated this assumption by looking at the evolution of the rotation rate of the249

end-to-end vector. Indeed, in the fiber frame, the unit vector of the end-to-end vector defined in250

Eq. (12) is given by251

p = Re

Re
= αiei, (14)

where Einstein convention is adopted. αi are the coordinates of the vector p in the eigenframe.252

Hence, the rotation rate is given by253

〈ṗṗ〉 = 〈α̇iα̇i〉 + 〈αiαiėiėi〉 + 2〈αiα̇ jeiė j〉. (15)

The first term is related to the change of conformation within the eigenframe and the second to the254

rotation of the eigenframe. The third term is a cross term expected to be equal to zero as ei · ėi = 0255

(ėi = � × ei). The ratio of the rates of reconfiguration 〈α̇iα̇i〉 and the rotation rate 〈ėiėi〉 is shown in256

Fig. 5(a). For all the cases under study, the reconfiguration term is at least one order of magnitude257

smaller than the rotation rate term justifying our approximation. In the following, we will then258

assume that ėi is only due to the rotation of the eigenframe.259
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(a) (b)

FIG. 6. (a) Example of the shapes of the fibers computed from the integration of Eq. (19) for three values
of κ0 = {10−2, 0.5, 1.4}. x̃ and z̃ are, respectively, the x and z coordinates normalized by the fiber length L.
The colors code the mean curvature (flexibility): from the straightest (black) to a more bent case (yellow). The
extents w1,2 are schematized for the most flexible case. (b) Fiber extents wi as a function of the mean curvature
model κL (29). The red lines represent the mean extents obtained from the resolution of Eq. (17). The inset
shows the evolution of w1/L as a function of κL, in a semilogarithmic plot.

Oehmke et al. [6] showed that both tumbling and spinning are governed by the transverse260

structure function at the scale of the relevant extent of the fiber (length for tumbling and diameter261

for spinning). By analogy, the evolution of the rotation rate of the three eigenvectors are plotted as262

function of the mean extents 〈wi〉 of the deformed fibers on Fig. 5(b), where the extents are defined263

as264

wi = max
x

(x · ei ) − min
x

(x · ei ). (16)

Here again, the dashed line corresponds to the fit of the tumbling rate of rigid fibers proposed by265

Oehmke et al. [6]. The collapse of all the experimental points shows that, as for the tumbling and266

spinning of rigid fibers, the rotation rate of the eigenframe is controlled by the mean lateral extent267

of the fiber. Thus, the rotation rate of e1 is governed by the maximal extent 〈w1〉, corresponding to268

the fiber length in the rigid case. The rotation rates of e2,3 both depend on the largest lateral extent269

〈w2〉, corresponding to the diameter for rigid fibers. Moreover, there is a quantitative agreement270

between the evolution of 〈ėiėi〉τ 2
k for flexible fibers and the tumbling rate of rigid fibers. In this271

frame, the equivalent of the spinning rate of rigid fiber is the total rotation vector � projected on272

e1. So, the rotation rates of e2,3 are both a combination of spinning and tumbling (the latest being273

� projected on e2 and e3). As a consequence, the rotation rate of e2,3 of flexible fibers is higher274

than the spinning rate of straight rigid fibers (see [6]). A full understanding of this phenomenon275

might require a simultaneous measurement of the flow field and the fiber dynamics, as preferential276

alignment within vortices has been invoked to model the spinning rate of straight rigid fiber. Note277

that here, the data from fiber type I has been removed as the signal to noise ratio is too high due to278

the very low amplitude of the deformation.279

The last step to model the evolution of the rotation rate of flexible fibers in turbulence is280

to relate the evolution of the extents to the fiber deformation. As long as w3 is negligible [see281

Fig. 6(b)], the deformations can be considered as planar, and we assume they are deformed on one282

mode. The mean shape is then expected to be a U shape with maximal curvature at the center and283

zero curvature at extremities due to the boundary condition (see Gay et al. [14]). In that case, a284

first-order approximation is to model the evolution of the curvature as285

κnum(s) = 6
κ0

L2
s(L − s). (17)

004300-10



TUMBLING OF LONG FLEXIBLE FIBERS IN …

The mean curvature is then286

κnum = 1

L

∫ L

0
κnum(s)ds = κ0. (18)

This model can be integrated numerically by using the relation287

∂s t (s) = κ(s) × t (s), (19)

where t is the unit tangent vector, and κ(s) = (0, κnum(s), 0)
 is the curvature vector chosen to bend288

a fiber in the (xz) plane. The extents are then computed using relation (16). Three conformations289

with κ0 = 10−2, 0.5, or 1.4 can be seen in Fig. 6(a).290

It remains now to relate κ0 to the mean curvature of a fiber κ̄ , which depends on the mechanical291

properties of the fiber, those of the fluid and the turbulence intensity. Brouzet et al. [12] showed292

that, for short fibers (L � �e), the mean curvature κ varies as κL ∼ (L/�e)4. For very long fibers,293

Gay et al. [14] showed that the mean curvature κ̄ of the fibers decreases. Considering only planar294

conformation of flexible fibers means that we are in between these two regimes. In both Brouzet295

et al. [12] and Gay et al. [14], a power budget has been used to successfully estimate the evolution296

of the mean curvature. We will adopt here the same approach. The power budget can be justified297

as follows: we consider the system made of the ensemble of the fibers immersed in a stationary,298

homogeneous and isotropic turbulent flow. The variation of energy of this system E is equal to the299

difference between the power injected by the turbulence into the system Pinj and the dissipated300

power Pdis, i.e., the one given back by the system to the turbulence:301

∂tE = Pinj − Pdis. (20)

As the system is statistically stationary,302

Pinj = Pdis. (21)

To derive the typical evolution of the mean curvature κ̄ , only scaling arguments are needed. At first303

order, the injected power Pinj is proportional to the power of eddies of scale L, so,304

Pinj ∼ ρL3ε. (22)

For long fibers two sources of dissipation have been identified: an elastic one, Pel, related to the de-305

formation, and a viscous term, Pvis, due to the viscous dissipation during the global reconfiguration306

of the fiber imposed by the local deformation and the fiber inextensibility [14]. The elastic power307

scales as [12]308

Pel ∼ Eel

τb
= LEIκ2

τb
, (23)

where309

τb = ηκ−4

EI
(24)

is the typical time scale of the deformation. The viscous dissipation power has been first introduced310

by Gay et al. [14] and scales as311

Pvis ∼ ηLuLvκ , (25)

where uL ∼ (εL)1/3 is the typical velocity of eddies of size L. vκ ∼ 1/κτb is the characteristic speed312

of evolution of the local deformation of typical size κ−1 evolving on the typical time scale τb. The313

ratio of these two dissipative powers is314

RP (L) = Pel

Pvis
∼ κ3�4

e

η
2/3
k L1/3

. (26)
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By approximating κ−1 by the fiber length L at the transition between the elastic dominated regime315

(short fibers) and the viscous dominated regime (long fibers), one finds that the critical length316

corresponds to the nonlinear viscous elastic length Lv . For short fibers (L � Lv), the dissipated317

power is mainly due to the elastic energy stored in the fiber and the mean curvature evolves as318

κ̄L ∼ (L/�e)4 as predicted by Brouzet et al. [12]. For long fibers (L � Lv), the dissipated power is319

mainly due to the viscous dissipation due to the reconfiguration of the fiber. In that case, as long as320

the deformations are due to eddies whose size scales with the fiber length L, the mean curvature κ̄321

is expected to be given by322

ρL3ε ∼ ηLuL

κτb
, (27)

leading to323

(κL)3 ∼ ρL14/3ε2/3

EI
. (28)

Finally, by introducing Lv [see Eq. (3)] and the Kolmogorov length ηk , the normalized mean324

curvature scales as325

κL ∼
(

L

Lv

)10/9( L

ηk

)4/9

. (29)

The spline used to compute the centerline creates artifacts that are amplified by the computation of326

the local curvature (second-order derivative of the position). Verifying this scaling law was out of the327

scope of this study, but some investigations will be done to accurately measure the local curvature.328

In this article, each time the notation κ̄L appears it corresponds, in fact, to the scaling (29).329

The evolutions of the extents normalized by the fiber length L as a function of κ̄L are plotted in330

Fig. 6(b). The symbols correspond to experimental measurements and the red lines to the simple331

planar model where we have set κ̄L = 40κ0 to fit the experimental points. The measurements and332

the prediction are in very good agreement up to κL ∼ 60. For longer fibers, the extents measured333

experimentally evolve less rapidly than the model. This suggests that the simple model of a planar334

conformation fails to reproduce our measurements. This is compatible with the previous observa-335

tions from Gay et al. [14]. Indeed for very long fibers, the approximation of planar deformation no336

longer holds [see Fig. 6(b)]. In this regime, the eddies responsible for the local deformation can be337

smaller than the fiber length. Therefore, the expression of the mean curvature given in Eq. (29) does338

no longer hold and neither does the curvature profile we have considered in Eq. (17) (see Gay et al.339

[14] for more details).340

V. CONCLUSION341

To summarize, we have experimentally investigated the rotation of flexible fibers, straight at342

equilibrium, in a homogeneous and isotropic turbulent flow. The 3D reconstruction techniques have343

been validated by comparing the evolution of the end-to-end distance as a function of the flexibility344

of the fiber. Our measurements are overall in good agreement with the current literature. However,345

the influence of the Reynolds number might not be negligible contrary to what has been thought346

so far. We will return to this point later in the discussion. We then measured the rotation rates of347

both the end-to-end vector, as a proxy of the tumbling of the rigid fiber, and of the eigenframe of348

the fiber. We observed an increase of the tumbling rate when the fiber flexibility is increased. This349

feature can be captured by considering the mean end-to-end distance as the effective length of the350

fiber. More interestingly, the rotation of the eigenframe follows the same evolution as the tumbling351

rate of a rigid fiber when the lateral extents are considered. To model this observation we introduced352

a scaling for the evolution of the mean curvature for fibers whose length L � Lv , which extends the353

previous scaling proposed by Brouzet et al. [12]. This scaling is valid as long as the deformations354

can be considered as planar.355
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FIG. 7. Evolution of the normalized mean end-to-end distance as a function of the normalized mean
curvature model (29). The dashed line represents the wormlike chain model where the persistence length is
considered as κ−1.

Several additional questions are still open to understand the transport of flexible fibers in356

turbulence. Here we focus on the rotation rate of flexible fibers. Rosti et al. [15] showed that, in357

the underdamped regime, investigating the dynamics of the norm of the end-to-end vector gives358

access to the longitudinal structure function. In the overdamped regime, our study and the one from359

Gay et al. [14] show that a local deformation leads to a global reconfiguration of the fiber. One360

can then wonder whether the dynamics of the norm of the end-to-end vector can also be related to361

the structure function of turbulence in the overdamped regime. Similarly, it would be interesting to362

investigate the dynamics of the extents, which play a crucial role on the tumbling rate of a flexible363

fiber in turbulent flows.364

A second important point is related to the mean curvature of the fibers κ̄L, given in Eq. (29),365

which determines the evolution of the extents, and then of the rotation rate. This mean curvature366

also allows one to collapse the evolution of the mean end-to-end distance with the wormlike chain367

model as shown in Fig. 7. This suggests that the correlation length of the tangent vector is given368

by κ̄−1, and then that the mean curvature characterizes the amplitude of the deformation, contrary369

to the ratios L/�e or L/Lv , which characterize the regime of deformation (and κ̄ depends on that370

regime). A full understanding of the transport of flexible fibers in turbulent flow requires then a371

better understanding of the evolution of the curvature in the different regimes both from a statistical372

and a dynamical point of view.373

Finally, all the results presented here concern initially straight fibers. It might be interesting to374

investigate coiled fibers at rest. Indeed, as turbulence tends to stretch points apart [26], the influence375

of the deformation of these particles on their transport might be greater .376
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